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1. Introduction

In this presentation, an algebraic structure on the set of quasigroup formulas
is introduced. In our considerations an important role is played by ‘power terms’
and ‘power identities’ (the definitions are recalled in Section 3). Some earlier
resu lts indicating connections of some kinds of ‘power identities’ with quasigroup
properties were presented in [4] and [2]. In the main theorem of this paper we
prove that the set of quasigroup formulas is naturally equipped with a lattice
structure isomorphic to the lattice of closed Steinitz numbers with the divisibility
relation.

Recall that the idea of enhanced natural numbers now known as Steinitz num-
bers was introduced by E. Steinitz [10]. This concept was also considered by A.
Robinson [9]. The notion of closed Steinitz numbers was proposed in [6].

The presentation is closely connected with the results presented in [5], [6] and
[7]. Algebraic notions and notations used in the presentation are standard and
similar to those used in [3] or [8]. Some basic notions specific to quasigroup theory
are analogous to those introduced in [1].

2. Notations and terminology

This section provides some technical preliminaries. The notation and terminol-
ogy is briefly reviewed.

Recall that: By a groupoid is meant an algebra G = (G, · ) of type (2) with
universe (base set, underlying set) G and binary operation

· : G×G −→ G ((x, y) 7→ xy).

Recall that in groupoid theory, by a right (resp. left) quasigroup we mean a
groupoid G such that for all a, b ∈ G the equation xa = b (resp. ax = b) has
a unique solution. By QG∗ will be d enoted the class of right quasigroups. By
a one-sided quasigroup we mean a groupoid which is a right or left quasigroup.
By a quasigroup we mean a groupoid which is a right and left quasigroup simul-
taneously. If a groupoid G is a right quasigroup then its dual groupoid is a left
quasigroup and vice versa. This duality establishes a symmetrical correspondence
between ‘right’ and ‘left’ versions of statements (to every theorem in the right ver-
sion corresponds its dual left versi on and vice versa). Therefore, for conciseness
we formulate almost all statements below in one (right) version only.

Using combinatorics terminology we can say that a groupoid G is a right quasi-
group if and only if for every u ∈ G the right translation

rG
u : G −→ G (x 7→ xu)(1)

is a bijection. This interpretation will be useful for us.
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3. Main results

Recall that power terms (more precisely right-power terms) are terms defined
inductively as follows:

xy0 := x, xyn+1 := (xyn)y,

where n ∈ N (left-power terms nyx can be defined similarly). With the family
of power terms is associated a family of identities. For each n ∈ N1 we have the
power identity

xyn = x.(∗n)

Power terms and power identities play an important role in [5], [6] and [7].
For some quasigroup aspects of power identities in commutative and idempo-

tent groupoids see [4]. For some quasigroup aspects of power identities in finite
groupoids see [2].

It is clear from the logical point of view that the formulas ∗n are abbreviated
forms of the following formulas:

ϕn := p∀x, y xyn = xq.(∗n′)
In [5] as a generalization of ∗n we propose the following torsion formulas (more
precisely right-torsion formulas):

ϕt := p∀x, y ∃n ∈ N1 xyn = xq.(∗t)
In the following considerations we use Steinitz numbers. A slightly reformulated

construction of these numbers is proposed in [[6], Section 3] (for the original
construction see [[10], p. 250]). We introduce a family of new formulas as follows:
Let us denote by S the set of Steinitz numbers. Let s ∈ S. The following formulas
can be seen as generalizations of the identities ∗n for Steinitz numbers:

ϕs := p∃n ∈ N1 ∀x, y (n|s ∧ xyn = x )q.(∗s)
Associated with the torsion formula for s ∈ S, we propose the following formu-

las:

ϕs,t := p∀x, y ∃n ∈ N1 (n|s ∧ xyn = x )q.(∗ts)
Let us introduce the following notations: FN1 := {ϕn | n ∈ N1}, FS := {ϕs |

s ∈ S}, FS,t := {ϕs,t | s ∈ S}, Ft := {ϕt}. Lemma 1 below collects some results
presented in [[5], Theorem 9], [[5], Theorem 15] and [[7], Section 2].

Lemma 1. If a formula ϕ where ϕ ∈ FN1 ∪FS∪FS,t∪Ft is satisfied in a groupoid
G then G is a right quasigroup.

Evidently there are groupoids which are right quasigroups without satisfying
any of ∗n, ∗t, ∗s and ∗ts. The natural question is: what formulas satisfied in
groupoids force a one-sided quasigroup structure on them.

Let FQG∗ := FN1 ∪ FS ∪ FS,t ∪ Ft ∪ F∞ where F∞ := {ϕ∞} and

ϕ∞ := p∀x, y

 (∃n ∈ N1 xyn = x)
∨
((∀n ∈ N1 xyn 6= x) ∧ (∃ z zy = x))

 q.(∗∞)
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Proposition 2.

G ∈ QG∗ ⇐⇒ ∃ϕ ∈ FQG∗ G |= ϕ.(2)

Formulas that are members of FQG∗ are named one-sided (right) quasigroup
formulas. Let ϕ be a formula (in a language adequate for groupoid theory).
Define

Qϕ := {G | G |= ϕ}.
As a consequence of Proposition 2 we have

Corollary 3.

QG∗ =
⋃
{Qϕ | ϕ ∈ FQG∗}(3)

On the set FQG∗ we will consider a binary relation ≤ defined as follows: for
ϕ, ψ ∈ FQG∗ ,

ϕ ≤ ψ :⇐⇒ Qϕ ⊆ Qψ.(4)

With every right quasigroup G there is associated a Steinitz number denoted
by 〈G〉 and called the code number of G (see [[6], Section 5.1.3]). More precisely,
we have the function

h : QG∗ −→ S̄ (x 7→ 〈x〉).(5)

Recall that the closed Steinitz numbers with the divisibility relation form a com-
plete lattice S̄ = (S̄, |) (cf. [[6], Section 3]). Let ϕ ∈ FQG∗ . Define

〈ϕ〉 := sup{〈x〉 | x ∈ Qϕ}.(6)

The Steinitz number 〈ϕ〉 will be called the code number of the (right) quasigroup
formula ϕ.

The following theorem is true:

Theorem 4.

(i) The relational system FN1 = (FN1 ;≤) forms a lattice isomorphic to the lattice
N1 = (N1; |) of positive integers with the divisibility relation.

(ii) The relational systems FS = (FS;≤) and FS,t = (FS,t;≤) form complete
lattices both isomorphic to the lattice S = (S; |) of Steinitz numbers with the
d ivisibility relation.

(iii) The relational system F̄S,t = (F̄S,t;≤) where F̄S,t := FS,t ∪ {ϕ∞} forms a
lattice isomorphic to the lattice S̄ = (S̄; |) o f closed Steinitz numbers with
the divisibility relation.
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