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Let us recall that a mode is an idempotent and medial algebra [1],[2]. In this
work we study the connection between right (left) invertible medial algebras and
right (left) group of binary operations. As a consequence, we prove the structure
theorem for transitive modes and get a new characterization of multiplicative
groups of fields (Mal’tsev problem).

The set of all binary operations on @ is denoted by F2,and we consider the
following two binary operations on this set:

A-B(x,y) = A(z, B(z,y)),
Ao B(z,y) = A(B(z,y),y),

where A, B € F2, x,y € Q. These operations are called right and left multi-
plication of binary operations and they were studied in works of various authors
[3]-19].

The set .7:5 forms a monoid under the right (left) multiplication of binary oper-
ations. The mapping, A — A*, is an isomorphism between semigroups .7:22() and
F§ (o), where A*(x,y) = A(y, z). The operation, E(z,y) =y (F(z,y) = ), is an
identity element for the semigroup, F3(-) (for F3(o)).

The binary operation A € F3 is right (left) invertible, if the equation A(a, z) =
b (A(y,a) = b) has the unique solution z € @ (y € (). The unique solutions
x,y are usually denoted by x = A7!(a,b) and y ==! A(b,a). Hence, A- At =
A71. A = E for the right invertible operation A, and Ao A= Ao 1A= F for
the left invertible operation A.

For application of right (left) invertible operations in geometry or topology
(knot theory) see [10], [11].

The set of all right (left) binary invertible operations on the set @ is denoted
by Fo (and F). The set Fy, (F§) is a group under the right (left) multiplication
of binary operations. These two groups are also isopmorphic.

The binary algebra (Q;X) is called right (left) invertible if every operation
A € ¥ is right (left) invertible.

For 3 C F(, we denote by (X) the subgroup of group Fy () generated by the
subset X. If ¥ C F§, then by ((X)) is denoted the subgroup of the group F§ (o)
generated by subset .

Theorem 1. If the right invertible algebra (Q; ) is a medial (mode), then the
extended algebra (Q; (X)) is also medial (mode).

Theorem 2. If the left invertible algebra (Q;X) is medial (mode) then the ex-
tended algebra (Q; ((X))) is also medial (mode).
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Following [6], we define the binary algebra (Q;X), with E, F' € X, to be transi-
tive, if the following conditions are valid:
a) |Q| > 2;
b) for every a,b,c € Q, where b # a # ¢, there exists the operation A €
Y\ {F'} such that A(a,b) = ¢;
c) (@Q; X\ {F}) is a right invertible algebra.

Example 3. If |Q| =2 and X = {E, F'}, then (Q;X) is a transitive mode.

Example 4. If Q(-) is a nontrivial abelian group and

20 = {A | A(r,y) =y-a. 4 €Q, 2,y € Q},
Y = X0 U {F}, then (Q;Y) is a medial transitive algebra, but (Q;X) is not a
mode.

Example 5. If Q(+, -) is a field with an identity element, e € @,

Y= A{A Ayl y) = gr+ (e —q)y, ¢ € Q, 2,y € Q},
or

U ={A Az y) = (e —q)r+qy, ¢ € Q, z,y € Q},
then (Q;X) is a transitive mode.

Using the above-mentioned results, we prove a structure theorem for transitive
modes.
As a consequence, we get a new characterization of multiplicative groups of

fields.
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