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Algebras considered in this talk are modes and modals. Such algebras were
introduced and investigated in details by A. Romanowska and J.D.H. Smith ([2],
[3]). Modes (M,Ω) are characterized by two basic properties. They are idempo-
tent, in the sense that each singleton is a subalgebra, and entropic, i.e. any two
of its operation commute. The two properties may also be expressed by means of
identities:

ω(x, . . . , x) ≈ x, (idempotent law),

ω(φ(x11, . . . , xn1), . . . , φ(x1m, . . . , xnm)) ≈
φ(ω(x11, . . . , x1m), . . . , ω(xn1, . . . , xnm)), (entropic law),

for every n-ary ω ∈ Ω and m-ary φ ∈ Ω.
An operation ω on a set A is said to distribute over a binary operation + if and

only if for any 1 ≤ i ≤ n and elements x1, . . . , xi, yi, . . . , xn ∈ A:

ω(x1, . . . , xi + yi, . . . , xn) =(1)

ω(x1, . . . , xi, . . . , xn) + ω(x1, . . . , yi, . . . , xn).

A modal is an algebra (M,Ω,+) such that (M,Ω) is a mode, (M,+) is a (join)
semilattice (with semilattice order ≤, i.e. x ≤ y ⇔ x+y = x) and the operations
ω ∈ Ω distribute over +. The name ”modal” was intended both to refer to the
relationship with modes and to suggest the analogy with modules. Examples
of modals include distributive lattices, dissemilattices - algebras (M, ·,+) with
two semilattice structures (M, ·) and (M,+) in which the operation · distributes
over the operation +, and the algebra (R, I0,max) defined on the set of real
numbers, where I0 is the set of the following binary operations: p : R × R → R;
(x, y) 7→ (1− p)x+ py, for each p ∈ (0, 1) ⊂ R.

Given a mode variety V , a modal (M,Ω,+) is called V-modal if its mode reduct
(M,Ω) lies in V . A. Romanowska and J.D.H. Smith ([2], [3]) described the free
V-modals in the case V is the variety of modes defined by linear identities (We
call a term t linear, if every variable occurs in t at most once. An identity t ≈ u
is called linear, if both terms t and u are linear.). The main aim of this talk is to
describe the free object in arbitrary varieties of modals.

For a given set M let us denote by ℘(M) the family of all non-empty subsets
of M . For any n-ary operation ω : Mn → M we define the complex operation
ω : ℘(M)n → ℘(M) in the following way:

ω(A1, . . . , An) := {ω(a1, . . . , an) | ai ∈ Ai},
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where ∅ 6= A1, . . . , An ⊆M . The power (complex or global) algebra of an algebra
(M,Ω) is the algebra (℘(M),Ω).

As it was shown by A. Romanowska and J.D.H. Smith in [2], for a given mode
(M,Ω), the sets MS of non-empty subalgebras and MP of finitely generated
non-empty subalgebras of (M,Ω) have a mode structure under the ω-complex
products satisfying each linear identity true in (M,Ω). Moreover, modes (MS,Ω)
and (MP,Ω) are subalgebras of power algebra (℘(M),Ω).

A. Romanowska and J.D.H. Smith also proved that for a given mode (M,Ω),
sets MS and MP have an additional (join) semilattice structure + obtained by
setting

A1 + A2 := 〈A1 ∪ A2〉,
for any A1, A2 ∈ MS, where 〈X〉 denotes the subalgebra of (M,Ω) generated by
the set X.

These two structures, mode and semilattice, are related by distributive laws
(1). In this way, we obtain algebras (MS,Ω,+) and (MP,Ω,+) that provide
basic examples of modals.

Let V be a variety of Ω-modes and let MV denote the variety of all V-modals.

Theorem 1. Let X be a set. For any variety V of modes, the modal
(FV(X)P,Ω,+) of finitely generated non-empty subalgebras of the free V-mode
over X, has the universal mapping property for MV over X.

Note that if (FV(X)P,Ω,+) ∈ MV , then it is, up to isomorphism, the unique
algebra in MV with the universal mapping property freely generated by a set X.

Corollary 2. Let V be a variety of Ω-modes. The modal (FV(X)P,Ω,+) is free
over a set X in the variety MV if and only if (FV(X)P,Ω,+) ∈MV .

For a variety V of modes let V∗ be its linearization, the idempotent variety
defined by the linear identities satisfied in V . Obviously, V∗ is a variety of modes,
and contains V as a subvariety.

It is well known (see for example [3]) that for any variety V of modes, the variety
generated by the class {(AS,Ω) | (A,Ω) ∈ V} is included in V∗. So by Corollary
2 we immediately obtain the following result proved earlier by A. Romanowska
and J.D.H. Smith.

Theorem 3. [2] Let V be a variety of modes. The modal (FV∗(X)P,Ω,+) is free
over a set X in the variety MV∗.

Let V be a variety of Ω-modes,M⊆MV a (non-trivial) variety of modals and
X be a set. Define the congruence

Θ(X) :=
⋂
{φ ∈ Con(FV(X)P,Ω,+) | (FV(X)P,Ω,+)/φ ∈M}.

Theorem 4. The algebra (FV(X)P,Ω,+)/Θ(X) is free over a set X in M.

Corollary 5. If the algebra (FV(X)P,Ω,+) ∈M, then it is free in M over a set
X.

Let (M,Ω,+) be a modal generated by a set X ⊆ M . Denote by 〈X〉Ω the
subalgebra of Ω-reduct (M,Ω) generated by the set X. The algebra (〈X〉Ω,Ω) is
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necessarily a submode of (M,Ω) and contains all elements from (M,Ω,+) obtained
as results of term operations of Ω only. We will call it the full Ω-mode subreduct
of a modal (M,Ω,+).

LetMV denote the class of all modals for which there exists a set of generators
such that their full Ω-mode subreduct lies in V .

It is well known that the subreducts of algebras in a given quasivariety again
form a quasivariety. (See [1].) LetQ be a quasivariety of Γ-algebras of a given type
τ : Γ→ N. Let BΓ be a set of derived operations or term operations of Γ and let
Ω ⊆ BΓ. Consider a quasivariety QΩ of Ω-algebras isomorphic to Ω-subreducts
of Q-algebras.

Theorem 6. The free QΩ-algebra (FQΩ
(X),Ω) over X is isomorphic to the Ω-

subreduct 〈X〉Ω, generated by X, of the free Q-algebra (FQ(X),Γ).

Free algebras in a quasivariety QΩ are also free in the variety V (QΩ) generated
by QΩ. (see [1])

As a corollary one obtains characterization of free algebras in a quasivariety of
Ω-subreducts of modals in a given variety of modals.

Corollary 7. Let M be a variety of modals. Let MΩ be a quasivariety of Ω-
subreducts of modals in M. Then the free MΩ - mode (FMΩ

(X),Ω) over X is
isomorphic to the full Ω-subreduct 〈X〉Ω of the free M-modal (FM(X),Ω,+).

Note that even if we have a free modal (FM(X),Ω,+) in given variety M ⊆
MV , its full Ω-subreduct (〈X〉Ω,Ω) needn’t be a free algebra in V .

Corollary 8. For any variety V of modes,

MV ⊆MV ⊆MV∗ .

In particular, MV∗ =MV∗.

In general, the class MV is not a variety.

Theorem 9. Let V be a variety of Ω-modes. Each modal (M,Ω,+) ∈ MV
generated by a set X is a homomorphic image of (FV(X)P,Ω,+).
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