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Orthomodular lattices

Orthomodular lattices

A bounded lattice is an algebraic structure (L, V, A, 1,0) where
(L,V,A) is a lattice and 1,0 € L are elements such that
xAl=zand zVO0 =z for any x € L.
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Orthomodular lattices

Orthomodular lattices

Definition

A bounded lattice is an algebraic structure (L, V, A, 1,0) where
(L,V,A) is a lattice and 1,0 € L are elements such that
xAl=zand zV 0=z for any x € L. An ortholattice is a
bounded lattice, L, that has a one-to-one mapping of L onto
itself,  — a2/, called orthocomplementation, such that

xVvVz =1
Az =0
x//:x

and
r<y = y <a

for any z,y € L where < is the partial order of the lattice.
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Orthomodular lattices

Orthomodular lattices

Definition
An ortholattice (L, V, A, ’,1,0) is called orthomodular if it
satisfies the condition

r<y = zV (@' Ay) =y

for any xz,y € L.
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Orthomodular lattices

Orthomodular lattices

Definition
An ortholattice (L, V, A, ’,1,0) is called orthomodular if it
satisfies the condition

r<y = zV (@' Ay) =y

for any xz,y € L.
This condition is equivalent to the equality

V(' A(@Vy)=xVy.
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Orthomodular lattices

Orthomodular lattices

Definition

In an ortholattice (L,V, A, ', 1,0), two elements x and y are
said to commute if

(xAyY)V(AY)V (@ Ay)V (&' AyY)=1.
Such an equality is equivalent to

(xAy)V(zAY) =z.
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Orthomodular lattices

Orthomodular lattices

Remark

It was proven by Beran in 1985 that free orthomodular lattices
with two generators, usually denoted by F(a,b), have exactly 96
elements expressed in terms of ¢ and b. Here F(a,b) is
isomorphic to the direct product MOs x 2% where 2% is the
16-element boolean algebra and MOy is the 6-element
orthomodular lattice of length two. These 96 expressions in
terms of a and b, called the Beran expressions, correspond to
the 96 binary operations of orthomodular lattices.
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Orthomodular lattices

Orthomodular lattices

Theorem (Foulis-Holland)

Let L be an orthomodular lattice. If a, b and ¢ are elements
such that one of them commutes with the other two then all six
distributive laws involving the three elements a, b and ¢ hold.
That is, z A (yV z) = (x Ay) V (x A z) for any z, y and z in the
sublattice generated by {a,b, c}.
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Orthomodular lattices

Orthomodular lattices

Lemma

It was shown that the only operations that are associative in all
orthomodular lattices are the six with Beran numbers 1, 2, 22,
39, 92 and 96. Namely, associativity holds only for two binary
operations (lattice meet and join), two unary operations

(left and right projection) and two nulary operations (constants
0 and 1).
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Orthomodular lattices

Theorem (D’Hooghe and Pykacz)

Let L be an orthomodular lattice with a binary operation
whose Beran number is 12, 18, 28, 34, 44 or 82. If x,y,z € L
such that one of them commutes with the other two then

* (yxz) = (xxy)*z

no. ax*xb

12 | (aAb)V (aAY)V (a AD)
18 a A (a'Vb)

28 V (a’ AD)

34 (b’ Va)

44 V(b Aa)

82 | (aVb)A (a V')A (a VDb)
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Orthomodular lat

Alternative algebras

An alternative algebra is an algebra which does not need to be associative,
only alternative. That is,

zx(zxy)=(z*x)*y (L)
(yxx)xx=yx*(z*xx) R)

for all z and y in the algebra. These are called the left and right alternative
identities respectively.
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Alternative algebras

An alternative algebra is an algebra which does not need to be associative,
only alternative. That is,

zx(zxy)=(z*x)*y (L)
(yxx)xx=yx*(z*xx) R)

for all z and y in the algebra. These are called the left and right alternative
identities respectively.

Remark

It can be shown that any algebra which satisfies any two of the three
identities (L), (R), and

(z*xy)*xx=z*(y*x) (F)

satisfies all three identities and is therefore alternative. Identity (F) is often
called the flexible identity.
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Orthomodular lattices

Theorem

Let % be one of the 96 binary operations on orthomodular
lattices. The operation * satisfies all three of the identities (L),
(R) and (F) in all orthomodular lattices if and only if its Beran
number is in the set {1, 2, 16, 18, 22, 23, 28, 34, 38, 39, 44, 81,
92, 96}. All other operations satisfy at most one of the
identities (L), (R), (F).
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Orthomodular lattices

Nonassociative operations satisfying (L), (R) and (F)

no. ax*xb

16 | (aAb)V (aA b/) (@' AD)V (dNY)
18 A (a’ VD)

23 (d \/b) (aV (a' \D))

28 V (a’ AD)

34 A Va)

38 (aV b’) bV (b Aa))

44 bV (b Aa)

81 [ (aVD)A(aVV)AN(@VD)A (V)
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Orthomodular lattices

Lemma (Beran)

Suppose L is an ortholattice with z,y € L. If either z < y or z < ¢/
then x and y commute.
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Orthomodular lattices

Orthomodular lattices

Lemma (Beran)

Suppose L is an ortholattice with z,y € L. If either z < y or z < ¢/
then x and y commute.

Lemma (Beran)

If L is an orthomodular lattice with x,y € L then the following are
equivalent:

(i)  and y commute;

(il)) zA (@' Vy =zAy;

(i) zV (¢’ Ay) =z Vy.
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Orthomodular lattices

Orthomodular lattices

Lemma (Beran)

Suppose L is an ortholattice with z,y € L. If either z < y or z < ¢/
then x and y commute.

Lemma (Beran)

If L is an orthomodular lattice with x,y € L then the following are
equivalent:

(i)  and y commute;

(il)) zA (@' Vy =zAy;

(i) zV (¢’ Ay) =z Vy.

Proposition (Beran)

In any orthomodular lattice, if £ commutes with y and z, then x
commutes with ¢/, y V z and y A z, as well as with any (ortho-)lattice
polynomial in variables y, z.
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Orthomodular lattices

Orthomodular lattices

Theorem

Let L be an orthomodular lattice and let * be an operation with the
Beran number 18 (Sasaki projection: a*b=a A (a’ V b)).
Then the following properties hold:

(i) If 2 and y commute then x * (y x 2) = (x * y) * 2.

(ii) Ify <z then (zxy)*xz=x*(y*2)=1x*y.

(iii) fz < zthen (z*xy)xz=xx*(y*2) =z *y.
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Orthomodular lattices

Theorem

Let L be an orthomodular lattice and let * be an operation with a
Beran number in {18,28}. Then

(zxy*xx)*x2z=(T*xy)*(x*2)

(zx(zxy))*xz=zx(xxy*x)

((z*y)x2z)*xxz=(v*xy)*(z*x)
for any z,y,z € L.
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Orthomodular lattices

Orthomodular lattices

Theorem

Let L be an orthomodular lattice and let * be an operation with a
Beran number in {18,28}. Then

(zxy*xx)*x2z=(T*xy)*(x*2)

(zx(zxy))*xz=zx(xxy*x)

((z*y)x2z)*xxz=(v*xy)*(z*x)
for any z,y,z € L.

Corollary

Let L be an orthomodular lattice and let * be an operation with a
Beran number in {34,44}. Then

zx (xxyxz) = (2%z)* (y*x)
xx((y*xz)*2z) = (xxy*xx)*z2

for any z,y,z € L.
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Orthomodular lattices

Theorem

Let L be an orthomodular lattice and let * be an operation with the
Beran number in {18,28}. If z,y, z € L such that z and y commute
then each of the following expressions has a unique output regardless
of the order in which the terms are evaluated:

THRY KT *2Z

THY*ZHT

YK %2 %X
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Orthomodular lattices

Theorem

Let L be an orthomodular lattice and let * be an operation with the
Beran number in {18,28}. If z,y, z € L such that z and y commute
then each of the following expressions has a unique output regardless
of the order in which the terms are evaluated:

THRY KT *2Z

THY*ZHT

YK %2 %X

Corollary

Let L be an orthomodular lattice and let * be an operation with the
Beran number in {34,44}. If z,y, z € L such that z and y commute
then each of the following expressions has a unique output regardless
of the order in which the terms are evaluated:

ZXRTHY*T

T*ZXY*T

Tk ZkT*Y
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Orthomodular lattices

Theorem

Let L be an orthomodular lattice and let * be an operation with the
Beran number in {16,81}. If 2, y, 2 € L such that z commutes with
either y or z then each of the following expressions has a unique
output regardless of the order in which the terms are evaluated:

T*YXT*2Z

T*Y*Z*XT

ZRTRY*T
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Orthomodular lattices

Theorem
Let L be an orthomodular lattice and let * be the operation with the
Beran number 23. If z,y, z € L such that  and z commute then each
of the following expressions has a unique output regardless of the
order in which the terms are evaluated:

ZKTKY KX

TRY*Z*T
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Orthomodular lattices

Theorem
Let L be an orthomodular lattice and let * be the operation with the
Beran number 23. If z,y, z € L such that  and z commute then each
of the following expressions has a unique output regardless of the
order in which the terms are evaluated:

ZKTKY KX

ThY*2Z*T

Corollary

Let L be an orthomodular lattice and let * be the operation with
Beran number 38. If z,y, z € L such that x and z commute then each
of the following expressions has a unique output regardless of the
order in which the terms are evaluated:

T*Y* T *2

THZKY*T
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Orthomodular lattices

Remark

It is surprising that all counterexamples can be found in the single
orthomodular lattice Laso.
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The Hasse and Greechie diagrams of an orthomodular lattice Los.
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Orthomodular lattices

Does the free orthomodular lattice with three free generators
belong to the variety generated by Loo?
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Questions or comments?
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