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Commutative binary modes

Commutative binary modes

Binary (or groupoid) modes are algebras with one binary
idempotent multiplication satisfying the identity

(x-y)-(z-1t) = (x-2)-(y- 1)

Commutative binary modes (A, -) are binary modes with a
commutative multiplication, i.e. satisfying the identity

X.y:y.X.
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Commutative binary modes

The class CBM,, of cancellative commutative binary modes is a
subquasivariety of the variety CBM of commutative binary modes
defined by the quasi-identity

Xy =Xz —y=2z.

The class CBM;, of irregular commutative binary modes is a
subquasivariety of the variety CBM defined by the quasi-identity

Xy =x—=>x=y.
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Commutative binary modes

Regularization and Quasi-regularization

The regularization V of an irregular idempotent variety V of
groupoids is the smallest variety containing both V and the variety
8 of semilattices. N

The quasi-regularization Q9 of an irregular idempotent quasivariety
Q of groupoids is the smallest quasivariety containing both Q and
8. If Qis a variety 'V, its quasi-regularization V9 does not necessary
coincide with its regularization V.
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Commutative binary modes

Lemma

For any variety Cpm = Coky1 = V((Zak+1, k + 1)), the following
conditions are equivalent:

(a) The quasi-regularization C%, consists of Plonka sums of
groupoids in C,, with injective Ptonka homomorphisms;

(b) €% = SP(CmUS);
(c) €9, is the subquasivariety of Cm defined by the quasi-identity
(am);

(d) €% =Ps({Z, | PPlm}U{2s}), ie. € is generated by all its
subdirectly irreducible algebras.
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Commutative binary modes

For a groupoid A and the trivial groupoid 1 = ({00}, -), the symbol
A denotes the Ptonka sum of Ay = A and Ay = {oo} over the
semilattice 2.

Let m = p{l . p{r, where all p; are odd prime numbers.
(a) G’f’,, = SP(ZPJII, ,Zpi,,zs).

(b) For 0 < ki < ji, the groupoid > does not belong to eq..
P
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The lattice of quasivarieties of a quasi-regularization of an irr:

For any variety Cp, = Cox1, the lattice Lq(é‘,’n) of
subquasivarieties of the quasi-regularization CY, s isomorphic to
L(C) x 24, the direct product of the lattice of subvarieties of Cp,
and the 2-element lattice 2;.

For a prime number p:

Cp S

Rysunek : Suqu-JI;rsivarieties of ég
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The lattice of quasivarieties of a regular variety

Let p > 3 be a prime number. The lattice Lq(Cp) of
subquasivarieties of the regularization C, consists of the five
members displayed in Figure:

Rysunek : Subql-JI;rsivarieties of ép
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The lattice of quasivarieties of a regular variety

Let m= p{l ...pﬁ".Then

Cm=SP(Z%,....,23).

SR

Lemma

Let m=pj'...py. Let Q be a subquasivariety of the regularization

Cm not contained in @, for a proper divisor n of m. Then Q
contains Cf,. Moreover, Q is generated by the subdirectly irreducible
Cm-groupoids Z ,j; for i =1,...,r and a subset of subdirectly

irreducible C —groupo:ds of the form Z ., where k; < j;.
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The lattice of quasivarieties of a regular variety

Lemma

Let p > 3 be a prime number and j > 2 an integer. Then for
i=1,....j

GZI- = Q(Zp,',zs) = Q(ij, Z?)) < Q(Zp,-,Z,C;?) <
- < Q(ZP,,ZE?) <0< Q(ZP,,Z;,O) = Gp,

Each quasivariety Q(Z,, ZOQ) is defined by the quasi-identity (Bp.;).

Moreover, the quasivarieties Q(Zp,, °0), fori=1,...,j, form a

strictly increasing chain of pairwise dlstmct subquasivarieties of the
regularization C,; properly containing the quasiregularization (‘3"
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The lattice of quasivarieties of a regular variety

Letm:p{l P Let Q= UZm, Zp)sy,- .- 235 ), where
0<s; <jjforie{l,...,r} be a subquasivariety of Crm containing
C% . We will denote:

Q(0,...,0) = €9,

Q(s1,...,s) =19,

and

Q(_jl, s ajr) = Cp.
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The lattice of quasivarieties of a regular variety

Lemma

Letm:p{l...p{*. Then for a fixed i € {1,...,r}, one has

Q(j17- "7.jf71707.jl'+17' "?.jr) < Q(_/lu 7ji*1717jl'+17"' 7./") Koo

< Q(jl?‘ "aji—l?siaji-‘rla"' 7jr) Looc000 K Q(j17"'?.ji—17jl'7ji+1a"

Each quasivariety Q(j1, - - ., ji—1, SisJi+1; - - - »Jr), where
si=0,1,...,ji, is defined by (Bp,s). The quasivarieties

QUa,- -y Ji1,SisJi+1,- - - ,Jr) form a strictly increasing chain of
subquasivarieties of the regularization Crm containing the
quasivariety Q(jl, . . 7_j,'_]_, 0,_/,'4.1, R 7.jr)-

Jr)
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The lattice of quasivarieties of a regular variety

Rysunek : Subquasivarieties of Cis

K. Matczak, Faculty of Civil Engineering, Mechanics and | Quasivarieties of some modes



The lattice of quasivarieties of a regular variety

Let £>9(€,,) denote the lattice of subquasivarieties of €,
containing CZ,.

Let m = p{l ...pk. Then the lattice £L>9(Cp,) is isomorphic to the
lattice of all divisors of m.
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The lattice of quasivarieties of a regular variety

Let us define a certain new lattice K(m). For m=p;™ ... p,™,

the set K(m) is the set of functions
f:{0,1,...,2r} - N

satisfying the following conditions:
e f(0) € {0,1},
e forall i=1,...,r, one has (i) = ji, where 0 < j; < mj,
o forall i=r+1,...,2r, one has (i) = s;, where 0 < s; < j;,
e if f(0)=0, then f forall i=r+1,...,2r, one has (i) = 0.

K(m) is an ordered set with bounds (0,...,0) and
(L,mi,...,mey,my,...,m;).
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The lattice of quasivarieties of a regular variety

Lemma

The set K(m) is a distributive lattice with respect to the following
operations:

(f v g)(i) = max{f(i), g(i)}, (fAg)(i)=min{f(i),g(i)},
where | € {0,1,...,2r}.

Theorem

The lattice Lq(ém) of subquasivarieties of the regularization Cp, is
isomorphic to the lattice K(m).
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The lattice of quasivarieties of a regular variety
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The lattice of quasivarieties of a regular variety

Thank you for your attention.
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