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The derived structures of universal and classical aloebras are some effective struments for
study of structures and for the classifications of these algebras, Usually derived structures are
some classical algebras (groups, semigroups, lattices and so other) which are naturally constructed
from initial algebras and such that they give some essential information on these algebras. The
extreme situation is as following: for some class R for any algebra 9[ £ R some derive lh[m fure

S() determines a unique algebra U in this class, That means that for %y, A, € Kif the structures
S(My) aud S(Ay) are isomorphic, then so are the algebras Y and A,



The role of the isomorphism relation for the algebras of some different signatures plays the
elation of rational equivalence of algebras (which was introduced by A.LMalcev). Let the algebras
o =< Ao >, Wy =< Aoy > have the identical basic sets. Then these algebras are rationally
equivalent if the signature functions [[ht' algebra 2; are the termal functions of the algebra Qli_-l

(fori=0,1),



of Y =< A;o > be a universal algebra. By Trl denote the collection of all termal functions
u['lht' 1o hmﬁll wind that the Galois-closure LocE of a functional clone Fon a set A is the
collection of functions {f|f : A™ = A and for any finite B C A™ there exists g € F such tha
fIB=g]|Bmeéw} Let Fbe functional clone on set A.By InoF lnn the collection of all

relations on A, such that these relations are stable relatively the functions from F.



The algebras Wy =< A;o9 > and Ay =< Ay 0y > are locally rationally equivalent if rationally
equivalent are its Galois enrichments %y =< A; LocTry > and A} =< A; LocTr; >,

It is well known that the model uniquely defining the Galois enrichment A" =< A; LocI' ) >
of an algebra A up to the rational equivalence (and the algebra 9 itself up to the local rational
equivalence) is the model < A; InuTrf)l >,



The family InvTr of relations contains all relations in Sub, Conl, TolA and the graphs
of the maps in Aut2, End?. I'sof and so on. But this model is not a classical algebras (such as
group, a semigroup, a lattice and so on) re l tively to the natural operations defined on it.

When we consider some relations or maps on A instead the model < A; InvTrl > we obtain
some new equivalence relations among algebras with the identical basic sets.
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Let L be a some logical language, Then a function f(zy,...,z,) on the basic set A of the algebra
A =< A;0 > is L-definable on 9 if there exists an L-formula ®(zy,...,2,,7) of the signature o
such that for any ay,...,a,,0 € A.

flag,..,an) =bs AE (ay, ..., a5,b).

Let a function f be L-definable on an algebra 2. Then f commutes with any antomorphism of
the aloebra 2. By StabAut denote the collection of all functions on A such t} flt these functions
comtute with any antomorphism of the algebra 2, and by L = Def denote the collection of all
L-definable functions on the algebra 2.



From the Scott-theorem on countable categoricity of Ly, ,-formulas we have

THEOREM 1. Let Ql he countable (finite) algebra mth not more than countable signature.
Then we have the equality Ly,,, — Def = StabAut?) (L, — DefU = StabAut?)).

S0 we have the following

COROLLARY 1. Let %y =< A;ag >, Uy =< A;::rl > are countable (finite) algebras, such
that their sienatures not more that countable and their basic sets ure coincide. Then the following

conditions are equivalent: 1) Auty = Auty; 2)all signature [nrutnm f the algebra s are Ly,

definable (Lw—th finable) functions for the algebra Ay (for i =0,1).



By an explicit L-schema of the signature o (a disjunctive explicit L-schema) we denote some

L-formula
(*) &( (Il:"':xﬂ) — Y= ti(Il’ ---aIn))r

iel
here t; are some terms of the signature o, if the formula

Vry, 2o\ @(21, .y 20))
iel
true ou for A and for any @ # j for T are true the formulas
VI, .. Tn (P (21, .. &(I) Ty, T —:-t(:rl :rn):t--( )
(VIJ:...:IH,Iy i(T1y ey ) & Bi(214 0y 2n) = 2 =1)).



A function f(zq,....7,) on the algebra A =< A;0 > is called as explicit L-definable, if its is
L-definable on 2 by some explicit L-schema. By ESTLQ[ we denote the collection of all explicit L
- definable functions on A. By StabSubl denote the collection of all functions on 2 such that all
subalgebras of the algebra A are closed relatively these functions.

THEOREM 2. Let 2 be countable (finite) algebra having not more that countable signature,
Then the following equalities hold.

ESTLW, = StabAut () StabSub. (ESTy,_ = StabAut () StabSub).
COROLLARY 2. Let Ay =< A;00 >, Ay =< A;01 > are countable (finite) algebras having

not more that countable signatures and common basic sets, lha 1 the following conditions are
equivalent:

1) Auty = Auty, SubAy = Sub?;;

2)all signature functions of the algebra ; are explicit Ly, ~definable (explicit Ly,-definable)
functions for the algebra A;_; (for i =10,1),



Some explicit L-schema () is called as positive explicit L-schena if the formulas ®; are positive
(that is - not contain the symbols —, —.") Denote by PST2 collection of all functions w hu b are
defined on the algebra A by some positive explicit L-schema. By StabEpil we denote the collection
of all functions on A such that each commutes with all endomorphisms of the aleebra A on its
itself,

THEOREM 3. Let A be a countable algebra having not more that countable sienature. Then

the following equality hulr;lﬁ
PSTy,,,, = StabEpifL () StabSubl!.
COROLLARY 3. Let A =< A;0y >, A =< A;oy > are countable algebras having not more

that countable signatures and common basic sets. Then the following conditions are equivalent:
1)Epily = Epifl; and Sub; = Sub;;
2)all signature functions of the alge bra A are positive explicit Ly, -definable functions for the

algebra Ay _; (for i =0,1).



An explicit (positive explicit) L-schema (%) we define as explicit (positive explicit) congruence
L-schema on 2 if the following formulas are true the on

V21 eeny Ty Z1 (B (21, oy Ty oy ) &7 B (21, ey 2y oy ) =
B(ti(Ila ooy Ll ooy IH)! t} (Ila I;;: vy IH): L, I,’Ib))
for any 4,j € Tand 1 <k < n. Heve (z,y,u,v) is the Ly, -formula such that for any a,b,c,d € A

AEH(a,b,c,d) &< a,b>€ ﬁgd.

and ﬁgd is the principal congruence on the algebra A such that this congruence is generated by
the pﬂlr < e d >
Denote hy ESCT, A (PSCT,A) the collection of all functions on the algebra A that are defined

on 9 by some explicit (positive explicit) congruence L-schema.



THEOREM 4. Let A be a countable algebra having not more that countable signature. Then
the following equalities hold

a)ES CTy,,, A = StabAut? () StabSubA () StabCon;
b)PS CTLM » A= StabEpil () StabSub () StabConl.
COROLLARY 4.
alet Ay =< Ao >, A; =< Aoy > are countable algebras having not more that countable

signatures and common basic sets. Then the f[ollowing conditions are equivalent:
1) Auty = Auty, Suby = Sub?;, CDHQLD = Con'ly;
2)all signature functions of the algebra A; are explicit Ly, ~definable congruence functions for the

alogebra Ay (for i =0,1).

b)Let Ay =< Ajo¢ >, Ay =< A;op > are countable algebras having not more that countable
sienatures and common basic sets. Then the following conditions are equivalent:

1)Epifly = Epift;, Suby = Sub;, ConAy = Conl;:

2)all signature functions of the algebra ; ar PSTL -functions for the algebra A, _; (for i =0,1).



Is cold a conditional (positive conditional) term for the algebra any explicit (positive explicit)
L,~schema (%) if the set I is finite and ®; are quantifier free and disjunctive (are positive quantifier
free) Lyy-formulas, Denote by CTA (PCTA) the collection of all conditionally termal (positive
conditionally termal) functions of the algebra 2.

Remind that an inner isomorphism (inner humt}murphlsrrl) of the aloebra A is any isomorphism
(homomorphism) between some subalgebras of 2. Denote by Tso (Thmf) the semigroup of all
inner isomorphisms (inner homomorphisms) of the alg hrf A and denote by Stabl SGQ[ (StabIhmf)
the collection of all functions on the algebra A such that these functions are stable relatively all
inner isomorphism (inner homomorphism) on the algebra 2.

Remind that the algebra A is uniformly locally finite if there exists some function h: w = w
such that forany B C Aand n € w the inequality [B| < nimplies [ht' inequality | < B >q | < h(n).

Here < B >y is the subalgebra of A generated by the set B.



THEOREM 5. For any finite (uniformly locally finite algebra of the finite signature) algebra 9
the [ullumug equalities holds:
a)CT = Stabl so:
h)PCT = Stabl thl

COROLLARY 5. Let Ao =< A; 09 >, Ay =< Aoy > ave finite (uniform locally finite) algebras
(of finite signatures) hmmu the common basic sets. Then the following conditions are equivalent:
1)Is0Ug = Isoy (ThmAg = Thmf, ):
2)all signature functions of the algebra ; are conditional termal (positive conditional termal)

functions for the algebra 24, (for i=0,1).



Is cold function f(zy,....x,) on the basic set of the algebra A =< A;o > by point-termal if
for any @ =< ay,...,a, > in A" there exist some term t4(rq,...,2,) of the signature o such tha
f(al, 0y ) = tg(ay, ...ap).

Denote by Ptr Q[ he collection of all point-termal functions for the algebra 2.

THEOREM 6. For any algebra 2 the [ollowing equality holds

Ptrl = StabSub
COROLLARY 6. Let are Ay =< A; 09 >, Ay =< A; 0¢ > algebras having common basic sets,

Then the following conditions are equivalent:

1)Suby = Sub;;

2)all signature functions of the algebra 2; are point-termal functions for the algebra Ay _; (for
i=0,1).



Let Lo be the language of the second order logic (formulas with the quantifiers ¥ and 3 over
predicate variables) and ALg-formulas be some (possible infinite] conjunctions of the Lo-formulas,

A function f(zq, ..., 2, ) on the basic set of the algebra A =< A; o > is called automorphicly point
wise L-definable (L be some logical langnage) if for any @ =< ay,...,a, > A™ there exists an
L-formula @5(Z,y) such that the following condition holds: for any @’ € A" b € A il for some
¢ € Autl, @’ = ¢(a) then A= &z(a",b') < V' = o(f(a)). Denote by L — PDefA the collection of
all automorphicly pointwise L-definable functions for the algebra 2.

From Marek-theorem on the countable categoricity of the Lo-theories of countable models of
linite siguatures we obtain

THEOREM 7 (V = L). For any not more that countable algebra A =< A;o > of the finite

signature the following equality holds
ALy — PDe fA = StabAut?l.
COROLLARY 7 (V = L). Let Uy =< Ajog >, Ay =< Ao > ave countable algebras of the

finite signatures having common basie sets, Then the bllowing conditions are equivalent:
LAutA; = Auty;

2)any signature function of the algebra 2A; is some antomorphicly pointwise ALs-definable functions
for the algebra Aq_; (for 1 = 0,1,



Let as remind of the following definitions. An Y-O-translation of the algebra A =< Ao >
s any constant map or identical map of A in A, An U-1-translations is a A-O-translations or a
maps h(z) of A in A such that h(z) = f(ay,...,a;_1,2,0;11,...,0,) for some f € o and i < n
(e Qi 1, Qit1, @ 1 A, (such maps we called by f-I-translations) For any n > 1 an -n-
1% rhl tion is a some superpositions of some n A-1-translations. A map of A to A is A-translation
if it is an Yn-translation for some n € w. A function f(zy,...,2,) on the set A is Con-connected
by -translations if for any a,b € A and any f-l-translation g(z) there exist a natural n and
U-translations hy(z )h () such that g( ) = h(ey), ..., hi(e?) = hz+1( ii1)s e hn(E0) = g(b) for
some e, ...,er, €, ....e2 € A such that {e},e?} = {a,b} for i =1,..

Denote by let’rQ[ the collection of all functions which a C’ﬂn— onnected by A-translations
functions for the algebra L.



THEOREM 8. For any universal algebra 2 the following equality holds
Contrl = StabConl.

COROLLARY & Let Uy =< A;09 >, Ay =< Aoy > are universal aleebras having common
basic sefs. Then the [ H owing conditions are equivalent:
1)Confly = Confy;
2)all signature functions of the algebra 9; are Con-connected by A;_-translations functions (for
i=0,1).



