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THE LYAPOUNOV CENTRAL LIMIT THEOREM
FOR FACTORIZABLE ARRAYS

JACEK WESOLOWSKI

(Communicated by Lawrence F. Gray)

ABSTRACT. A sort of the Lyapounov central limit theorem for row-wise factoriz-
able triangular arrays is obtained. Also a new version of the classical Lyapounov
theorem for independent random variables, being a tool in the proof of the main
result, seems to be of independent interest.

1. INTRODUCTION

The celebrated theorem on decomposition of the normal law proved in
Cramér [1] was the beginning of many further investigations that developed
in different directions. Some of them were concerned with analytical exten-
sions of the original result and lead in Linnik and Zinger [8] to the well-known
a-decomposition theorem (see also Linnik and Ostrovskii [7]). Next Linnik [6]
revealed strong relationships between the Darmois-Skitovitch theorem on the
characterization of the normal distribution by independence of linear forms in
independent random variables and the Carmér theorem,; this line was continued
by Kagan [2-4]. A culmination of these studies was the following concept of
factorizable measures, originally named Z, , classes, introduced by Kagan in
[3]. :
Definition 1. A random vector X = (X;, ..., X,) (or its distribution) is k-
factorizable iff its characteristic function ¢ has the form
(1) $tr,.ont)= [ Riaic(tis--osti)

1<iy<-<ix<n

for any (¢, ..., t,) € R?, where R;.., is a continuous complex-valued func-
tion such that

R,~,...,~k(0,...,0)=l forany 1 <ij<---<ix <n.

The random vector X (or its distribution) is locally k-factorizable if the rep-
resentation (1) holds in some neighborhood of the origin.
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Some examples and many interesting properties of these families including
extensions of the Darmois-Skitovitch and Cramér theorems are given in [3].
To become more familiar with the device recall some nice observations from
Kagan [3]:

o Gaussian measures are 2-factorizable,

e a k-factorizable random vector with Gaussian k-dimensional marginal
distributions is jointly Gaussian,

e a convolution of k-factorizable distributions is again k-factorizable,

o classes of product and 1-factorizable measures are equal.

The last property allows treating the notion as a gradual weakening of indepen-
dence formulated in a strictly analytical form.

The research was continued in Kagan [5] where a related concept of (n, k)-
equivalence was introduced. In Wesolowski [9] a formula expressing the char-
acteristic function of a k-factorizable measure in terms of the characteris-
tic function of its k-dimensional marginals was proved. Also some conse-
quences on determination of the joint k-factorizable distribution by its k-
dimensional marginals were given there. The formula was intensively exploited
in Wesolowski [10] where relations between factorizable measures and the Gaus-
sian conditional structure of the second order were investigated. It is the tech-
nical core of the present paper, t0o.

Slightly reformulated it may be written in the following form:

If a random vector (X,, ..., X,) is k-factorizable, then its characteristic
function has the form

k 8Qn k,r

(2) oty ... t)=]] I ¢0uti,....n)

r=1 | 1<i)<---<i,<n

for all points (¢, ..., t,) in which the right-hand side of the above formula
is well defined (i.e., for all points in which products of the marginal character-
istic functions with negative powers a, , , are nonzero), where

k—r
n—r ;
a"aka’=z( i )(_l)l’ r=la-“sks

i=0

and ¢;,..;, denotes the characteristic function of (X;,,..., X;), 1<ij<---<
I,<n.

The aim of this paper is to prove the Lyapounov version of the central limit
theorem for row-wise k-factorizable triangular arrays, where k is a natural
constant. It is a new contribution to the research in that it extends the limit
theorems by weakening the assumption of independence. Also a new version of
the classical Lyapounov theorem (i.e., for row-wise independent arrays) in the
case of divergent sums of variances, being essentially a tool for the proof of the
main result, seems to be of independent interest.

In dealing with limit problems for infinite triangular arrays it is natural to
assume that the number k, of random variables in the nth row tends to infinity
together with the number of the row. Throughout this paper we consider only
such arrays.
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2. THE LYAPOUNOV CENTRAL LIMIT THEOREM
Recall the classical Lyapounov central limit theorem for triangular arrays.

Theorem 1 (Lyapounov). Assume that {X, j,j =1, ..., kp} are zero-mean
independent random variables, n=1,2, ... . If
kn
. 2\ _ A2
(3) nll‘r{.loZE(X,,,j) =0%>0,
(4) Jlim Z (1Xn, 1)
then Sp = X, 1+ ---+ X, x, converges in distribution to the normal law with

the mean zero and the variance ¢* (S* % #(0, 62)) as n — .

The formula (4) is often called the Lyapounov condition. Different versions
of this theorem for some classes of dependent random variables (martingale,
mixing, conditioning) are known in the literature. The main result of this paper
shows that factorizable families may also be fruitfully applied in central limit
problems.

Theorem 2. Assume that (X, 1, ..., Xn k,) is a zero-mean k-factorizable ran-
domvector, n=1,2,.... If
kn
(5) Jim ,;.E (Xn,iXn ;) =02 >0,
kn
(6) lim ki1 E(1Xn, %) =0

Jj=1
then Sy % (0, 0%) as n— oo.

Observe that for k = 1 from Theorem 2 immediately follows the classical
result, hence it is a straightforward generalization of the Lyapounov theorem.
A much weaker version of the result for k =2 was proved in Wesolowski [11].
It contained an additional assumption lim,_. K, Zf;l E(X} ) =1>0.

Before we give the proof of Theorem 2 (see §3), a new version of the classical
result with assumption (3) omitted will be presented.

Theorem 3. Assume that {X, j,j = 1,..., k,} are zero-mean independent
random variables, n=1,2, ... . If the Lyapounov condition (4) holds, then
(7 "an;lo exp z_: E(exp(itSp)) =1

for any real t.
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The core of this result lies in a special formulation of the thesis. In the other
well-known versions of the Lyapounov theorem it takes a weaker form:

lim =0.
n—oo

kn
E(exp(itS,)) — exp (-% S E(x? j))

j=1

Of course the convergence given in (7) also holds in the assumptions of The-
orem 1. Hence it is another straightforward generalization of the Lyapounov
theorem. Theorem 3 is another important tool in the proof of the main result
(besides the formula (2)).

Unfortunately we are not able to prove the Lindelberg analogue of this the-
orem. This fact is also the essential obstacle in obtaining the Lindelberg limit
theorem for k-factorizable distributions, i.e., the result similar to Theorem 2
but with the Lyapounov type condition (6) replaced by a condition of the Lin-
delberg type:

kn
Jim k! ZIE(Xf,jI(IXn,jI >¢)=0
J=
for any ¢ > 0.

3. PROOFS AND LEMMAS

Begin with the proof of Theorem 3. Then four auxiliary lemmas follow. The
proof of the main result ends the section.

Proof of Theorem 3. For any r.v. X such that E(|X|®) < oo and E(X) =0
define the function yy by

wx(t) = exp (%tzE(XZ)) E(exp(itX)), teR

Observe that vy (0) = wy(0) = 0 and consequently

’ tz n |t|3 m
(0= 1 - w4(0) - u(0)| < S v o)

®  wxo-1= :

for some 6 € (0, 1).
Since

2/3
2 )< 13 -~
1rslr;,eg;("E(z‘l’n,,) < (lrs!}gnE(an,Jl )) 0

as n — oo by (4),

1<j<kn 2

for sufficiently large n, where c(?) is nonradom. Let y,; = yyx,, . Again by the
Lyapounov condition (4) and the above inequality after some easy calculations
we have

9) lWaj(D] < C(OE(1Xn, ;%)

forany j =1,..., k,, where C(¢) is a real number. Consequently, by the

2
max exp (I—E(X,f,j)) <c(t) < o
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Lyapounov condition max, <, ly," ()] = 0 as n — co. Hence by (9)

nlggo]g;ax lwn, () = 1] =

for any ¢. It allows considering the logarithm of s, for sufficiently large n.
By the elementary inequality |In(z)| < 2|1 — z| for |z — 1| < 1/2 we have

kn
|In(ws, (1)) Z (Y, ,(t>|<2Z|w,.,z)—1|

= J 1
Now (8) and then (9) yield

| n(ys, ()] < z"jw/" (60 < 12 cwanan oy

and once again applying the Lyapounov condition (4) we arrive at the final
result. O

The following nonprobabilistic lemma deals with sums of subsums and bi-
nomial coefficients. In the sequel we use the standard convention: (?) =0 for
r<Oorr>n, (§)=1 forany real x.

Lemma 1. For any real numbers a,,...,a, and any r = 1,...,n, n =
1,2,...,

10 Y Sa=(1))Ta

1<iy<--<ip<n j=1

2 2
r 2 n
o LT (Be) 05 (D (2
1<i<<iy<n \ j=1 i=1

Proof. Begin with (10) and apply induction. For n =1 it is obvious. Assume
that (10) holds for some n and any r = 1, ..., n. We will prove that it is
fulfilled for n=1 andany r=1,...,n+1.

First, observe that for r = 1 and r = n+ 1 it is trivial. Take any r =

2,...,n. Then

T Sa= Y Ya+ T (Za+a)

1<ij<<iy<n+l j=1 1<i<+<ip<n j=1 1< < <ipo <n

<,_1)Za: (n_l)Zax (1)) am

by the induction assumption applied to the first and second terms in the middle
expression. Hence the result follows by the elementary identity (=) + (7)) =
n
(r—l) *
We use induction to prove (11) too. For n =1, 2 it is obvious. Assume that
it holds for some n andany r =1, ..., n. We will prove that it is fulfilled for
n+landany r=1,...,n+1. For r=1 or n+1 itis immediate. Take an
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arbitrary r=2, ..., n. Then

)

1< < <ipy<n+l \ j=1

5 (z'ja,,)2+ > (:a,,+an+l)2

1<iy<<iy<n \ j=1 1<i < <ip_1<n \j

D5 ()5 ()

i=1 1<i1 <<y <0

r—1
n
+Za,,+1 Z Za‘/ +a'21+] (r_ 1) = (*)3

1_<_i1<~-<i,_,5n Jj=1

I

]

where we have applied above the induction assumption. Now using (10) in the
fourth summand above we have

0= (23 IS+ (02D (2] (Sa)
r2(3 7 o v aia(, )
= ('r’:ll) ila,-2+ (::;)Xn;a? +2(rrz:21) iz:;a,-am

; <
+ n-—1 + (" 1 a2
r—1 r—2)] e
Hence (11) follows immediately. O
In the next two auxiliary lemmas the coefficients
k—r n—r )
(12 anir=3 (")
i=0

r=1,...,k,k=1,...,n, n=1,2,..., appearing in the factorization (2)
of a characteristic function of a factorizable distribution, are considered. It is
not difficult to show that these coefficients fulfill the following useful identity:

i n-r
(13) an,k+l,r=an,k,r+(_l)k +l(k—r+1)

forany r, n asaboveand k=1,...,n—-1.

Lemma 2. Forany k=2,...,n, n=2,3, ...,

k
n-2
(14) E a,,,k',<r_l)=0.
r=1
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Proof. Obviously the result is true for kK = 2. Assume that it holds for some
k,2<k<n-1. Then

k+1 k
n-2 n-2 n-2
gan.kﬂ,r(r_l)=§an,k+l,r<r_l)+< k )=(**)

SINCE @p k4+1,k+1 = 1. By (13) and the induction assumption

(x%) = i(—l)""ﬂ (kﬁ::— 1) (:1:12) + <n;2)

r=1

_ Z(_1)1(n—kl—1+l><rlz:?) — (e nn)

=0
for / =k + 1 —r. Consequently,

(***)=n—i—z(n;l)zk:(];)(—l)’(n—k—l+l)=0

1=0
since 34/ (%)(-1)! =0 for i=0,1. O
Lemma 3. Forany k=2,...,n, n=2,3, ...,

. n-2
(15) ;""”‘”<r—2) =1.

Proof. For k =2 it is immediate. Assume that it holds for some k, 2 < k <
n — 1. Then similarly as in the proof of Lemma 2 by (13) we obtain

lilan k+1r( 2)"”%( l)k_m(kf::l)('rl:j)
=1+(Z:?)§(k71)(—1)’=1. o

Now combining the above three lemmas we obtain an identity, which will be
used in the proof of the main theorem.

Lemmad. Forany k=1,...,n, n=1,2,.
k r 2 n 2
(16) dolankr X Yoay| | = (Zai)
r=1 1<iy<<iy<n \ j= i=1

Proof. For k =1 it is obvious. By (11) of Lemma 1 forany k=2,...,n

Slanes S (z)

r=1 1<ij<+<iySn \ j=1

- (Se) Sen (D) (£9) B (2D)
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and the final result follows now by (14) and (15). O

Now we are ready to prove the limit theorem. Recall that the main tools used
in the course of the proof are the following: the factorization (2), Theorem 3,
and Lemma 4. Also the routine technique of subsequences being a consequence
of the Prokhorov theorem will be applied.

Proof of Theorem 2. Step 1. Observe that the assumption (5) and the Tcheby-
shev inequality yield
kn
P(|Sa| > 4) < A2 Z E(Xn,an,j) — A72g?
i,j=1

as n — oo. Hence the sequence of distributionsof S,, n=1, 2, ..., is tight.
By the Prokhorov theorem, each subsequence contains a weakly convergent
subsequence. Consequently without losing generality we can assume that S,
converges in distribution. Thus, to prove that the limit distribution is normal
A(0, ¢?) it suffices to show that

2
(7 Jim E(exp(itSy)) = exp (- 507)

only in some neighborhood of the origin.
Step 2. Take any r =1, ..., k. Define independent r.v’s

) 4
Yn;il,...,i, "'X",in +"'+Xn,i,

for j=1,..., |ax, «,|, where the coefficients a;,  , are defined in (12) (see
also (2)), 1 <, <--- < i, < k,. In this step we prove that Theorem 3 holds
for the Y’s.

Notice that by the definition and an elementary inequality for the third mo-
ment of the sum

|@ky k. r]
) 3 )
S= ¥ X B P =lansd X E(ND P
1<ij<-<i, <k, Jj=1 1<i1<-<i, <kn

<SMOlag, k.l S (EWXai) +-+E(Xa i),

1<iy<--<i, <kn
where M(r) is a number dependingly only on r. Now by (10) of Lemma 1

n
r -

kn — 1Y &
s < Mar, e (7)) S B0 P
j=1

Due to (6) to prove the Lyapounov condition for the Y’s it suffices to show
that

(18) (021 )aneonh ~ cth, )

as n — oo, where c(k, r) is a real number. Apply induction with respect to
k. For k =1 (18) is obvious since then r =1 and a,,;,; = 1. Now assume
that (18) holds for some k& > 1. Then by (13)

n-1 % _(n-1 —k kersl. i fN—1 n-r
(r—l)“"»"“"” '(r—l)a""‘"” FEDTTT G ) k=)
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Hence we obtain (18) since the first term tends to zero by the induction assump-
tion and the second is equal to c(k, r)(n—1)---(n —k)n~k.

Consequently, Theorem 3 holds for the Y’s.

Step 3. Define forany r=1, ...,k

p(z,r,n)=exp(§ > E((X,.,,-,+--~+X,,,,~,)2)).

1<iy<---<i, <kn

Then the result of Step 2 may be formulated as follows:

1<i<---<i, <kn

(19) lgrgo[ﬂa,r,n) I1 ¢,.;.-.,...,,-,<z,...,z)} =1

forany r = 1,..., k, where ¢,.;, .. ; is the characteristic function of the
marginal (X, ;,..., Xn,i,). Hence there is a neighborhood V of the origin
such that for sufficiently large n and all t € V

I ¢niit,....0#0,

1<iy <+ <iy<kn

r=1,..., k. Now the formula (2) for ¢t € V' and large n yields

k Qip kv
¢s.(t)=H[ II ¢n;.»,,....,-,(z,...,t)] :

r=1 | 1<iy<---<i, <kn

Multiplying and dividing the above equation by

k
[Iws, r, e

r=1

we obtain

k Qhp k. r
¢S.(t)=H[ I1 B(t,r,n)¢n;.-.,...,,~,(t,-.-,t)]

r=1 [1<iy<-<iy<kn

2 &
rexp | -5 E Sl 2 K+ +Xn ) .
r=1 1<iy<-<i,<kn

Applying (16) from Lemma 4 for a; = X, ; we find that

k kn
z [ak,,k,r Z (Xn,i, +"'+Xn,i,)2} = z Xn,an.]"

r=1 1<iy < <iy <kn i, j=1

Hence by (19) and (5) the final result (17) follows. O

ACKNOWLEDGMENT

The author is greatly indebted to the referee whose report helped to avoid
many misprints and language errors. Also the remarks on the exposition of
Theorem 3 are highly appreciated.



574

JACEK WESOLOWSKI

REFERENCES

= H. Cramér, Uber eine Eigenschaft der normalen Verteilungsfunktion, Math. Z. 41 (1936),

2.

10.

11

405-414.

A. M. Kagan, 4 class of two-dimensional distributions arising in connection with the Cramér
and Darmois-Skitovitch theorems, Teor. Veroyatnost. i Primenen. 32 (1987), 349-351.
(Russian)

, New classes of dependent random variables and a generalization of the Darmois-
Skitovitch theorem to the case of several forms, Teor. Veroyatnost. i Primenen. 33 (1988),
305-314. (Russian)

, A multivariate analog of the Cramér theorem on components of the Gaussian dis-
tribution, Stability Problems for Stochastic Models (Proceedings, Sukhumi 1987) (V. M.
Zolotarev and V. V. Kalashnikov, eds.), Lecture Notes in Math., vol. 1412, Springer-Verlag,
New York, Berlin, and Heidelberg, 1988, pp. 68-77.

, Generalized condition of identity of distributions of random vectors in connection
with analytic theory of linear forms in independent random variables, Teor. Veroyatnost. i
Primenen. 34 (1989), 370-375. (Russian)

. Yu. V. Linnik, 4 remark on Cramér’s theorem on decomposition of the normal law, Teor.

Veroyatnost. i Primenen. 1 (1956), 479-480. (Russian)

. Yu. V. Linnik and L. V. Ostrovskii, Decomposition of random variables and random vectors,

Amer. Math. Soc., Providence, RI, 1977.

. Yu. V. Linnik and A. A. Zinger, On an analytic generalization of the Cramér theorem and

its application, Vestnik Leningrad. Univ. Math. Mekh. Astronom. 11 (1955), 51-56.

. J.Wesolowski, On determination of multivariate distribution by its marginals for the Kagan

class, J. Multivariate Anal. 36 (1991), 314-319.

, Gaussian conditional structure of the second order and the Kagan classification of
multivariate distributions, J. Multivarate Anal. 39 (1991), 79-86.

, On the Lapounov theorem for the Kagan multivariate distributions, New Progress
in Probability and Statistics (Proceedings of the Fourth International Meeting of Statistics
in the Basque Country (San Sebastian 1992)) (M. L. Puri and J. P. Vilaplana, eds.), VSP
International Science Publishers, Zeist (to appear).

MATHEMATICAL INSTITUTE, WARSAW UNIVERSITY OF TECHNOLOGY, PLAC POLITECHNIKI 1, 00-
661 WARSAW, POLAND
E-mail address: wesoloQplwatu21l.bitnet



	Article Contents
	p. 565
	p. 566
	p. 567
	p. 568
	p. 569
	p. 570
	p. 571
	p. 572
	p. 573
	p. 574

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 122, No. 2 (Oct., 1994), pp. 325-648
	Front Matter
	On Quadratic Residues and Nonresidues in Difference Sets Modulo m [pp. 325-331]
	Arithmetic Groups of Higher Q-Rank Cannot Act on 1-Manifolds [pp. 333-340]
	On Lifting the Hyperelliptic Involution [pp. 341-347]
	Reducible Hilbert Scheme of Smooth Curves with Positive Brill-Noether Number [pp. 349-354]
	Generators For All Principal Congruence Subgroups of SL(n, Z) with n ≥ 3 [pp. 355-358]
	On the Number of Operations in a Clone [pp. 359-369]
	Coalgebras Over the Higher Rank Symplectic Groups [pp. 371-381]
	Finite Groups Containing Many Involutions [pp. 383-385]
	Functors of Subdescent Type and Dominion Theory [pp. 387-394]
	Hyperplane Sections of Linearly Normal Curves [pp. 395-398]
	A Construction of Modular Representations of Classical Lie Algebras [pp. 399-407]
	An Adjoint Characterization of the Category of Sets [pp. 409-413]
	Values of L-Functions at the Critical Point [pp. 415-428]
	Support Theorems for Totally Geodesic Radon Transforms on Constant Curvature Spaces [pp. 429-435]
	H Estimates for Bi-Invariant Operators on Compact Lie Groups [pp. 437-447]
	How Long Does it Take for a Gas to Fill a Porous Container? [pp. 449-453]
	A General Formula for Fundamental Solutions of Linear Partial Differential Equations with Constant Coefficients [pp. 455-461]
	Support Points and Double Poles [pp. 463-468]
	Cesàro Means of Fourier Transforms and Multipliers on L(R) [pp. 469-477]
	Ricci Curvature and a Criterion for Simple-Connectivity on the Sphere [pp. 479-485]
	The H-Boundedness of the Riesz Means for the Eigenfunction Expansions for Elliptic Operators with Constant Coefficients [pp. 487-494]
	On the Distance of the Riemann-Liouville Operator From Compact Operators [pp. 495-501]
	Approximation Method and Equilibria of Abstract Economies [pp. 503-510]
	Matrix Transformations of Power Series [pp. 511-523]
	Strong Unboundedness of Unbounded Analytic Functions [pp. 525-529]
	Absolute Summability Factors of Type (X, Y) [pp. 531-539]
	On Smooth and Analytic Disks in C with Common Boundary [pp. 541-544]
	i-Convexity of Manifolds with Real Projective Structures [pp. 545-548]
	Cellular Strings on Polytopes [pp. 549-555]
	Towers on Trees [pp. 557-564]
	The Lyapounov Central Limit Theorem for Factorizable Arrays [pp. 565-574]
	Every 3-Manifold with Boundary Embeds in [pp. 575-579]
	On the Essential Selfadjointness of Dirichlet Operators on Group-Valued Path Spaces [pp. 581-590]
	All Cluster Points of Countable Sets in Supercompact Spaces are the Limits of Nontrivial Sequences [pp. 591-595]
	Twist-Roll Spun Knots [pp. 597-599]
	The Infimal Value Functional and the Uniformization of Hit-and-Miss Hyperspace Topologies [pp. 601-612]
	Fixed Points Arising Only in the Growth of First Countable Spaces [pp. 613-617]
	Special Points in Compact Spaces [pp. 619-624]
	Polynomial Modules Over the Steenrod Algebra and Conjugation in the Milnor Basis [pp. 625-634]
	Branched Surfaces and Thurston's Norm on Homology [pp. 635-642]
	The Monotone Principle of Fixed Points: A Correction [pp. 643-645]
	Free Actions of Zero-Dimensional Compact Groups on Menger Manifolds [pp. 647-648]
	Back Matter



