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ABSTRACT 

A random vector has a multivariate Pareto distribution if one of its univari- 

a te  conditional distribution is Pareto and some of its marginals are identi- 
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1024 WESOLOWSKI AND AHSANULLAH 

cally distributed. A general method developed in the course of the proof of 

this result is applied also to characterize the multivariate Student (Cauchy) 

measure by one univariate Student conditional distribution. 

1. Introduction 

In this paper we are interested in a specification of some multivariate 

distributions by assuming that one of univariate conditional distributions is 

of a special form and that some marginal distributions are identical. The 

first result of such a type was obtained by Ahsanullah (1985); where it was 

proved that in the bivariate case one normal conditional distribution and 

equidistribution of marginals guarantee the bivariate normality. In that 

paper also the following conjecture was formulated: Let X = (XI ,  . . . , X,) 

be a random vector fulfilling the conditions: 

(2) The conditional distribution of X, given XI.  . .  . ,X,-l is normal 

,\/(aO + Cyzi aCY3X3, g2), where ao, a], . . . , a,-1, a are some real constants 

and a > 0. 

(ii) The r.v's XI ,  . . . , X ,  are identically distributed. 

Is it true that X has a n-variate Gaussian distribution? 

That question was the beginning of the general discussion on possibil- 

ity of characterization of distribution of any n-variate random vector X by 

specifying the conditional distribution X, 1x1,. . . , X,-] and assuming iden- 

tity of distribution for some marginals. Now we recall main results of that 

discussion to give a reasonable background for the main results of this paper. 

Ahsanullah and Sinha (1986) provided a counter example showing that 

the conjecture is false. They proved that if instead of (ii) it is assumed that X 

is exchangeable then the conjecture holds. In Arnold and Pourahnladi (1988) 

(we refer to it by AP in the sequel) it was shown that excheangability is much 

too strong. Applying a Markovian scheme they obtained a characterization 

of multivariate normality by ( i) and the following equidistribution condition: 
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MULTIVARIATE PARETO AND STUDENT DISTRIBUTIONS 1025 

d (= stands for equation in distribution). In a recent paper by Ahsanullah 

and Wesolowski (1994) (we refer to it by AW in the sequel) ( z z )  was replaced 

by 

,% = 0 a.s. and the n-variate normal distribution was characterized by ( i )  

and (2).  

In AP also other multivariate distributions were considered. Hovever its 

main result concerns unique determination of the bivariate measure by one 

conditional distribution and identically distributed marginals provided some 

indecomposability condition is fulfilled. 

Our aim is to develop a quite general method of characterizing multi- 

variate probability measures by (2) and a conditional distribution of X ,  

given X I , .  , . , X,-l. It is done while treating the multivariate Pareto dis- 

tribution in Section 2. The approach is applied to t,he multivariate Student 

distribution (which has Student conditionals) in Section 3. 

2. Characterization of the multivariate 
Pareto distribution 

As an example of application of the main result of AP a characterization 

of the bivariate Pareto distribution was obtained there. Let us state it now 

in a form of the solution of some homogeneous Fredholm integral equation 

of the second kind we will use later. 

Lemma 1 If for all x > 0 

13 > 0 ,  2 > 0 ,  where f zs a probabzlzty denszty functzon (pdf),  then 

z.e, zt zs a pdf of the Pareto ' P ( 3 , ? )  dzstrzbution. 
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1026 WESOLOWSKI AND AHSANULLAH 

In this section we investigate multivariate measures generated by r.v's 

X = (XI, . . . , X,) with the following property: the conditional distribution 

of X, given X I , .  . . , X,-1 is Pareto with parameters a+n-1 and X,+1, 

where a is a positive constant, i.e. 

In AP it was pointed out that along the lines of the Markovian approach 

used in the proof of characterization of the multivariate Gaussian measure 

the following result may be obtained. 

Theorem 1 Let X = (XI , .  . . . X,) be a random vector fuljillzng ( 1 )  and 

(3). Then rt has a Mardza multzvarzate Pareto dzstrzbutzon ulzth the pdf of 

the form 
( a  + n - l), 

f ( 2 1 , . . . , ~ , )  = 
5, + l ) ~ + ~  ' 

2, > O ,  i = l , . . . , n ,  where ( a t n - I ) ,  = a ( a + l ) . . . ( a + n - 1 )  . 

This kind of a multivariate Pareto distribution was introduced in Mardia 

(1962) and proved to be useful in many applications; for more details see 

Arnold (1983). 

This section is devoted to a parallel problem of characterizing the Mardia 

multivariate Pareto distribution by (2) and (3) .  A method developed in the 

proof of the main result works also for other conditional distributions (see 

Section 3) .  

Before presenting the main result let us give a brief survey of other pos- 

sible conditional specifications of multivariate Pareto measures. In Arnold 

(1987) a characterization of a bivariate Pareto distribution through both 

Pareto conditionals without giving the precise forms of parameters was given. 

Then it was slightly extended in Castillo and Sarabia (1990). These re- 

sults are reproduced in a recent monograph on conditional specifications by 

Arnold et al. (1992), where also a multivariate case involving all univari- 

ate Pareto conditionals was treated. Another interesting result contained in 

this book is a characterization of the Mardia bivariate Pareto distribution 

by Pareto conditionals and linearity of regression functions. In Arnold et al. 
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MULTIVARIATE PARETO AND STUDENT DISTRIBUTIONS 1027 

(1993a) multivariate measures with all hivariate Pareto condit,ionals were 

investigated while in Arnold et al. (199313) multivariate distributions with 

generalized Pareto condit,ionals are studied. 

Yow we complement Theorem 1 by replacing the equidistribution condi- 

tion (1) b>r (2). In this sense the result is parallel to AW, where similarly a 

new version of t,he multivariate normal characterization complementary to 

one (mentioned earlier) from AP. was obtained. However we can not adopt 

simply a method used for the normal case in A%' (as it mas done in AP) 
since it was based on considering conditional characteristic functions which 

does not seem to  be convenient in the Paretian case. Instead \ye develop new 

and more universal approach which can be applied for other conditional dis- 

tributions (a Student conditional is considered in Section 3) too and allows 

also to  reprove the normality characterization from AW. 

Theorem 2 Let X = ( X I .  . . . X,) be a random rector fu(fi1lrng (2) and (3) .  

Then .Y has a Jfarclza multrlrarzafe Pareto dzstnbutzon wzth the pdf gzcen rn 

(4). 

Let us recall that a detailed discussion of relations between coilclitions 

(1) and (2) was given In illy. It was pointed out there that they are essen- 

tially different and of the comparable strength but under (2) the Markovian 

approach is not possible. 

Proof. Observe that if the conditional distribution of Xk given Xo, XI, 

. ., Xk-l has the form 

for any k = 1 , 2 , .  . . , n ,  then one can reconstruct the joint density f of X by 

the formula 
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1028 WESOLOWSKI AND AHSANULLAH 

which is of the form (4). By fx,lx,.xl ,,,., x,-, we denoted the pdf of the 

conditional distribution of Xk given Xo, XI, .  . . , Xk-1,k = 1,.  . . , n.  

NOW it suffices to show that ( 5 )  holds. We aply backward induction with 

respect to k. For k = n it follows from (3 ) .  We will prove ( 5 )  for I; = m - 1 

provided it holds for k = m, rn 2 2. 

To t,his end observe that since p x , , j ~ ~ , ~ , , . , . , ~ , - ~  has a density then also 

pxm,~o,x, , . , . ,~m-,  is absolut,ely cont,inuous and by (2) it also holds for the 

conditional distribution px,-, lx,,x ,,..., x,-, . 
Consider now the following elementary formula for conditional densities: 

Applying the induction assumption to (6) we have 

for any positive 2,21,. . . , x,-z, .co = 0. Fix any X I , .  . . , x,-~. Then b y  ( 2 )  

t,he above equation yields 

where B = .co + x1 + . . . + s,-2 and 
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MULTIVARIATE PARETO AND STUDENT DISTRIBUTIONS 1029 

3. Characterization of the multivariate 
Student distribution 

The n-variate Student Mt,(m, a )  distribution with m degrees of freedom 

is defined by its pdf 

x, E R. z = 1,. . . . n. for any n > 1. The paramter a is a posltive constant (a 

scale). By a simple computation it can be easily checked that for a random 

vector S = ( X I ,  . . . . X,) distributed according to the Student M t , ( m ,  n )  

distribution the condit~onal distribution of X, giren XI. .  . . , X,-1 is a scaled 

univariate Student distribution with m $ n - 1 degrees of freedom: more 

precisely 

where t k ( a )  denotes the univariate Student distribution with it degrees of 

freedom. To obtain its density put m = k and n = 1 in t,he formula (7).  

More details on multivariate Student distribution can be found for inst,ance 

in a recent monograph on symmet~ic multivariate measures by Fang et al. 

(1990). 

Now we can give another example where the main result of AP (its 

'Theorem 2.1) is applicable. It is a characterization of the bivariate Student 

distribution. We formulate it as a lemma analogous to our Lemma 1. 

Lemma 2 If for all real x 's  

where a zs posztzve real k 1s znteger nnd f 2s a pdf then 

c.e. zt IS a pdf of the t k ( c u )  
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1030 WESOLOWSKI AND AHSANULLAH 

Applying the Markovian approach from A P  we easily obtain the following 

characterization in the multivariate case. 

Theorem 3 Let X = (aY1, . . . , X,) be a random vector fulfillnng ( 8 )  and ( 1 ) .  

Then rt has a  multzvar~ate Student dzstrzbutzon wzth the pdf gnven rn ( 7 ) .  

Now making use of the method developed in Section 2  we can state an 

analogue with ( 1 )  replaced by ( 2 ) .  

Theorem 4 Let X = (XI, .  . . . X, )  be a random vector fulfillzng ( 8 )  and ( 2 ) .  

Then zt has a multrvarzate Student dzstrzbutzon wzth the pdf gzven rn ( 7 ) .  

Proof. ( A  sketch.) The proof has the same structure as that of Theorem 

2. It suffices to prove by backward induction that 

for any j = 1 , 2 , .  . . , n. By (6) and the induction assumption we have for 

any fixed XI;.. ,r ,-2,  j > 1 .  

where 8 = a2 + zg + X: + . . . + x ; - ~ .  Hence by Lemma 2  we have 

for any real x. 

Remark. Since M t , ( l .  a )  is the multivariate Cauchy distribution then by 

putting in all the above formulas and results In = 1  characterizations of this 

distribution by a univariate Student conditional and (1) or ( 2 )  can be easily 

obtained. 
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