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Abstract. Let X7, X3,..., X, be a random sample from a continuous distribu-
tion with the corresponding order statistics X1, < X2, < ... < X,y All the
distributions for which E(Xj | Xk.n) = aXp.n + b are identified, which solves
the problem stated in Ferguson (1967).
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1 Introduction

Extending some earlier works Ferguson (1967) proved the following theorem:
Let X1, X>,..., X, be a sample from a continuous distribution such that

E(Xk+l:n|Xk:n) = an:n +b

for some 1 < k < n,
then only the following three cases are possible:

1. a =1 and X; has an exponential distribution,
2. a > 1 and X has a Pareto distribution,
3. a < 1 and X has a power distribution.

Let us point out that Ferguson states his result assuming that
E(Xin| Xiv1:m) = aXpy1 — b for some 1 < k < n instead of using the regression
Xji1.n 0N Xj, and arrives at distributions dual to that given in 1-3. Since the
duality is obvious (take Y = —X), without loosing generality, here we use the
regression X1, on Xg.,.

In Nagaraja (1988) an analogue of this result for discrete distributions was
obtained.



216 A. Dembinska, J. Wesotowski

Investigations of characterizations of probability distributions by proper-
ties of regression involving different functions of order statistics were lead
by many researchers. The state of art up to the early nineties with suitable
references can be found in the books of Arnold, Balakrishnan, Nagaraja
(1992) or Johnson, Kotz, Balakrishnan (1994).

A slight refinement of the original Ferguson (1967) result, allowing dis-
continuity in one of the support ends has been given more recently in Pakes,
Fakhry, Mahmoud and Ahmad (1996).

As pointed out in the monograph Arnold, Balakrishnan, Nagaraja (1992)
the question raised by Ferguson (1967) (“‘it is unknown what new distributions
arise if any”’) about analogous characterizations for non-adjacent order sta-
tistics has not been settled until the very recent paper by Wesotowski and
Ahsanullah (1997) (it was pointed out by the referee that the result was shown
earlier in the PhD thesis of Pudeg (1991)). They solved the problem consider-
ing linearity of regression of Xj12., on Xj.,:

Let X1, X5,...,X, be a sample from an absolutely continuous distribution
such that

E(Xk+2:n|Xk:n) = an:n +5b

forsomel <k <n—1
then the same three cases 1.-3. are the only possible.

In a paper by the present authors, Dembinska and Wesotowski (1997),
it was shown that in the absolutely continuous case, instead of a single
regression condition, a pair of identities E( Xy, rn,| Xim;) = Xiyn, + biy i = 1,2,
with r = 3, ny — k| # ny — ko or with any r and n; — k; = ny — ko + 1, char-
acterizes the exponential distribution.

In the present paper we identify the cases 1.-3. as all possible continuous
distributions with the property of linearity of regression for any non-adjacent
order statistics — which solves completely the problem raised by Ferguson
(1967).

It should be pointed out that in Lopez-Blazquez and Moreno-Rebollo
(1997) this problem was considered under the additional assumption of r-
differentiability of the distribution function of X’s. The method used by these
authors was based on solving r-th order differential equation and, as such,
differs considerably from the approach, making use of integrated Cauchy
functional equation, adopted in the present paper.

2 Linearity of regression
In this section we are interested in the conditional moment E( X .| X.n), DOt
only in the exponential case, but also for the power and Pareto distributions.

Denote by 20 (0; 1, v) a power distribution defined by the density

O(v — x)"!
v—p’

where 0 > 0, —o0 < u < v < oo are some constants. By 2.o/%(0; u,0) denote

f(x) = I(/z, v)(x)a
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the Pareto distribution with the pdf

0(u+0)"
Zm (ﬂ,oc)(x),

where 0 > 0, and u, 0 are some real constants such that g 4+ > 0. Finally by
EXP(A,y) denote the exponential distribution with the density

f(x) = exp(—/l(x - y))l(y,oo)(x)a

where 4 > 0 and y are some real constants.

Observe that if X has the df F and the pdf f then for [L] a.a. x € (Ir,rF)
(where [ =inf{x: F(x) > 0}, rp =sup{x: F(x) < 1} and [L] denotes the
Lebesgue measure)

E(Xk+r:n|)(lc:n = X)
_ (n—k)!
(}" — 1)'(}/1 — k- V)!(F(x))n_k

Consequently it can be easily verified that in all three cases of the exponential,
power and Pareto distributions the regression relation, we are interested in, is
linear, i.e.

J%@m—FMY%ﬂwW“WwW

E(Xk+r:n|Xk:n) = an:n + b7 (1)
where the constants ¢ and b have the following forms:

1. For the 20 (0; u, v) distribution

O(n — k)! (-1)"

=k =) =ml(r =1 —=m)[0(n—k —r+1+m)+1]
O(n — k)!

=k

r—1 (_l)m
X n;)m!(r_ =m0 —k—rrTempn—k—rsitms1 @

2. For the 2.4/ %(0; u,0) distribution with 6 > -
n—k—r+1
O(n —k)! (-1)"
_(n—k—r)!mzom!(r—l—m)![H(n—k—r—i-l—l-m)—l}
o O(n—k)!
b_é(n—k—r)!

3 (="
Xn;m!(r_l—m)!9(”—k—r+1+m)[9(n—k—r+1+m)—1]

(3)
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3. For the &2 2(4,y) distribution

(n—k)! r—1 (_l)m

a=1, b=
/l(n—k—")!m:om!(r—l—m)!(n—k—r—|—l—|—m)2

(4)

The question we address here is the following: are the given above exam-
ples the only for which linearity of regression (1) holds? The affirmative an-
swer given beneath is the main result of the paper.

Theorem 1. Assume that X1,..., X, are i.i.d. rv’s with a common continuous df
F. Let E(|Xitrn|) < o0. If for some k < n —r and some real a and b the line-
arity of regression (1) holds, then only the following three cases are possible:

1. a =1 and Fis a df of an exponential distribution;

2. a>1and F is a df of a Pareto distribution;

3. a< 1 and Fis a df of a power distribution.

Before we give the proof of the above result let us recall, following Rao
and Shanbhag (1994), an important result concerning possible solutions of an
extended version of the integrated Cauchy functional equation. This theorem
will be used later on in the course of the proof of Theorem 1.

Theorem 2. Consider the integral equation.
J H(x+y)u(dy) = H(x)+c¢ for[L] a.a. xe Ry,
R,

where u is a non-arithmetic o-finite measure on R, and H : Ry — R, is a Borel
measurable, either non-decreasing or non-increasing [L] a.e. function that is
locally [L] integrable and is not identically equal zero [L] a.e. Then In € R
such that

j exp(nx)(d) = 1,
Ry

and H has the form

{ y+a(l —exp(yx)) for [L]aa. x if n#0
H(x) =
y+Bx for [Llaa.x if n=0

where o, B,y are some constants. If ¢ =0 then y = —a and § = 0.
Now we are ready to prove our main result.

Proof of Theorem 1. Using the formulas for the joint distribution of (Xj.,, Xj.)
and the distribution of X;, (see for instance the monograph of Arnold, Ba-
lakrishnan, Nagaraja (1992)) we can write:
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E(Xk-q-r:n |Xk:n = x)

(n—k)! J”“ [F(x) - F())'F"“ ()
(r=Dln—k—nt), F ¥ (x)

Fa.e., where F =1 — F. From (1) we get:

CEUT {F(x) - F<y>} - Em} " [_ F<y>}

(r— Dl n—k-r) F(x

=ax—+b (5)

for F-almost all x’s. Notice, following the reasoning of Ferguson (1967), that
there does not exist an interval (¢,d), [r < ¢ < d < rp, over which F is con-
stant since the right hand side of (5) is increasing in such an interval and the
left hand side remains constant, while both sides are continuous, so that they
could not possibly be equal at the next point of increase of F. (Observe that
has to be positive, which follows easily, for instance, from the next identity).
Thus (IF,rp) is the support of the distribution defined by F and F is strictly
increasing in this interval. Notice also that since both sides of (5) are contin-
uous with respect to x we can assume that it holds for any x € (/g, rr).

Substituting ¢ = F(y)/F(x), i.e. y = F ' (tF(x)) (observe that F ' exists
because F is strictly decreasing in (/r, 7r)) into equation (5) we get:

(r— 1()’!1(nf)/!c —r)! Ll F () (1= 0" " * 7 di = ax + b

Now substitute F(x) = w, hence x = F' (w) and thus

(n—k)!
(r—Dln—k—r)!

1
J F ol (ow)(1 = 0y e kr gy
0

—aF '(w)+b, we(0,1).

Divide both sides by a and substitute once again 1 = e * and w = e~ ". Then

(I’l*k)' JI =—1 ,( +‘) —unr—1 —(n—k—r _
F UFO)Y (1 — o~ (n u,—u
alr—Dln—k—-nr'), (e JA—e) e ¢ du
——1 b
= F -0 —
)+
for any v > 0. .
Now let G(v) = F (e"). Consequently

J G(v+ u)u(du) = G(v) —i—é, v>0
R, a

where y is a finite measure on R, which is absolutely continuous with respect
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to the [L] measure and is defined by

(k)
) = = k=7,

(1 o efu)l‘*lef(nfkfﬂrl)u du.

Observe that G is strictly increasing on [0, c0) since it is a composition of
two strictly decreasing functions. Consequently the assumptions of Theorem 2
are fulfilled. Hence, since G is continuous, it follows that

G(U){Ha(l—ew(nv)) if n#0 ©

y+ Bv ifn=0

v > 0, where o, 8, y, # are some constants and
JR exp(nx)u(dx) =1 (7)
t

From (7) we get:

_ (I’l—k)' Jm nx —x\r—1 _—(n—k-r)x ,—x
1_a(r—l)!(n—k—r)! 0 P —em) e ¢ dx

After substituting t = e~ we obtain (observe thaty <n—k —r+1):

—k)! 1 .
lza("—l(;q!(n—)k_r)!L(l—t) 1 n—k=r=n) s

1Bn—k—r—n+1r)
a Bn—k-r+1,r)

where B(.,.) is the complete beta function defined by

1

B(p,q) = J Y1 -n"d, p,g>0.
0

I'(p)I'(q) then

Since B(p,q) = T(r+q)

I'in—k—r—n+1)I(r) I'(n—k+1)
I'n—k—-n+1) I'(n—k—r+1)I(r)

=a (8)

A slight rearrangement allows to rewrite (8) as

4 n—k n-k-1  n—k—-r4+1
T n—k-npn—-k—-1-5 " n—k—-r+l—-pyg

say.
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Observe that

l.a<1lify <0,
2.a>11f0<pyp<n—k—-r+1,
3.a=1ify=0.

Moreover there is a unique # that fulfils (9), because the function /4 is
strictly increasing.

Returning to (6), for a non-zero #, we can write

Fl(e™) =Gv) =y+a(l —e™)

which implies

el =F(y+oa(l—e™).

Let us substitute z = y + a(1 — e"). Then

ot (1 _z— y)*(l/n)
o

1

(=2

Consider now three possible cases:

Hence F(z) = for z > y.

1. If a < 1 and # < 0 then

B o C\at+y-—y IRNEY

1
for ze (u,v), where v=a+y, u=y, 6= ~ > 0. Observe that a has to be

positive.
Thus X; ~ 20%°(0, u,v), where:

1
e 0= —; and # fulfils (9),

. 1
* v can be calculated from (2) with = ——,
e u < vis a real number. n

2. If a > 1 and # > 0 then

= —o A\ (y+(ma= )\ (ptoY
F(Z) = —_— = —_— =
Z—o—7y 24 (—a—1y) Z+40
1
for z > u, where 6 = —a—y, u=1y, 6 =—>0. Observe that o has to be
negative. "
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Thus X ~ A R(0, u,d), where:

1
e 0= p and # fulfils (9),

* 0 can be calculated from (3) with 6 = l,
* . is a real number. n

Observe that this is the only case in which » = 0 is allowed. Then 6 =0
and u > 0.
3. If a = 1 and # = 0 then from (6) we get:

Fl(e™) = G(v) =y +pv

e " =F(y+ pv).
Let us substitute z = y 4+ fv. Then f > 0 and
F(z) = e CNF = p=He)

1
for z >y, where A = B > 0.
Hence X| ~ 2P (2,y), where

* ) can be calculated from (4),
* yis a real number.
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