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SUMMARY. Let X and Y be non-negative independent random variables. Characterizations
of the generalized inverse Gaussian and gamma distributions through the constancy of regression
of X7 — (X +Y) ! on X +Y are considered.

1. Introduction

Tweedie (1957), in a fundamental paper devoted to the inverse Gaussian dis-
tribution, proved that if X1,..., X,, are independent identically distributed (iid) in-
verse Gaussian random variables (rv’s) then Y"1 | X; and S0 | X; ' —n2 (30, Xi) ™t
are independent. For the converses of this one can consult Khatri (1962) and Letac
and Seshadri (1985). In Seshadri (1983) the inverse Gaussian law is characterized
by the constancy of regression of > " | X; ' — n2(3." | X;)™' on Y1 | X; under
appropriate moment conditions. For a review of characterization problems for the
inverse Gaussian distribution, see Seshadri (1993).

For the gamma law an important characterization through an independence
property is due to Lukacs (1955), based on the independence of Y7 /Y5 and Y7 + Y3,
where Y7, Y5 are independent random variables. The regression version of this
statement was obtained in Wesolowski (1990) (see also Hall and Simons (1969),
Wang (1981) and Li, Huang and Huang (1994) for related results).

These are separate results for the inverse Gaussian and the gamma distribu-
tions. A characterization of the generalized inverse Gaussian (GIG) that involves
the gamma distribution was given by Letac and Seshadri (1983). It goes as follows:
if X has the same law as (X + Y)~!, where X and Y are independent and Y is
gamma, then X follows the GIG law.
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Let us denote by pi_p, 44 the GIG law defined by the density:
fla) = Cra™P" exp(—(az +b/x) /2)I (0,00 (x);

and by v, /2 the gamma law with the density

9(y) = Cay?~ " exp(—ay/2)L0,00)(y),

where C and C are appropriate norming constants and p, a, b are positive numbers.
Recently Matsumoto and Yor (1998) observed that if X ~ p_p, o p and Y ~ v, 4 /2
are independent then U = 1/(X+Y)and V =1/X—1/(X+Y) are also independent
with distributions 14 o and 7, 3/2, respectively. (Actually their result was proved
for the case a = b.) The converse of this statement, relying only on the independence
property and being a simultaneous characterization of the GIG and gamma laws, has
been proved in Letac and Wesolowski (2000). A closely related functional equation
has been studied recently in Wesotowski (2000)
_ Observe that if we consider the scaled rv’s X = (a/b)'/%X, Y = (a/b)'/2Y, then
X ~ o pr(ab 1/2 Y ~ ’yp (ab)1/2/2 and for U = 1/(X +Y) and V = 1/X U it

follows immediately that U ~ H—p,(ab)1/2,(apb)1/2 and Vo~ Vp,(ab)1/2/2-

In the present paper we replace the independence of U and V' by the constancy
of regression of V on U under suitable moment conditions. Also a dual problem for
the constancy of regression of 1/V on U will be considered. The price we pay for
relaxing independence is that the characterization is not simultaneous because we
have to assume one law to obtain the other.

2. Constancy of Regression of V on U

Let X and Y be two independent positive rv’s, such that E(1/X), F(X) and
E(Y) are finite. For U = 1/(X +Y)and V =1/X —1/(X +Y) we consider the
following constancy of regression condition, namely

EWVIU) =c¢,

where ¢ = E(V). Since V =Y/(X(X +Y)) equivalently we can write this condition
as
EY/X|X+Y)=c¢(X+Y). (1)

Observe that (1) is equivalent to
E ((Y/X)es(X+Y)) =cE ((X + Y)eS(X+Y)) , (2)

for any s, for which both sides are finite. To see this, use conditioning with respect
to (X +Y) on the left side of (2). Then (2) follows from (1) directly and (1) follows
from (2) by the uniqueness of the Laplace transform since (2) implies

E(E(Y/X|X +Y)e!XHY)) = B(e(X +Y)esXHY))
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for any s < 0 and at both sides we have the Laplace transforms of finite measures
on (0, 00), which are equal.
Define now

hX(s)zE(XfleSX) , Ly(s)=E ("), s€0,

where © = {s: hx(s) < 0o, Ly(s) < oo} and (—00,0] C ©. Then (2) can be
rewritten as

hx(s)Ly (s) = chx(s)Ly (s) + chx (s)L} (s), s € O. (3)

We start with a characterization of the GIG law assuming that Y has a gamma
distribution.

THEOREM 1. Assume E(1/X), E(X) are finite and that Y ~ vy, ,/o for some
positive numbers p and a. If the regression of V on U is constant, i.e. (1) holds,
then X ~ pi_p 4., where b=2p/c and c = E(V).

PROOF. Since Y ~ v, /2

2paP

a ) 5 Lly<8> = m, s € (—OO7CL/2>

Ly(s) = (

Hence (3) takes the form

a— 2s

(a —2s) W (s) +2p hix (s) —bhx(s) =0 (4)

with b = 2p/c, and the above equation holds in some set ©; containing (—oo, 0].
Define now a function w by

hx(s) = (a —2s) P/ 2(s), s € O.

Consequently
Wy(s) = —(p+1)(a—25)P"D/w(s) + (a—25) P20/ (s),
Wi(s) = (0* = 1(a—25)P3w(s) = 2(p+ 1)(a — 25) P~V 2w(s)

+(a —25)PtD/20"(s), s € Oy.
Plugging these into equation (4) we obtain
(a —28)w"(s) —2w'(s) — [(p+ 1)*/(a — 25) + blw(s) =0, s€ Oy. (5)
Now for z = ((a — 25)b)'/? and for the function v defined by v(z) = w(s), we get
dw dvb

ds  dzz’
d*w d2v<b)2 dv b2

ds?  dz? \z dz 23’
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z > 0. Inserting the above in (5) we arrive at the modified Bessel equation
20" (2) + 20'(2) — (22 + (p+ 1)Pv(2) =0, 2> 0.

The space of the solutions of the equation is spanned by two modified Bessel func-
tions K41y and I(,41) (see, for instance, Abramovitz and Stegun (1964)).

Going back to the formula connecting hx and w we see that, since hx is a
Laplace transform of a bounded measure on (0,00), it goes to zero as s goes to
—o0; consequently the same is true for w. Now by the definition of v it follows that
lim, o v(2) = 0. But I(,11)(2) explodes as z — oo, and hence the only possible
solution is the modified Bessel function of the third kind K, 1) = K_(p41)-

We conclude that hy(s) = cs(a — 2s)PFV/2ZK_ (1 ((b(a — 25))Y/2), s € Oy,
where ¢3 is a suitable constant. Hence ©1 = (—o00,a/2) and hx is the Laplace
transform of the function z=! f(x), where f is the density of fi_p 4. O

Now we consider a parallel situation assuming that the distribution of X is GIG
and seek the distribution of Y.

THEOREM 2. Assume that X ~ p_pqp for some positive numbers p, a and b
and that E(Y) is finite. If the regression of V- on U is constant, and equal to 2p/b,
i.e. (1) holds with ¢ = 2p/b, then Y ~ v, 4/5.

Proor. Since X ~ p_pap
B (s) = ca(bla — 25)PV2K 40 (b — 25)72), s < a/2,

where ¢4 is an appropriate constant.
Let z = (b(a — 2s))Y/2. Then 2z’ = —b/z and 2" = —b?/2>. Now, to avoid
cumbersome notation we will supress the indices of the K function. Then

hx(s) = cazP T K(2),

Wy (s) = —cad[(p + 1)2P 7 K (2) + 2P K (2)),
W (s) = cab®2" P[22 K" (2) + (2p + 1)2K'(2) + (0° = DE(2)],

(the primes on the left sides denote derivatives taken with respect to s, while those
on the right sides are derivatives taken with respect to z). But from the modified
Bessel equation we have 22K”(z) + zK' — (22 + (p + 1)?)K(z) = 0 and this then
gives

W (s) = cab®2P 72 [(2 + 2p(p + 1)) K (2) + 2p2K'(2)] , s € Oy,
where ©; is some set containing (—oo,0]. We plug the above formulas into (3) to

obtain
Ly (s) (2P K (2) + 2p[(p + 1)2P 7' K (2) 4+ 2P K'(2)])

= 2pbLy (5)2P 7 3[(2% + 2p(p + 1)) K (2) 4 2pz K’ (2)].

After obvious simplifications we arrive at

22L)y(s) = 2pbLy (s), s € ©;.
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Now since 22 = b(a — 2s) we immediately obtain Ly (s) = (a/(a — 2s))?, s € O;.
Hence ©1 = (—00,a/2) and consequently Ly is the Laplace transform of the v, , /o
distribution. O

3. Constancy of Regression of 1/V on U

Let X and Y be two independent positive rv’s such that E(X?), E(1/Y) and
E(Y) are finite. With U and V defined in Section 2 we consider the constancy of
regression of 1/V on U, i.e. the condition

EWV ) =d,
where d is a constant equal to E(1/V'). An equivalent form reads
EX/Y|X+Y)=d/(X+Y). (6)
Just as in Section 2, we get
L (s)hy (s) + Lx (s)hy (s) = dLx (s)hy (s), (7)

where
Lx(s)=E (), hy(s)=E (Y 'e?), se0,

and © = {s: Lx(s) < o0, hy(s) < co}.
Now assuming that the distribution of Y is gamma we derive a characterization
of the GIG law for X.

THEOREM 3. Assume that E(X?) is finite and Y ~ 7y, 42 for some numbers
p > 1 and a > 0. If the regression of 1/V on U is constant, i.e. (6) holds, then
X~ p_pap, whereb=2(p—1)d andd=E(1/V).

Analogous to Theorem 2 we have

THEOREM 4. Assume that X ~ p_p, .1 for some positive numbers p, a and b,
and that E(1/Y), E(Y) are finite. If the regression of 1/V on U is constant and
equal to b/(2(p — 1)), i.e. (6) holds with d =b/(2(p — 1)), then Y ~ 7, q/2.

Since both the theorems have proofs following the lines of the proofs from the
previous section, they are skipped.

In each of the cases of constancy of regression considered in this paper we were
not able to obtain simulatneous characterization of both the distributions: GIG and
gamma. Then an interesting open question arises, if such a characterization holds
true if both the conditions E(V|U) = ¢ and E(V ~!|U) = d are satisfied. We expect
that the answer is in affirmative.
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