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A class of incomplete U-statistics based on what we call a “permanent design” is investigated. It is shown that the
design is balanced and has minimal variance in a certain class of designs as well as is asymptotically efficient, i.e., its
asymptotic variance equals that of a complete U-statistic. Several examples of applications of our results to obtaining
limiting distributions of certain statistics as well as to sub-sampling theory are discussed.

Keywords: Incomplete U-statistics; Random permanents; Minimum variance designs; Relative efficiency

1 INTRODUCTION

In his seminal paper Hoeffding (1948) has extended the notion of forming an average of /
i.1.d. random variables by averaging a symmetric measurable function (kernel) of k¥ > 1 argu-

/ . . . .
ments over k possible subsets. Since then these generalized averages or “U-statistics”

have become one of the most intensely studied objects in non-parametric statistics, (see,
for instance, Lee, 1990 and references therein) with some aspects of the theory, like e.g.,
the asymptotic behavior, being a very active area of research even until now (see, for
instance, Giné and Zinn, 1994; Rempala, 1998; Latala and Zinn, 2000 or Giné et al.,
2001, for some of the most recent results). Even though U-statistics are relatively simple
and thus theoretically appealing probabilistic objects their practical use is somewhat limited

]l( may be
very large and the actual calculation of a U-statistic can be quite onerous. This drawback is
especially apparent when considering so-called U-statistics of infinite order (USIO) where
the dimension &k of a kernel function is allowed to grow with the sample size / (cf. e.g.,
Székely, 1982; Frees, 1989; Politis and Romano, 1994; Rempala, 1998). In order to address
the problem of the computational difficulties Blom (1976) has suggested considering
“incomplete” U-statistics, where the kernel function is averaged over only some

due to the fact that for large values of k£ and / the number of needed averagings
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222 G. REMPALA AND J. WESOLOWSKI

]lc averagings. The idea of Blom
has turned out to be closely related to the general statistical theory of experimental designs
and has lead over the next decade to a rapid development of the theory of incomplete
U-statistics based on a variety of designs (cf. e.g., Brown and Kildea, 1978; Lee, 1982;
Engvist, 1985; Herrndorf, 1986; Nowicki and Wierman, 1988), including random (with or
without replacement) selection of subsets (Janson, 1984).

The main drawback of the theory of incomplete U-statistics seemed to be so far in a lack
of a general and simple technique of generating incomplete designs (except perhaps for the
random selection) that would work well for a very wide class of U-statistics, including the
case when k — oo.

In this paper we consider such a design for a rectangle of mn i.i.d. random variables based
on a definition of a permanent function for m x n matrix (cf. Minc, 1978). This “permanent”
design seems to be quite natural (for instance, it is “equireplicate” in the experimental design
sense) and, in particular, under some regularity conditions imposed on the kernel functions of
the corresponding U-statistics is always asymptotically efficient, in the usual sense of ARE,

appropriately chosen small subset (a design) of all

when compared with a full design of all averagings, even in the case when both

/
k
I, k— o0o. In some cases our permanent design can also be shown to be more effective
then any other design of the same size, including a random one. The main weakness of
our method is in the fact that our permanent designs obtained here are typically still fairly
large in terms of the number of subsets, but on the other hand, unlike most of the designs
considered so far in the literature can be easily implemented on a computer with a help of
a permanent version of the Laplace expansion formula (cf. Mine, 1978).

The paper is organized as follows. The reminder of this section explains our notation used
throughout the paper and presents a brief overview of the basic formulae for complete and
incomplete U-statistics. In Section 2 we introduce the concept of a “permanent design”
and discuss some properties of incomplete U-statistics of permanent design (USPD) as
well as provide the variance formula for USPD. Section 3 contains further results on
USPD, based on asymptotic considerations. Some examples of applications of the USPD the-
ory, including a theorem on the limiting law for random permanents and a problem of non-
parametric interval estimation based on sub-sampling are presented in Section 4.

Throughout the paper, we shall assume that X1, . .., X; are independent, identically distrib-
uted (i.i.d.) random variables taking values in a measurable space (Z, J) with the common
probability measure generating the observations denoted by P. We further assume that

hg)(xl, ..., Xr) is a measurable and symmetric kernel function hg): 7¥ — R. In the sequel
we shall write A, instead of hg). Forc=1,..., k — 1 we shall also define

he = E(hlo(Xi, ..., X.)).

Here and elsewhere, E(-|a(X, ..., X.)) denotes the conditional expectation with respect to
the o-field generated by X, ..., X..
For given integers 1 < k </ let S;; denote a set of all k-subsets of {1,..., [} and let Ul(k)

denote the U-statistic associated with 4, i.e.,

-1
l
ub = (k> > . x)

SESM
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where the sum is taken over all possible k-subsets S = {1 <i; < --- <@ < 1} of{l,...,[}.
In the sequel we will often use more convenient notation /4(S) instead of A(x;,,. .., x;). If
E\h| < oo, then U/(k) is an unbiased estimator of the functional

0; ZJ J h(xy, ..., xp)P(dxy) - - - P(dx).
R R

The traditional martingale representation of U,(k) is given by

k
U~ EUP = Z(" )Ulc (1)

c
c=r

where

/ -1
Ulc = <C> Z gL’()(iU"'))(i[):

1<ij<-<i.<n

e Tt RGO ) ) (CHC SR

and 1 <r <k

The above formula is known as the H-decomposition. For given /, k the integer » — 1 is
called the degree of degeneration of Ul(k), whereas the integer k —r+ 1 is called the
order of Ul(k). We say that Ul(k) is of infinite order, it k —r + 1 — 00 as [ — oco.

It is well known that for any fixed c the U}, ’s are martingales with respect to the appropriate
sequences of o-fields (see, for instance, Lee, 1990) and if we additionally assume Eh? < 0o
for [ > 1 that

Cov(Uy,, Upe,) =0 for ¢ # c». )

The H-decomposition plays thus a fundamental role in U-statistics theory since it allows us
to represent U,(k) as a linear combination of uncorrelated U-statistics of fixed order (Uj.)
based on the kernel functions g, (often called “canonical kernels”) forc =1,..., m.

Elementary but somewhat tedious calculation shows that the variance of U-statistic of
degree r — 1 is given by (cf. e.g., Lee, 1990)

-1 k
Var(U,(k))=<ll€> Z(’Z)(i:’z)\/arh 3)

On the other hand, the application of the H-decomposition and the relation (2) gives the
equivalent formula

k —1
() / k
Var(U;") = CE:,<C> (C)Vargc. “)
Using (3) and (4) one may find the relation between Var/, and Varg, for 1 <c <k

Varg. = i(—l)c_i(i)Varh,-. (%)

i=r
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For any class of k-subsets D s.t. D C S an incomplete U-statistic is defined as

w_ 1
Up' =g L) (©)

where |D| denotes the cardinality of D. The class D is often referred to as a design of an
incomplete U-statistic. The design is called balanced (equireplicate) if it has the property
that every sample point x;, or equivalently every index i (1 < i < /), occurs in the same num-
ber of k-subsets belonging to D.

The variance formulae (3) and (4) have their analogues for U(Dk ) If f. is the number of pairs
S1, S, in the design D having exactly ¢ elements in common then

1 k
Var U = BF > fVarh,. (7)

Additionally, if S is a set in S;, for 1 < v < k and n(S) stands for the number of k-subsets in
the design D which contain S, i.e., n(S) = [{S" € D: § C §’'}| then

L
Var Ug{ ) = W Z B,Varg,. ®)

where

k
B, = Zﬁ(‘j) =7

SES{V‘-

From (3)—(4) and (7)—(8) it is not difficult to see that for D € S;; we must always have
Var U,(k) < Var Ug‘) with equality only if D = S;. Therefore, the incomplete statistic is
always less efficient than the complete one. However, for appropriately chosen design D
the increase in the variance of U may be not too large and the loss of the estimation precision
may be offset by the considerable simplification of the statistic. The problem of the optimal
choice of D is, therefore, central to the theory of incomplete U-statistics (cf. e.g., Lee, 1982).

2 PERMANENT DESIGN

In order to introduce a permanent design it will be convenient to consider a U-statistic of
degree m based on a double-indexed sequence (matrix) of i.i.d. real random variables
Xy withi=1,....m;j=1,...,nand 1 <m<n

-1
Ul = (",;) 3 hGs) ©)

SESunm

where Sy 18 a set of all m-subsets of the ordered pairs of indices {(7, /)|l <i < m;

1 <j < n}. The above definition is equivalent to (1) with £ = m, [ = mn and the sequence

Xits ooy Xins Xo15 -, Xops oo, Xop1, - ., Xiun Obtained by vectorization of the matrix [Xj;].
The following definitions will be useful in the sequel.
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DEFINITION 1 We will say that a design D C S, is meager if for 1 < v < m the number

of elements in S, being subsets of sets belonging to D equals v v v!

In particular, for any meager design D we have |D| = nl"l = <Zl)m' Let us also note

that the notion of a meager design in our setting is somewhat related to that of a
strongly regular graph design known in the experimental design theory.

DEFINITION 2 A design D C Synm is permanent if it consists of m-subsets of the form

{(15 il), (29 i2)9 (39 i3)n B (m9 lm)} (10)

where 1 < iy # -+ # i, <n.

In the sequel we shall denote a permanent design by Dy The design derives its name
from the fact that an incomplete version of (9) based on Dy with the primitive kernel
h(xi, X2, ..., Xm) = X1 - - - Xy gives a permanent of matrix [Xj;]. This connection between per-
manent designs and permanents will be explored in more detail latter in the paper.

The following theorem describes some of the basic properties of a permanent design.

THEOREM 1  The design Dy, is balanced (equreplicate) and meager. It is also a minimum
variance design in the class of meager designs, that is, for fixed integers 1 <m <n it
minimizes the variance of an incomplete analogue of (9) among all meager designs.

Proof For given v (1 <v < m) consider S € S,,,,,,. First, we show that D, is meager, that

is, the number of different sets S contained in sets belonging to Dy, is ?}1 :Pv!. To see

this, consider a set of ordered pairs of indices (coordinates) {(i, /)|l <i<m; 1 <j <n}.
Taking any v-subset is equivalent to fixing the values of v first coordinates and v second

coordinates, which can be done in v v different ways; for the selected v pairs of

indices there is v! ways to be included into one of the sets of the form (10). Second, we show
that Dy, is of minimum variance among meager designs. For given S let us consider n(S)
(see Sec. 1 for definition). If S is a subset of one of the m-sets of the form (10) then, from the
definition of the permanent design it follows that for such S.

n(S) = (}’;:Vv>(m—v)!. (11

On the other hand, if S is not a subset of one of the m-sets of the form (10) then »n(S) = 0.
From the general theory (cf. e.g., Lee, 1990) it is known that for any design D C S, Such

that |D| = (Zl>m' we have ) g5 n(S)= (T)(Z)m' Since the quadratic ) x7.

subject to Y x; = ¢ > 0 and x > 0 is minimized by taking all the x;s equal, it follows that
for the meager designs D, minimizes the quantities B, in the formula (8) and hence the
variance. The fact that Dy, is balanced follows directly from (11) with v =1 and the fact
that the design is meager. u
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Itis not difficult to show that there exist designs which are meager, balanced, and have strictly
larger variance than the permanent design. Therefore, the above theorem is meaningful.

In the sequel we shall refer to any incomplete Versmn of (9) based on Dy, as a U-statistic
of permanent design (USPD) and denote it by U

An obvious connection between a USPD and the U statistic (9) is given by the following
THEOREM 2  For given fixed integers 1 < m < n let Il be the set of all possible permuta-

tions of the elements of m x n matrix [X;] and for given o € Il let U(D':i(a) denote a cor-
responding statistic. Then

U = (mn), oyl 2 VB (©)

Proof Direct calculation. |
The above formula shows that the complete U-statistic (9) is simply a symmetrized version
of a USPD. Our next two results show that asymptotically the variances of USPD and its

symmetrization coincide for a large class of kernel functions.

THEOREM 3 The variance of a USPD is given by

m)
VarUg? =Y 2 Svarg, (12)

|
~ (n\ V!
v

i(:’f)‘l‘(m—v,n—v)Varhv (13)

1
o
m

‘P(i,j):i(—l)“(é)(é:i)(i—c)! for0<i<m—1in—m<j<n—1.
c=0

or, equivalently,

Var Ug’;:r =

where

Proof In the proof of Theorem 1 we have shown that D, is meager and that for any v
(I <v <m)and any S € S, being a subset of one of the m-sets belonging to Dy, n(S) is
given by (11). This, along with the formula (8) entails (12), since now

2
5= ()(1)e(h2)) e

for 1 <v < m. The formula (13) may be now obtained from (12) with the help of the relation
(5) by substituting for the Var g.’s the appropriate expressions involving only the quantities
Var A, and changing the order of summation. Equivalently, as in Rempala and Wesolowski

(1999), it may also be inferred directly from (7) by verifying that for USPD we have

fe= <Zl>m‘<’?>‘1’(m — ¢, n — ¢). The drawback of this last approach is in the fact that

it requires quite laborious combinatorial calculations. ]
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3 ASYMPTOTIC PROPERTIES OF USPD

Let us first show that USPD’s are asymptotically efficient. For any incomplete U-statistic (6)
let ARE be its asymptotic relative efficiency as compared with the complete statistic U,(k) ;
that is,

. Var U,(k)
=00 Var Up,

THEOREM 4  Suppose that for the U-statistic (9) of a fixed (i.e., independent of n, m) degree
of degeneration r — 1 we have Eh? < 00, 0 < liminf Var gr, and Varg, < c, for v=>r and
some constants ¢, (independent of m, n) which satisfy

. ¢
ZW < 0. (14)

Ifn>m— 00 and m/n— 4 > 0, then ARE of USPD vis a vis the complete U-statistic (9)
equals one. Furthermore, for r = 1 the result remains valid if m = my > 1 is a fixed integer
and n— oo.

Remark 1 The above result appears to be quite useful, since, as we have already

noted, the size of any meager design D is |D| = m m! which even for fixed integers

1 < m < nis usually a much smaller number than <n:nn) — the size of a complete design in

(9). Asymptotically, this is even more apparent, since by virtue of the Stirling formula we
have, for some universal constant C > 0,

()
m!
m

mn

m
Remark 2 The condition (14) may be thought of as the requirement of at most exponential-
type growth (in v) of the array of the Varg,’s.

< Cy/m exp(—m)— 0 as m— oo

Proof Let us note that by (12) and (4) we have

v (1) C)Jo=(2) /(1)) o
Var Ufy s ((T)z /<mvn>>Vargv

as each term in the sum in the numerator is positive, in view of the inequality

(7))

>0 (15)
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which is valid for all integers 1 < v < m < n. On the other hand, for the expression on the
right-hand side of the equality sign in (15), we clearly have for sufficiently large

= (CC)-(C) /(7))
() /(7))
) C)er(C) /(7))
() /(7))
L)) /7)) e
() /C7)

the latest expression tends to zero. We will prove this separately for each of the following
cases.

(16)

Casel 1>0.

Let & > 0 be arbitrarily small and let m, be an integer such that Zi’imo M7 e, < € (the
existence of m is guaranteed by (14)). Since for any fixed integer v with » < v < my we

2
have that <’:1> /(n‘l)n)e/l"/v! and ((’:’)/(2))»&‘ as n>m— oo with

m/n— A, then, for sufficiently large m, n

= (C)/C))r-(C) /(7)) oo
(”’)<<> /(7))

[0, 0]
L O

T
and the assertion follows in view of the relation (14) and the arbitrary choice of ¢.

1
v!

zr+
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Case2 2 =0,m— o0.

In this case,

s (/)= (7)) oo
(/7)) |
e £ [GLE) G )

¢

N

. v
==L e Py N I — N2 Varg,.
<r><r> <V> (F> <V><r)
(17a, b)
Note that
m mn mn
(), ()
ey -0
()" ()
r v r r
B mn(mn —1)---(mn —r+1)
S mm—1)---(m—r+Dun—1)---(n—r+1)
_ (A = 1/mn)---(1 = (r — 1)/mn) -1 (18)

(I=1/m)--- (A = (= 1D/m)1 =1/n)---(1 = (r = 1)/n)

as m, n— oo. Thus, (17a) - 0 as m, n — 0o and we only need to argue that so does (17b).
To this end, let us note that by (18), for sufficiently large m, n,

[0 00 ()

— — Varg,

(’:)“5:)2 (") (")

in view of (14) and m/n — 0. The latter inequality follows since for 1 < v < m < n the expres-

sion (| ) , | 1 anon-increasing function of v. The assertion follows now via (15).
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Case 3 r=1and m =m; > 1 is a constant.

If m; =1 the result is obvious. If m; > 1 then proceeding similarly as above we see that
for » = 1 the expression (17a) equals zero and we only need to show that (17b) tends to zero
as n increases. This is obvious upon noticing that for v = 2, ..., m the expressions in the
square brackets are of order O(n"*"). The theorem is proved. |

Remark 3 Since for any two sequences {a;} and {b;} of nonnegative real numbers
satisfying a; = Zﬁ:l IC{ b. for k> 1, the condition Y /7, by/k! < oo is equivalent to

Y e ax/k! < oo, in view of relation (5) it is easily seen that a small modification of the
above proof allows us for an alternative formulation of Theorem 4 where the Varg,’s are
replaced with the Var £,’s. In this alternative form the assumptions of the theorem are perhaps
easier to verify and, in particular, it is readily seen that they are satisfied whenever
liminf, Var h, > 0 and sup, Er* < oo.

As an immediate consequence of Theorem 4 we obtain the following

THEOREM 5 Suppose that the non-degenerate (r = 1) U-statistic (9) satisfies the assump-
tions of Theorem 4.

(1) If n —m— oo with m/n— 0, then
Uph __ Um o
(Var Ug::{)l/ 2 (Var Uy '

(i) If n, m — oo with m/n— A > 0, then

v — g P,

per

Proof Let us note that for any U-statistic Ul(k) and its incomplete version U(Dk) given by (6),
due to the fact that the random variables A(S), S € D are equidistributed, we have

1 1
Cov(U?, Up’y = Cov[ U, —=>"h(S) | = Cov(U[", h($))
|D| SeD |D| SeD
= COV(Ul(k), h(Sy)) for any S} € D.
Repeating the above argument with D = §;; entails

Cov(UP, Uy = var UP.

Applying the last identity to U and U(D": 3{ under the assumptions of (i) we obtain

o yem Varum
Var SN 12 =2-2 R —0
(Var UDW) 2 (Var Uph Var UDper
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in view of Theorem 4, and the result holds via Chebychev’s Inequality. The second part of the
theorem follows similarly, since under the assumptions of Theorem 4 and (ii) we have that
0 < liminf Var U™ and lim sup Var U(D";:r < 0. ]

4 APPLICATIONS

In this section we would like to provide some examples of possible applications of our
results. First, we consider and obvious efficiency comparison in the case of a finite order
U-statistic. For the sake of simplicity we take m = 2.

4.1 Relative Efficiency of the Incomplete Sample Variance

Consider m = 2, {Xj;} i.i.d. real valued random variables with variance 0 < 62 and central
fourth moment p, < oo. If we take A(x, y) = (x — ¥)*/2 then obviously Uéfl) = szn) is the
usual sample variance estimator

S(22 = Xy — X)?
! 1<i<2,1<j<n 2n—1
1 1
- ~ (X — Xu)* 19
2n(2n — 1) 2 2 %o =) (19

(@K D:

1<i,k<2;1<j,1<n}

where

= ¥ ()2%)

1<i<21<<n

Since » =1 in this case, our Theorem 4 applies for USPD

1 1
2 _ L Ly vy
St = =Ty 2 30— X2

I<j#l=n

which for any given n contains less than a half of the terms present in (19).
Let us note that in this case a permanent design is also a minimum variance design since
for a U-statistic of degree m =2 (with square integrable kernel) any balanced design

D C Sy, satisfying [D| =2 2” is meager. In particular, it follows that in this case a
permanent design is more efficient than a random design of the same size.

A direct comparison of the variances can be also performed, since

4 4
— 0 o
VarSh,, =52

2n (22;1 )




13:57 23 March 2009

[Universidad de Sevilla] At:

Downl oaded By:

232 G. REMPALA AND J. WESOLOWSKI

by applying (4) with [ = 2n and k& = 2, and

fy — o at

2n +2n
2

by (12) with m = 2. As we can see the difference in the above expressions is only in the term
of order O(n=?). For the sake of example, taking 6> = 1 and p, = 3, we have tabulated below
the ratio of Var S(22n) /Var S2Dper for several different values of n.

2
VarSp, =

2n

2 2

; Var St /VarSp, < 2 ) % used by PD
5 0.89 45 44%

10 0.95 190 47%

20 0.97 780 49%

50 0.99 4950 49.5%

As we can see from the above table, the efficiency of the permanent design appears rea-
sonable, even with a relatively small sample size. However, the permanent design is still
fairly large and up to half of the size of the complete design. In our next example we
will thus consider the case when the size of our incomplete design, relative to the complete
one, tends to 0.

4.2 Relative Efficiency of USPD’s for the Kernels of Increasing Order

Let {X;} (1 <i<m,1<j<n)beiid. Bernoulli random variables with mean 1/2. Let us
consider the U-statistic based on the kernel A(x;, ..., X,) =x;---X, and suppose that
m— 00 as n— oQ.

Then U™ = T\ where

mn om — mn
v

2
m
1 m ( v )
Var T = Z

and
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Below we have tabulated several values of the ratio Var 7" /Var T. (D"; ) for three different
sequences m = m(n) and different total sample sizes mn. All non-integer values have been
rounded to the nearest integer.

m(n) Approx. sample size (mn =) Var T,S[;‘) /VarT, 1<7’,n) % used by PD
In(n) 10 0.938 44.4%
100 0.989 21%
1000 0.998 3.69%
Jn 10 0.938 44.4%
100 0.976 2.5%
1000 0.995 0.2%
n/2 10 0.938 44.4%
100 0.950 0.13%
1000 0.981 <107'%%

From the above table we can clearly see that whereas the efficiency of the incomplete sta-
tistic is higher for slowly growing m, the biggest gains in design reduction are achieved for m
growing at a faster rate. This is consistent with the observation made earlier in Remark 1.

4.3 Limiting Laws for Generalized Permanents

Expanding somewhat on the setting of the last example, let us derive with the help of
Theorem 5, the limiting laws of USPD’s with product kernels.

Let [X;;] be an m x n (m < n) matrix of i.i.d. random variables and let ¢ be a function
¢: Z — R such that u, = E¢(X11) # 0 and 0 < 0'(27) = Var ¢(X;,) < oo. Let us also consider
the product kernel function A(xy, .. ., x,) = ¢(x1) - - - Pp(x,,) where without loss of generality
we may assume that y, = 1. For this particular kernel choice the U-statistic (9) is known as a
(normalized) elementary symmetric polynomial of degree m. In the sequel we shall denote it
by S (¢) and its USPD counterpart by Sg’; Z‘(qﬁ). If we define a generalized permanent of the

mn

matrix [Xj;] by

PerglXyl= > ¢Xia) - pXons,)
1<iy#iy#Fin<n

then obviously
Pery [X;] = n"IS3” ()
where n" = (n)m'
m

THEOREM 6 Let N denote a standard normal random variable.

(1) If n — m — oo with m/n— 0 then

Pery[X;;] — nl™
\/E S LY
m

O’¢n[m]
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(i) If n, m — oo with m/n— 4 > 0 then

Pery[X;; ey
Pery [X;] 2 exp (ﬂ% - —(/))
nlm] 2

Proof 1t is readily seen that for S7)(¢) we have r =1, ES\)($) = 1, Var g, = o',y =
1,..., m. It is also well known (cf. e.g., van Es and Helmers, 1988) that as k, / — oo with
k?/1— 0 the asymptotic distribution of (S\"(¢) — ES™(¢))/(Var S*(¢))'/? is standard
normal. Since S is a subsequence of S| )(QS) satisfying the assumptions of Theorem 4 as
well as that on the rate of growth of m and n of part (i) of Theorem 5, the limiting distri-
butions of (SU)(h) — ESU($))/(Var SE($))' /% and (85" , — E(S” (9)))/ (Var (S5 (¢))'/?
must coincide, and the assertion of part (i) follows in "View of the fact that as 7 — m — 0o
andm/n— 0

(m)
Var S;m (9) o1
ma¢/n

The second part of the theorem follows similarly, except that here we use the assertion of part
(ii) of Theorem 5 and the result of Koroljuk and Borovskikh (1992) which states that if
I, k— o0 and k/l— . > 0 then S,(k)(qﬁ) converges in distribution to a lognormal random
variable at the right hand side of (ii). |

Some important special cases of the above theorem for {Xj;} real i.i.d. random variables
are, for instance, the following.

Example 1 Limiting law for random permanents (Rempala and Wesolowski, 1999) Taking
¢ = Id we obtain from Theorem 6 as its special case the limit theorem for random per-
manents of Rempala and Wesolowski (1999). In particular, for m = 1 the result reduces to
the usual CLT for i.i.d. random variables. On the other hand, for » = m and the Xj’s are i.i.d.
Bernoulli it is well known that Per[.Xj;] equals the number of perfect matchings in a bipartite
graph given by the reduced adjacency matrix Xj; and hence in this case we obtain from
Theorem 6 an alternative form of the limit theorem on the asymptotic law for the number of
perfect matchings of Janson (1994).

Example 2 Limiting law for the estimated probability of containment Let F be the law of the
Xj’s and let x be any real number for which F(x) > 0. Taking ¢(X) = ¢ (X) = I[X <x]
(where [[-] is an indicator function) we obtain the limiting laws for the USPD

Z ITmax Xy, ..., Xmi,) <x]

(m) —
MDm (x) - n[m]

per

1<ii i in<n

which again may be viewed as a generalization of the CLT for the discrete empirical process
MWD(x) when m = 1. Under some regularity conditions the extension of this result to the sta-
tionary random variables is also possible (cf. Gyorfi ef al., 1989).
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4.4 Non-parametric Subsampling Scheme

As a natural application of Theorem 5 in the case of USIO let us consider the “permanent-
design” version of the subsampling method of Politis and Romano (1994). The original
method of Politis and Romano (which in case of an i.i.d. sample is closely related to
d-jackknife) can be described as follows. For {Xj} i.i.d. random sample of size / = mn
let 7; be a real valued functional on Z’ and suppose that for some sequence 1; and some
parameter 0(P)

Ji(P) — t(Ty — O(PY)) 3 J(P) as [ — oo

In order to obtain an asymptotic confidence interval for O(P) when the law J(P) is not known
Politis and Romano considered the empirical quantiles of the statistic

—1
L) = (’f’n”) Y 1Tn(T(S) = To) < 4] (20)

SESmn,m

where 7,(S) is a functional 7, evaluated at the subset of data S. (Actually, the above is a
special case of the method of Politis and Romano who, more generally, considered L(x)
based on the sample of size k and of order b where b/k— 0 as k, b — c0.) As it was
shown by Politis and Romano the method yields asymptotically correct confidence level
as long as

Tm

-0 @1

Tmn

as m, n— 0o. The key observation leading to that conclusion is that for the U-statistic
UL{™(x) given by (20) with T,,, replaced by 6(P) we have

UL™(x) 5 J(x, P) 22)

at every continuity point x of J(-, P) and that in view of (21) the limiting laws of L")() and
UL™(-) must coincide.

Since for large values of m,n the computation of L")(-) becomes quite difficult, it seems to
be of interest to consider some incomplete version of (20) which would nevertheless share its
asymptotic properties.

Under an additional assumption that m/n — A > 0 we could employ our method here and
consider a permanent-design based version of (20). The validity of this approach follows
from the fact that since the U-statistic UL")(x) has a bounded kernel, it obviously satisfies
the condition (15) and thus by (i) of Theorem 5 the limiting laws of UL (x) and its
permanent-design counterpart must coincide. The fact that interchanging T, and O(P) is
permissible follows, similarly as in Politis and Romano (1994), in view of condition (21).
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