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Abstract A new characterization of the Dirichlet distribution, based on the notion
of complete neutrality and a regression version of neutrality, is derived. It unifies
earlier characterizations by James and Mosimann (Ann. Stat. 8, 183–189, 1980) and
by Seshadri and Wesołowski (Sankhyā, A 65, 248–291, 2003). Also new results on
identification of the Dirichlet process in the class of neutral-to-the-right processes
are obtained. The proof of the main result makes an extensive use of the method of
moments.

Keywords Neutrality · Complete neutrality · Neutrality-to-the-right · Dirichlet
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1 Introduction

The notion of neutrality and complete neutrality was introduced by Connor and Mosi-
mann [2] while studying the concepts of independence for random proportions.

Let Tn = {x = (x1, . . . , xn) ∈ (0,∞)n : ∑n
i=1 xi < 1}. Let X = (X1, . . . ,Xn) be a

Tn-valued random vector with n ≥ 2.
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Definition 1 Let k ∈ {1, . . . , n − 1}. A subvector (X1, . . . ,Xk) is neutral in X if the
vectors

(X1, . . . ,Xk) and

(

1 −
k∑

i=1

Xi

)−1

(Xk+1, . . . ,Xn),

are independent.

Let us define a mapping ψ on Tn by

ψ(x) =
(

x1,
x2

1 − x1
, . . . ,

xn

1 − ∑n−1
k=1 xk

)

, x = (x1, . . . , xn) ∈ Tn. (1)

Definition 2 X is completely neutral if the components of the random vector ψ(X)

are mutually independent.

Note that the order of the coordinates of X is important in the definition of com-
plete neutrality and it will be important also in the related characterizations which are
the main issue we address here.

A refined version of complete neutrality of a random vector is a notion of
neutrality-to-the-right (ntr) for random distribution functions, which was introduced
in Doksum [4] and has been studied intensively since then, mostly in the context of
Bayesian statistics, see for instance [5, 6, 13, 16]. More precisely let (F (t))t∈R be a
stochastic process such that its trajectories are almost surely distribution functions of
some probability measure. We say that (F (t)) is an ntr process if for any n ≥ 1 and
for any t1 < · · · < tn the random vector (F (t1),F (t2) − F(t1), . . . ,F (tn) − F(tn−1))

is completely neutral. Dually, we say (following [4]) that (F (t)) is neutral-to-the-left
(ntl) if (1 − F(tn),F (tn) − F(tn−1), . . . ,F (t2) − F(t1)) is completely neutral.

Recall that X = (X1, . . . ,Xn) has a Dirichlet distribution with parameters
(α1, . . . , αn+1), X ∼ Dir(α1, . . . , αn+1), if it has the density of the form

f (x) = �(
∑n+1

i=1 αi)
∏n+1

i=1 �(αi)

n∏

i=1

x
αi−1
i

(

1 −
n∑

i=1

xi

)αn+1−1

ITn(x),

where αi > 0, i = 1, . . . , n + 1.

This is the basic example of a probability distribution on a unit simplex which has
all neutrality and complete neutrality properties, while the Dirichlet process (see [8])
is essential for the ntr and ntl properties. The Dirichlet process (F (t)) on the real
line driven by a finitely additive measure μ is a process such that finite dimensional
distribution of its increments is Dirichlet

(F (t1),F (t2) − F(t1), . . . ,F (tn) − F(tn−1))

∼ Dir(μ((−∞, t1]),μ((t1, t2]), . . . ,μ((tn−1, tn]))
for any n ≥ 2 and any t1 < · · · < tn.

Several characterizations of the Dirichlet distribution and Dirichlet process related
to concepts of neutrality are known in the literature, see e.g. [3, 7, 11] (referred to by
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JM in the sequel), [9, 12, 14]. For other characterizations of the Dirichlet distribution
one may consult Chamayou and Letac [1] or a fairly recent review by Gupta and
Richards [10].

In this paper we provide a new characterization of the Dirichlet distribution which
makes use of the concept of complete neutrality combined with a weak version of
neutrality expressed in terms of constancy of regressions. As it will be seen later on
this result unifies JM characterization of the Dirichlet distribution and a characteri-
zation of the beta distribution given recently in Seshadri and Wesołowski [15]. The
main result of the paper is discussed in Sect. 2, while its proof, based on the method
of moments, is given in Sect. 4. Section 3 is devoted to related characterizations of
the Dirichlet process. In particular we provide new results developed on the basis of
the characterization of the Dirichlet distribution obtained in Sect. 2. Except of that
we formulate and prove a corrected version of the characterization of the Dirichlet
process stated in JM, providing a solution of the Doksum [4] conjecture that the only
random distribution function which is both ntr and ntl is Dirichlet.

2 Complete Neutrality

The following characterization of the Dirichlet distribution is proved in JM:

Theorem 3 Let X = (X1, . . . ,Xn) be a Tn-valued random vector with n ≥ 2. If X is
completely neutral and Xn is neutral in X then X has the Dirichlet distribution.

We say that U has a beta distribution with parameters (p, q) : U ∼ B(p, q) if it
has the density of the form

f (u) = �(p + q)

�(p)�(q)
up−1(1 − u)q−1I(0,1)(u), with p,q > 0.

It is easy to see that X ∼ Dir(α1, . . . , αn+1) iff Ū = (U1, . . . ,Un) = ψ(X), where
ψ is defined by (1), has independent beta components, Uk ∼ B(αk,αk+1 + · · · +
αn+1), k = 1, . . . , n. This observation, which will be used in the proof of our char-
acterization in Sect. 4, follows, for instance, by direct computation since ψ : Tn →
(0,1)n is a bijection.

Below we give an extension of Theorem 3, which is the main result of this paper.

Theorem 4 Let X = (X1, . . . ,Xn) be a Tn-valued random vector. If X is completely
neutral and for some 2 ≤ i ≤ n

E

((

1 −
n∑

k=i

Xk

)−1

Xj

∣
∣
∣
∣
∣
Xi, . . . ,Xn

)

= cj j = 1,2, . . . , i − 1, (2)

E

((

1 −
n∑

k=i

Xk

)−1

X2
1

∣
∣
∣
∣
∣
Xi, . . . ,Xn

)

= d, (3)
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then there exist positive constants p,αi, . . . , αn such that the distribution of X is
Dirichlet, Dir(α1, . . . , αn+1), where

α1 = c1(d − c1)

c2
1 − d

> 0, αj = cj

c1
p > 0, j = 2, . . . , i − 1,

αn+1 = (1 − C)(d − c1)

c2
1 − d

> 0, with C =
i−1∑

j=1

cj .

Remark 5 Note that the regression conditions (2) and (3) are much weaker than neu-
trality of the subvector (Xi, . . . ,Xn) in (X1, . . . ,Xn). So the above result is a gener-
alization of the characterization of the Dirichlet distribution proved in JM.

It appears that Theorem 4 covers also a recent characterization of the beta distrib-
ution:

Remark 6 Seshadri and Wesołowski [15] proved the following result:
If X,Y are independent (0,1)-valued random variables such that

E

(
1 − Y

1 − XY

∣
∣
∣
∣ XY

)

= c, E

((
1 − Y

1 − XY

)2 ∣
∣
∣
∣ XY

)

= d,

then there exists p > 0 such that X ∼ B(p, q), Y ∼ B(p + q, r), where

q = (1 − c)(d − c)

c2 − d
> 0, r = c(d − c)

c2 − d
> 0.

Note that by taking X1 = 1 − Y and X2 = XY we have:

X = X2

1 − X1
,

1 − Y

1 − XY
= X1

1 − X2
.

Thus the above result is equivalent to Theorem 4 for n = 2 and i = 2.

3 Neutrality-to-the-Right

Doksum [4] conjectured that the only random distribution function which is both ntr
and ltr is the Dirichlet process. JM claim that it is a consequence of Theorem 3. In a
sense it is really the case, however their argument needs some clarification: apparently
the condition stated in their Sect. 3: “1 − F(tn) is neutral in

(F (t1),F (t2) − F(t1), . . . ,F (tn−1) − F(tn−2),1 − F(tn))”

is not implied by neutrality to the left of the process (F (t)).
In this context it is more convenient to consider a version of Theorem 3 for (n+1)-

dimensional random vector (X1, . . . ,Xn,Xn+1) such that Xi > 0, i = 1, . . . , n + 1
and

∑n+1
i=1 Xi = 1. Note that complete neutrality of (X1, . . . ,Xn) is equivalent to

complete neutrality of (X1, . . . ,Xn,Xn+1) (observe that Xn+1/(1 − ∑n
i=1 Xi) = 1).

Such a version of Theorem 3 has the form
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Theorem 7 Let X = (X1, . . . ,Xn,Xn+1) be a random vector with positive compo-
nents such that their sum equals 1. If X is completely neutral and Xn+1 is neutral in
X then (X1, . . . ,Xn) has the Dirichlet distribution.

Proof Note that complete neutrality of X is equivalent to the following set of inde-
pendencies: for any k = 1, . . . , n − 1

(X1, . . . ,Xk) and

(

1 −
k∑

j=1

Xj

)−1

(Xk+1, . . . ,Xn,Xn+1) (4)

are independent. On the other hand, neutrality of Xn+1 in X is equivalent to

Xn+1 and (1 − Xn+1)
−1(X1, . . . ,Xn−1,Xn) (5)

are independent.
Define Yi = Xi for i = 1, . . . , n − 1, Yn = Xn+1, Yn+1 = Xn. Then (4) is equiv-

alent to complete neutrality of (Y1, . . . , Yn) and (5) is equivalent to neutrality of Yn

in (Y1, . . . , Yn). Thus by Theorem 3 it follows that (Y1, . . . , Yn) is Dirichlet. Conse-
quently (X1, . . . ,Xn) is also Dirichlet. �

As a corollary to this result we have a corrected version of the characterization of
the Dirichlet process stated in JM.

Theorem 8 Let (F (t))t∈R be a stochastic process such that its trajectories are a.s.
distribution functions. Assume that (F (t)) is an ntr process. Let 1 − F(tn) be neutral
in

(F (t1),F (t2) − F(t1), . . . ,F (tn) − F(tn−1),1 − F(tn))

for any n ≥ 2 and for any t1 < · · · < tn.
Then (Ft ) is a Dirichlet process.

Proof Fix n ≥ 2 and an arbitrary set of points t1 < · · · < tn. Denote then X1 = F(t1),
Xk = F(tk) − F(tk−1), k = 2, . . . , n, Xn+1 = 1 − F(tn). Now the assumptions of
Theorem 7 are satisfied. Thus (F (t1),F (t2) − F(t1), . . . ,F (tn) − F(tn−1)) has an
n-dimensional Dirichlet distribution

Dir(α1,n(t1, . . . , tn), . . . , αn,n(t1, . . . , tn), αn+1,n(t1, . . . , tn))

for (n + 1) positive functions α1,n, . . . , αn,n, αn+1,n. The same holds true for any
n ≥ 2 and for any t1 < · · · < tn. Now by the Kolmogorov consistency condition it
follows that there exist a finitely additive measure μ on R such that α1,n(t1, . . . , tn) =
μ((−∞, t1]), αk,n(t1, . . . , tn) = μ((tk−1, tk]), k = 2, . . . , n, and αn+1,n(t1, . . . , tn) =
μ((tn,∞)). �

Now we will explore implications of Theorem 4 for the theory of the Dirichlet
process.

First, one can get a regression version of Theorem 7 from Theorem 4 with i = n.
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Theorem 9 Let X = (X1, . . . ,Xn,Xn+1) be a random vector with positive compo-
nents such that their sum equals 1. Let X be completely neutral. Assume that

E

(
Xj

1 − Xn+1

∣
∣
∣
∣ Xn+1

)

= cj , j = 1, . . . , n,

and

E

((
X1

1 − Xn+1

)2 ∣
∣
∣
∣ Xn+1

)

= d

for some real constants cj , j = 1, . . . , n, and d .
Then (X1, . . . ,Xn) has a Dirichlet distribution.

Proof It follows by renumbering variables, similarly to the way Theorem 7 was ob-
tained from Theorem 3. �

Thus Theorem 9 leads to a new characterization of the Dirichlet process which
results in a further weakening the assumptions of the Doksum [4] conjecture. Namely,
we have the following strengthened version of Theorem 8.

Theorem 10 Let (F (t))t∈R be a stochastic process whose trajectories are a.s. distri-
bution functions. Assume that (F (t)) is an ntr process. Let

E

(
F(tj ) − F(tj−1)

F (tn)

∣
∣
∣
∣ F(tn)

)

= cj,n(t1, . . . , tn), j = 1,2, . . . , n,

E

((
F(t1)

F (tn)

)2 ∣
∣
∣
∣ F(tn)

)

= dn(t1, . . . , tn),

for any n ≥ 2 and for any −∞ = t0 < t1 < · · · < tn, where cj,n, j = 1, . . . , n and dn

are some real functions.
Then (Ft ) is a Dirichlet process.

Proof It is an immediate consequence of the version of Theorem 9 with (X1, . . . ,Xn,

Xn+1) defined as in the proof of Theorem 8 and of the Kolmogorov consistency
condition. �

This way of reasoning for getting another answer to the Doksum [4] conjecture
does not apply to the extension of JM characterization of the Dirichlet distribution
provided in Theorem 4 if i < n. The essential reason is that a version of Theorem 4 for
the vector (X1, . . . ,Xn,Xn+1),

∑n+1
i=1 Xi = 1, does not hold for i different than n+1,

i.e. complete neutrality of (X1, . . . ,Xn,Xn+1) and neutrality of (Xi, . . . ,Xn+1) in
(X1, . . . ,Xn,Xn+1) does not imply that (X1, . . . ,Xn) is Dirichlet, except the case
i = n + 1. To see this consider the following example:

Example 11 Take n = 3. By Theorem 4 it follows that if

X1 and

(
X2

1 − X1
,

X3

1 − X1
,

X4

1 − X1

)

are independent, (6)
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(X1,X2) and

(
X3

1 − X1 − X2
,

X4

1 − X1 − X2

)

are independent, (7)

(X2,X3) and

(
X1

1 − X2 − X3
,

X4

1 − X2 − X3

)

are independent, (8)

then (X1,X2,X3) is Dirichlet.
Now, to get a proper analogue of Theorem 4, i.e. for instance a version of Theo-

rem 9 for 3 = i < n + 1 = 4, we would like to change (8) into

(X3,X4) and

(
X1

1 − X3 − X4
,

X2

1 − X3 − X4

)

are independent. (9)

However (6), (7) and (9) do not imply that (X1,X2,X3) is Dirichlet: it suffices to
take (X1,X2) to be Dirichlet and X3 = Y(1 − X1 − X2), where Y is any (0,1)-
valued random variable independent of (X1,X2), and X4 = 1 −X1 −X2 −X3. Then
(X1,X2,X3,X4) is completely neutral, i.e. (6) and (7) hold, (X3,X4) is neutral in
(X1,X2,X3,X4), i.e. (9) holds, but (X1,X2,X3) is not Dirichlet.

Finally, let us point out that Theorem 4 leads to another characterization of the
Dirichlet process in the class of ntr processes, which does not fall into the scheme of
jointly ntr and ltr processes proposed in Doksum [4].

Theorem 12 Let (F (t))t∈R be a stochastic process whose trajectories are a.s. distri-
bution functions. Assume that (F (t)) is an ntr process. Assume that there exists i > 1
such that for any n ≥ i

E

(
F(tj ) − F(tj−1)

1 − F(tn) + F(ti−1)

∣
∣
∣
∣ F(ti) − F(ti−1), . . . ,F (tn) − F(tn−1)

)

= Cj,n(t1, . . . , tn), j = 1, . . . , i − 1, and

E

((
F(t1)

1 − F(tn) + F(ti−1)

)2 ∣
∣
∣
∣ F(ti) − F(ti−1), . . . ,F (tn) − F(tn−1)

)

= Dn(t1, . . . , tn)

for any −∞ = t0 < t1 < · · · < tn, where Cj,n, j = 1, . . . , i − 1 and Dn are some real
functions.

Then (F (t))t∈R is a Dirichlet process.

Proof It follows directly from Theorem 4 by taking Xj = F(tj ) − F(tj−1), j =
1, . . . , n, that the random vector (F (t1),F (t2) − F(t1), . . . ,F (tn) − F(tn−1)) has a
Dirichlet distribution for any t1 < · · · < tn. An application of the Kolmogorov con-
sistency condition to identify the parameters concludes the proof. �
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4 Proof of Theorem 4

Proof Let U = (U1, . . . ,Un) = ψ(X), where ψ is defined by (1). We have X =
(U1, (1 − U1)U2, . . . ,

∏n−1
i=1 (1 − Ui)Un).

Conditions (2) and (3) can be rewritten as:

1

cj

E

(

Uj

j−1∏

k=1

(1 − Uk)

∣
∣
∣
∣
∣
Ui

i−1∏

k=1

(1 − Uk), . . . ,Un

n−1∏

k=1

(1 − Uk)

)

= 1 −
n∑

k=i

Uk

k−1∏

l=1

(1 − Ul) (10)

for j = 1, . . . , i − 1, (where
∏0

k=1 = 1) and

E

(

U2
1

∣
∣
∣
∣
∣
Ui

i−1∏

k=1

(1−Uk), . . . ,Un

n−1∏

k=1

(1−Uk)

)

= d

(

1−
n∑

k=i

Uk

k−1∏

l=1

(1−Ul)

)2

. (11)

Now for any natural ri , . . . , rn the identity (10) implies

1

cj

E

{

Uj

j−1∏

k=1

(1 − Uk)

[

Ui

i−1∏

k=1

(1 − Uk)

]ri

. . .

[

Un

n−1∏

k=1

(1 − Uk)

]rn
}

= E

{(

1 −
n∑

k=i

Uk

k−1∏

l=1

(1 − Ul)

)[

Ui

i−1∏

k=1

(1 − Uk)

]ri

. . .

[

Un

n−1∏

k=1

(1 − Uk)

]rn
}

(12)

for j = 1, . . . , i − 1.
For any non-negative integers k, r denote

Ml(k) = E(1 − Ul)
k+1

E(1 − Ul)k
l = 1, . . . , i − 1, (13)

Nl(r, k) = E[Ur
l (1 − Ul)

k+1]
E[Ur

l (1 − Ul)k] , l = i, . . . , n − 1 (14)

and

O(k) = E[Uk+1
n ]

E[Uk
n ] . (15)

Note that 0 < Ml(k) < 1, l = 1, . . . , i − 1, and 0 < O(k) < 1 for any k.
Now we will prove that Uk ∼ B(pk, qk), k = 1, . . . , n, and qk = pk+1 + qk+1 for

k = 1, . . . , n−1. By the remark preceding the formulation of Theorem 4 it will follow
that X ∼ Dir(α1, . . . , αn+1) with αk = pk for k = 1, . . . , n, and αn+1 = qn.

The proof is divided now into five steps.
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In the first step it will be shown that Ml for l = 2, . . . , i −1, is uniquely determined
by M1.

Since the right hand side of (10) does not depend on j and Uj ’s are independent
then for any j = 2, . . . , i − 1, we can write (after cancelling some of the terms which
repeat on the both sides)

1

c1
E[U1(1 − U1)

s]
{

i−1∏

l=2

E[(1 − Ul)
s]

}

= 1

cj

{
j−1∏

l=1

E[(1 − Ul)
1+s]

}

E[Uj(1 − Uj)
s]

{
i−1∏

l=j+1

E[(1 − Ul)
s]

}

,

with s = ∑n
k=i rk. Dividing both sides by

∏i−1
l=1 E[(1 − Ul)

s] and using (13) we can
rewrite the above equation in a much shorter form as

1

c1
[1 − M1(s)] = 1

cj

[
j−1∏

l=1

Ml(s)

]

[1 − Mj(s)], j = 2, . . . , i − 1.

Thus

j∏

l=1

Ml(s) =
j−1∏

l=1

Ml(s) − cj

c1
[1 − M1(s)], j = 2, . . . , i − 1.

Iterating we get

j∏

l=1

Ml(s) = 1 − 1 − M1(s)

c1

j∑

k=1

ck, j = 2, . . . , i − 1. (16)

Consequently Mj ’s for j = 2, . . . , i − 1, are uniquely determined by M1 as

Mj(s) = c1 − [1 − M1(s)]∑j

k=1 ck

c1 − [1 − M1(s)]∑j−1
k=1 ck

, j = 2, . . . , i − 1. (17)

In the second step we will express the product of Nj ’s in terms of M1 and O .
We will exploit here and also later on the following identity

n∑

k=i

Uk

k−1∏

l=1

(1 − Ul) =
i−1∏

l=1

(1 − Ul) −
n∏

l=1

(1 − Ul). (18)

Applying (18) to (12) for j = 1 and using independence of Uj ’s we get

1

c1
E[U1(1 − U1)

s]
{

i−1∏

l=2

E[(1 − Ul)
s]

}{
n∏

l=i

E[Url
l (1 − Ul)

sl ]
}
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=
{

i−1∏

l=1

E[(1 − Ul)
s]

}{
n∏

l=i

E[Url
l (1 − Ul)

sl ]
}

−
{

i−1∏

l=1

E[(1 − Ul)
1+s]

}

×
{

n∏

l=i

E[Url
l (1 − Ul)

sl ]
}

+
{

i−1∏

l=1

E[(1 − Ul)
1+s]

}{
n∏

l=i

E[Url
l (1 − Ul)

1+sl ]
}

with sl = ∑n
k=l+1 rk, l = i, . . . , n, where

∑n
k=n+1 = 0. Dividing both sides by

{
i−1∏

l=1

E[(1 − Ul)
s]

}{
n∏

l=i

E[Url
l (1 − Ul)

sl ]
}

(19)

and using (13), (14) and (15), we can rewrite the above equation in a much shorter
form as

1

c1
[1 − M1(s)] = 1 −

[
i−1∏

l=1

Ml(s)

][

1 − (1 − O(rn))

n−1∏

l=i

Nl(rl, sl)

]

.

Now, using (16) we arrive at

[1 − O(rn)]
n−1∏

l=i

Nl(rl, sl) = (1 − C)[1 − M1(s)]
c1 − C[1 − M1(s)] , with C =

i−1∑

k=1

ck. (20)

In the third step we will identify M1 and O . Now for any natural ri, . . . , rn the
identity (11) implies

1

d
E

{

U2
1

[

Ui

i−1∏

k=1

(1 − Uk)

]ri

. . .

[

Un

n−1∏

k=1

(1 − Uk)

]rn
}

= E

{[

1 −
n∑

k=i

Uk

k−1∏

l=1

(1 − Ul)

]2[

Ui

i−1∏

k=1

(1 − Uk)

]ri

. . .

[

Un

n−1∏

k=1

(1 − Uk)

]rn
}

.

Using (18) and independence of Uj ’s and then dividing both sides by (19) we
get

1

d
[1 − 2M1(s) + M1(s)M1(s + 1)]

= 1 − 2
i−1∏

l=1

Ml(s) + 2

[
i−1∏

l=1

Ml(s)

][
n−1∏

l=i

Nl(rl, sl)

]

[1 − O(rn)] +
[

i−1∏

l=1

Ml(s)

]

×
[

i−1∏

l=1

Ml(s + 1)

]

− 2

[
i−1∏

l=1

Ml(s)

][
i−1∏

l=1

Ml(s + 1)

][
n−1∏

l=i

Nl(rl, sl)

]

× [1 − O(rn)]
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+
[

i−1∏

l=1

Ml(s)

][
i−1∏

l=1

Ml(s + 1)

][
n−1∏

l=i

Nl(rl, sl)

][
n−1∏

l=i

Nl(rl,1 + sl)

]

× [1 − 2O(rn) + O(rn)O(rn + 1)].
Plugging (17) and (20) in the above equation we obtain

1

d
[1 − 2M1(s) + M1(s)M1(s + 1)]

= 1 − 2

[

1 − C

c1
(1 − M1(s))

]

+ 2
1 − C

c1
(1 − M1(s)) +

[

1 − C

c1
(1 − M1(s))

]

×
[

1 − C

c1
(1 − M1(s + 1))

]

− 2
1 − C

c1
(1 − M1(s))

[

1 − C

c1
(1 − M1(s + 1))

]

+ 1 − C

c1
(1 − M1(s))

1 − C

c1
(1 − M1(s + 1))

1 − O(rn)O(rn + 1)

[1 − O(rn)][1 − O(rn + 1)] .

After some algebra we arrive at

c1 − Cd

d

(
1

1 − M1(s + 1)
− 1

1 − M1(s)

)

(21)

= d − c2
1

c1d
+ (1 − C)2

c1

(
1

1 − O(rn + 1)
− 1

1 − O(rn)

)

.

For rn = 0 we are getting

1

1 − M1(k + 1)
= 1

1 − M1(k)
+ B1, k = 0,1, . . . , (22)

where B1 is a constant. Solving (22) we obtain

M1(k) = q1 + k

p1 + q1 + k
, k = 0,1, . . . ,

where

q1 = 1

B1

1 − EU1

EU1
, p1 = 1

B1
.

Since 0 < M1(k) < 1 we have

0 <
q1 + k

p1 + q1 + k
< 1, k = 0,1, . . . .

We will prove that p1 and q1 are positive. Assume that p1 < 0. Then for k

large enough the denominator is positive. Thus q1 + k < p1 + q1 + k which
for negative p1 is impossible. For k = 0 we get q1 = p1

1−EU1
EU1

which is pos-
itive since 0 < U1 < 1 a.s. Hence 1 − U1 ∼ B(q1,p1), which implies U1 ∼
B(p1, q1). (The same reasoning applies to the other Uj ’s considered later on in this
proof.)
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By (22) we conclude from (21) that

1

1 − O(k + 1)
= 1

1 − O(k)
+ Bn, k = 0,1, . . . ,

where Bn is a constant. Thus

O(k) = pn + k

pn + qn + k
, k = 0,1, . . . ,

where

pn = 1

Bn

EUn

1 − EUn

> 0, qn = 1

Bn

> 0,

and we obtain Un ∼ B(pn, qn).

In the fourth step we will identify Uj ’s for j = 2, . . . , n − 1. First, inserting M1
into (17), we get for j = 2, . . . , i − 1

Mj(k) = qj + k

pj + qj + k
, k = 0,1, . . . ,

where

qj = q1 +
(

1 − 1

c1

j∑

l=1

cl

)

p1, pj = cj

c1
p1.

Again, by the condition 0 < Mj < 1, we conclude that qj > 0, pj > 0 and Uj ∼
B(pj , qj ) for j = 2, . . . , i − 1. Let us observe that

qj = pj+1 + qj+1, j = 1, . . . , i − 2.

Now putting rn = 0 into (20) we get

n−1∏

l=i

Nl(rl, sl) = 1

[1 − O(0)]
(1 − C)[1 − M1(s)]
c1 − C[1 − M1(s)]

=
pn+qn

qn
(1 − C)

p1
c1

q1 + p1(1 − C
c1

) + s
, (23)

where s = ∑n−1
k=i rk, sl = ∑n−1

k=l+1 rk.

We first insert ri = r and rj = 0 for j = i + 1, . . . , n − 1 into (23), getting

Ni(r,0) = qi

pi + qi + r
, r = 0,1, . . . ,

where

qi =
pn+qn

qn
(1 − C)

p1
c1

∏n−1
l=i+1 Nl(0,0)



J Theor Probab (2007) 20: 295–308 307

and pi = q1 + p1(1 − C
c1

) − qi . Thus, pi > 0, qi > 0 and Ui ∼ B(pi, qi). Note that
qi−1 = pi + qi.

Now we will show inductively that for j = i + 1, . . . , n − 1

Nj(0, r) = qj + r

qj−1 + r
,

where qj = qi

∏j

l=i+1 Nl(0,0). Observe that it means that Uj ∼ B(pj , qj ), with
pj = qj−1 − qj > 0, j = i + 1, . . . , n − 1.

In the argument below the following fact will be used: if for some j we have
Nj(r,0) = qj

pj +qj +r
for any r = 0,1, . . . , then pj > 0, qj > 0 and Uj ∼ B(pj , qj )

and consequently Nj(0, r) = qj +r

pj +qj +r
for any r = 0,1, . . . . To see this note that

EUr+1
j

EUr
j

= 1 − Nj(r,0) = pj + r

pj + qj + r
, r = 0,1, . . . .

Thus pj > 0, qj > 0 and Uj ∼ B(pj , qj ). Hence 1 − Uj ∼ B(qj ,pj ) and

Nj(0, r) = E(1 − Uj )
r+1

E(1 − Uj )r
= qj + r

pj + qj + r
, r = 0,1, . . . .

Consider first (23) with ri+1 = r and rj = 0 for j �= i + 1. Then

Ni+1(r,0) = Ni+1(0,0)

Ni(0, r)

qi

pi + qi + r
= qiNi+1(0,0)

qi + r

proving the result for i + 1.
Assume now that the induction assumptions hold for j = i + 1, . . . , k. Putting

rk = r and rj = 0 for j �= k into (23) we obtain

Nk+1(r,0) =
∏k+1

l=i+1 Nl(0,0)
∏k

l=i Nl(0, r)

qi

pi + qi + r
.

But the induction assumption implies

k∏

l=i

Nl(0, r) = qk + r

pi + qi + r
.

Thus

Nk+1(r,0) = qi

∏k+1
l=i+1 Nl(0,0)

qk + r
= qk+1

qk + r
.

It implies that Uk+1 ∼ B(pk+1, qk+1) with pk+1 = qk − qk+1 > 0 and

Nk+1(0, r) = qk+1 + r

qk + r
.
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In the fifth step we will show that qn−1 = pn + qn and then we will identify the
constants p1 and qn.

Inserting rn = r and rj = 0 for j = i, . . . , n − 1 into (20) we obtain

qn−1 + r

pn + qn + r
= (1 − C)p1

c1qn

, r = 0,1, . . . .

Since the right hand side does not depend on r it follows that qn−1 = qn + pn and
(1 − C)p1 = c1qn. On the other hand, (21) can be rewritten as

c1 − Cd

d

1

p1
= d − c2

1

c1d
+ (1 − C)2

c1

1

qn

. (24)

Since 1 − C > 0, we get p1 = c1
1−C

qn and plugging it into the above equation, after
some easy algebra, we obtain

qn = (1 − C)(d − c1)

c2
1 − d

, p1 = c1(d − c1)

c2
1 − d

.

Taking expectations in (2) and (3) we have c2
1 < d < c1. Thus qn, p1 > 0. �
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