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Abstract Top-k-lists are introduced as sequences of k-dimensional random vectors
with ordered components being k largest observations from a sequence of inde-
pendent identically distributed random variables. Such lists changing in time are
natural stochastic models of ranking tables which appear in many situations in real
life, when one wants to keep a track of several best results in a given field. Here we
study basic properties of top-k-lists as joint distributions, conditional structures,
representations, driving examples of top-k-lists from exponential and uniform
distributions, asymptotics and a relation to generalized order statistics.
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1 Introduction

In many applications it is usual to keep track of the best k outcomes of an experi-
ment up to a given moment. Throughout this paper we will assume that an outcome
is better than another if its value is larger. For instance, in sports it is usual to deal
with the list of the k best performances up to the moment, like in the table below,
which gives the k = 5 best performances in long-jump at a certain moment:
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Mike Powell 8.95 m
Bob Beamon 8.90 m
Carl Lewis 8.87 m
Robert Emmiyan 8.86 m
Carl Lewis 8.79 m

Such tables changed many times in the history of this kind of sport competi-
tion. A sequence of these tables, changing in time, will be called top-k-lists. The
aim of this paper is to provide a basic mathematical model for such lists under the
assumption that consecutive results are outcomes of random experiments.

First, we introduce notation and recall some basic results about order statistics
(see, for instance, David and Nagaraja (2003)) and kth records (see, for instance,
Arnold et al. (1998)). Given a list of k real numbers, x1, . . . , xk , they can be arranged
in an increasing order to obtain x1:k ≤ · · · ≤ xk:k . Then we denote

ord(x1, . . . , xk) = (x1:k, . . . , xk:k) .

If F is a distribution function (df), the quantile function of F (also called
generalized inverse) is defined as

QF (u) = inf{x : F(x) ≥ u}, for u ∈ (0, 1].
Let X1, . . . , Xk be independent and identically distributed (iid) random vari-

ables (rvs) from an absolutely continuous df F with a density f . The i th component
of ord(X1, . . . , Xk), denoted Xi :k , is called the i th order statistic from the sample
of size k, i = 1, . . . , k. The joint density g of order statistics is

g(x1, . . . , xk) = k!
k∏

i=1

f (xi ), for x1 ≤ x2 ≤ · · · ≤ xk . (1)

We recall now the concept of kth records. Let (Xi )i≥1 be a sequence of iid rvs
with a common df F . Consider the kth record times defined recurrently as

T (k)0 = k,

T (k)n+1 = min
{

j : j > T (k)n and X j > X
T (k)n −k+1:T (k)n

}
, n ≥ 0,

then the rv R(k)n = X
T (k)n −k+1:T (k)n

, n ≥ 0, is the nth kth record from the sequence

(Xi )i≥1. If F is absolutely continuous with density f , then the density of R(k)n is

f
R(k)n

(x) = kn+1

n! {− log (1 − F(x))}n (1 − F(x))k−1 f (x), (2)

for x ∈ (
QF (0+), QF (1)

)
.

We will denote X ∼ EXP(λ) if the rv X follows the exponential distribution
with the mean 1/λ, λ > 0. Also we will write X ∼ G(p, λ) if X follows a gamma
distribution with convolution parameter p > 0 and scale parameter 1/λ > 0. If
PX and PY are distributions of rvs X and Y then PX ⊗ PY denotes the product
distribution, i.e. if (X, Y ) ∼ PX ⊗ PY then X and Y are independent. The symbol
1k denotes a vector with k components, all of them equal 1.
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2 Distribution of top-k-lists

A new concept of top-k-lists that we introduce in this paper is given in the next
definition:

Definition 1 Let (Xi )i≥1 be a sequence of iid rvs with a common df F. The nth
top-k-list from (Xi )i≥1 is defined as follows:

L(k)n = (
Y1,n, Y2,n, . . . , Yk,n

)
, n ≥ 0, (3)

where Y j,n = X
T (k)n −k+ j :T (k)n

, j = 1, . . . , k, n = 0, 1, . . ..

Note that Y1,n = R(k)n . The index i of the sequence (Xi ) in the previous
definition can be viewed as a discrete time. The evolution of the list is as fol-
lows. At time k, the 0th top-k-list, L(k)0 = (X1:k, . . . , Xk:k), is available. The list

remains unaltered until time T (k)1 . At this moment, the first element of the list L(k)0 is

removed and the rv X
T (k)1

enters the list. Then L(k)1 =ord
(

X
T (k)1
, X2:k, . . . , Xk:k

)
.

From now on, the process behaves in a similar way: an (n − 1)th top-k-list L(k)n−1

remains unaltered until the nth kth record time T (k)n occurs, and then

L(k)n = ord
(

X
T (k)n
, Y2,n−1, . . . , Yk,n−1

)
, n ≥ 1. (4)

Note that the model of top-k-lists covers at least three important models for ordered
statistical data:

• Order statistics as the 0th top-k-list L(k)0

• Records as the sequence (L(1)n )

• kth records as the sequence of the first components of L(k)n s

From now on, we will assume that F is absolutely continuous with a density f .
Our main aim now is to obtain the joint density of the random vector L(k)n .

Theorem 2 For anyw ∈ (
QF (0+), QF (1)

)
let Z (w)1 , . . . , Z (w)k be iid rvs from the

truncated density

fw(z) = f (z)

1 − F(w)
I (z ≥ w). (5)

Then

(a) For all n ≥ 1, the rv X
T (k)n

and the vector
(
Y2,n−1, . . . ,Yk,n−1

)
are condition-

ally independent given Y1,n−1. Moreover,
(

X
T (k)n

| Y1,n−1 = w
)

d= Z (w)1 . (6)

(b) For all n ≥ 0,

(
Y2,n, . . . , Yk,n | Y1,n = w

) d= ord
(

Z (w)2 , . . . , Z (w)k

)
. (7)
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(c) The density of L(k)n is

f
L(k)n
(y1, . . . , yk) = knk!

n! [− log(1 − F(y1))]n
k∏

j=1

f (y j ), (8)

for QF (0+) < y1 < · · · < yk < QF (1).

Proof (a): Note first that for all n ≥ 1 the rv T (k)n−1 is a stopping time with respect to
the natural filtration of the sequence (Xi ). Since the components of the sequence
are independent then the random elements

(
X1, . . . , X

T (k)n−1

)
and

(
X

T (k)n−1+1
, . . .

)

are also independent. Observe also that (Y1,n−1, . . . , Yk,n−1) is σ
(

X1, . . . , X
T (k)n−1

)

measurable, and consequently (Y1,n−1, . . . , Yk,n−1) and
(

X
T (k)n−1+1

, . . .
)

are inde-

pendent as well. Thus for n ≥ 1, and y ∈ R, we have

P
(

X
T (k)n

> y | Y1,n−1, . . . , Yk,n−1

)

= I (y ≤ Y1,n−1)+ I (y > Y1,n−1)P
(

X
T (k)n

> y | Y1,n−1, . . . , Yk,n−1

)

= I (y ≤ Y1,n−1)+ I (y > Y1,n−1)

×
∞∑

m=1

P

(
X

T (k)n−1+r
≤ Y1,n−1, r = 1, . . . ,m − 1, X

T (k)n−1+m

> y | Y1,n−1, . . . , Yk,n−1

)

= I (y ≤ Y1,n−1)+ I (y > Y1,n−1)

∞∑

m=1

Fm−1(Y1,n−1)(1 − F(y))

= I (y ≤ Y1,n−1)+ I (y > Y1,n−1)
1 − F(y)

1 − F(Y1,n−1)
. (9)

Thus (6) is proved. Note that the conditional probability given in (9) does
not depend on the values Y2,n−1, . . . , Yk,n−1. This fact implies that X

T (k)n
and

(
Y2,n−1, . . . ,Yk,n−1

)
are conditionally independent given Y1,n−1.

(b) and (c): We will prove (b) by induction and as a by-product we will obtain
(c). Recall that Y j,0 = X j :k and that the conditional distribution of (X2:k . . . , Xk:k)
given X1:k = w, w ∈ (

QF (0+), QF (1)
)
, is the same as the joint distribution of

the k − 1 order statistics of a sample of size k − 1 from the truncated density given
in (5), see for instance Theorem 2.5 in David and Nagaraja (2003). Then (7) holds
for n = 0. Suppose now that (7) is true for n − 1 ≥ 0, that is to say

(
Y2,n−1, . . . , Yk,n−1 | Y1,n−1 = w

) d= ord
(

Z (w)2 , . . . , Z (w)k

)
. (10)
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Now using both assertions of (a) and (10) we conclude that
(

L(k)n | Y1,n−1 = w
)

d= ord
(

Z (w)1 , . . . , Z (w)k

)
,

or equivalently, by (1),

f
L(k)n |Y1,n−1=w(y1, . . . , yk) = k!

k∏

i=1

f (yi )

1 − F(w)
, for w < y1 < · · · < yk .

Now, as Y1,n−1 = R(k)n−1, for y1 < · · · < yk we have by (2)

f
L(k)n
(y1, . . . , yk) =

y1∫

−∞
f
L(k)n |Y1,n−1=w(y1, . . . , yk) f

R(k)n−1
(w)dw

= k!kn

(n − 1)!

⎛

⎝
y1∫

−∞

[− log(1 − F(w))]n−1

1 − F(w)
f (w)dw

⎞

⎠
k∏

i=1

f (yi )

= k!kn

n! [− log(1 − F(y1))]n
k∏

i=1

f (yi ),

and this proves (c). Once we know the joint density of L(k)n = (
Y1,n, . . . , Yk,n

)
and

the density of Y1,n = R(k)n is given in (2) one immediately gets

fY2,n ,...,Yk,n |Y1,n=w(y2, . . . , yn)

=
f
L(k)n
(w, y2, . . . , yk)

f
R(k)n
(w)

= (k − 1)!
k∏

i=2

f (yi )

1 − F(w)
, w < y2 < · · · < yk,

and thus (7) is proved. �	
Remark 3 One of the referees pointed out to the following connection of top-k-lists
with the sequence (M (k)

n ) of k largest observation up to the moment n. If one con-
siders such a sequence of vectors M (k)

n = (Xn−k+1:n, . . . , Xn:n), n = k, k +1, . . .,
then, it is known that the conditional distribution of largest k−1 order statistics given
Xn−k+1:n = w has the density given by (5) for any n ≥ k. Moreover, (L(k)n (ω)) can
be obtained from (M (k)

n (ω)) by deleting vectors which are repeated in the second
sequence for any ω ∈ �, the sample space. Therefore it is not strange that condi-
tionally both the sequences behave in a similar way, what is exhibited in Theorem
2 (b). On the other hand marginal distributions of Xn−k+1:n and X

T (k)n −k+1:T (k)n
are

different reflecting the difference between a fixed sampling scheme of n − k + 1
lists of k largest elements, and the inverse sampling scheme of n − k + 1 distinct
lists of k largest elements.
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3 Top-k-lists from some specific distributions

Let L(k)n = (
Y1,n, . . . , Yk,n

)
, n ≥ 0, be a top-k-list from a continuous df F in the

interval
(
QF (0+), QF (1)

)
. Then for the transformation G(x) = − log(1− F(x)),

x ∈ (
QF (0+), QF (1)

)
, we have

(
G(Y1,n), . . . ,G(Yk,n

)
)

d= L∗(k)
n ,

where L∗(k)
n is the nth top-k-list from a standard exponential distribution, i.e. with

the expectation equal 1.
Similarly,

(
F(Y1,n), . . . , F(Yk,n

)
)

d= (
Z1,n, . . . , Zk,n

)
,

with
(
Z1,n, . . . , Zk,n

)
the nth top-k-list from a uniform U(0, 1) distribution.

Then, there exist transformations that put in relation the distribution of a top-
k-list from an arbitrary continuous df F with the distribution of top-k-lists from
the standard exponential or uniform distributions. So these two special top-k-lists
deserve a particular attention. Also, the exact analytic formulas for the densities of
top-k-lists, we obtain below, can be helpful for simulations.

3.1 Top-k-lists from exponential distributions

A rv W has the (standard) exponential distribution if its density function is fW (w) =
exp(−w)I (w > 0). By (8) the density function of L∗(k)

n =
(

Y ∗
1,n, . . . , Y ∗

k,n

)
, the

nth top-k-list from an exponential distribution, is

f
L∗(k)

n
(y1, . . . , yk) = k!kn

n! yn
1 exp

(
−

k∑

i=1

yi

)
, for 0 < y1 < · · · < yk . (11)

We have the following representation for top-k-lists from exponential distributions:

Theorem 4 If L∗(k)
n is the nth top-k-list from the standard exponential distribution,

then

L∗(k)
n

d= (
ξ1,n, ξ1,n + ξ2, ξ1,n + ξ2 + ξ3, . . . , ξ1,n + ξ2 + · · · + ξk

)
,

where ξ1,n ∼ G(n + 1, k) and ξ j ∼ EXP(k − j + 1), j = 2, . . . , k, are all
independent.

Proof In the density of L∗(k)
n given in (11), consider the change of variables

u1 = y1, u2 = y2 − y1, . . . , uk = yk − yk−1.

The transformed density so obtained is

g(u1, . . . , uk) = kn+1

n! un
1 exp (−ku1)

k∏

i=2

(k − i + 1) exp (−(k − i + 1)ui ) , (12)
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for ui > 0, i = 1, . . . , k. Clearly, (12) is the joint density of a vector (ξ1,n, ξ2, ξ3,
. . . , ξk) of independent components with ξ1,n ∼ G(n + 1, k) and ξ j ∼ EXP(k −
j + 1), j = 2, . . . , k. �	

Recall now that R∗(k)
n , the nth kth record from an EXP(1) distribution, follows a

G(n +1, k) distribution and that the order statistics of an iid sample, W1, . . . ,Wm ,
from the standard exponential distribution satisfy

(W1:m, . . . , Wm:m)
d=

(
η1

m
,
η1

m
+ η2

m − 1
, . . . ,

η1

m
+ η2

m − 1
+ · · · + ηm

)
,

with independent ηi ∼ EXP(1), i = 1, . . . ,m – see for instance Nevzorov (2001),
Representation 3.4. Using these results and Theorem 4, we can obtain the following
representation for the distribution of standard exponential top-k-lists:

L∗(k)
n

d= R∗(k)
n 1k + (0, W1:k−1, . . . , Wk−1:k−1)

or

L∗(k)
n

d= R∗(k)
n−11k + (W1:k, . . . , Wk:k) , (13)

where R∗(k)
n and R∗(k)

n−1 are, respectively, nth and (n−1)th kth records from a standard
exponential sequence of observations independent of (W1, . . . ,Wk). These repre-
sentations are useful to obtain marginal distributions and to establish limit results

as we will see later. For instance, by (13), Y ∗
j,n

d= R∗(k)
n−1 +W j :k , j = 1, . . . , k. Thus

the density of Y ∗
j,n can be obtained by convolution of the respective densities of

R∗(k)
n−1 and W j :k as

fY ∗
j,n
(y)= knk!

(n − 1)!( j − 1)!(k − j)!e
−(k− j+1)y

y∫

0

xn−1 (
e−x − e−y) j−1

dx, y > 0.

Also the representation from Theorem 3 is quite useful for computing means,
variances and covariances of elements of the top-k-list for exponential distribution.
In this way we easily get

E
(
Y ∗

i,n

) = n

k
+

i∑

l=1

1

k − l + 1
, i = 1, 2, . . . , k,

Var
(
Y ∗

i,n

) = n

k2 +
i∑

l=1

1

(k − l + 1)2
, i = 1, 2, . . . , k,

Cov
(
Yi,n, Y j,n

) = n

k2 +
i∧ j∑

l=1

1

(k − l + 1)2
, i, j = 1, 2, . . . , k,

where i ∧ j denotes minimum of two numbers i and j .
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For numerical purposes a more explicit formula can be derived expanding the
above integral or using Laplace transform techniques:

fY ∗
j,n
(y) =

n+1∑

r=1

γ
( j)
r g(y; r, k)+

j−1∑

m=1

δ
( j)
m g(y; 1, k − m),

where g is the gamma density

g(y; p, a) = a p


(p)
exp(−ay)y p−1, for y, p, a > 0,

δ
( j)
m = (−1) j−m−1

m

(
k

j

)(
j − 1

m

)
j

(
k

m

)n

,

and the γ ( j)
r s satisfy the recurrent formula:

γ
( j+1)
r = −k − j

j

n+1∑

s=r

(
k

j

)s−r

γ
( j)
s , r = 1, . . . , n + 1, j ∈ {1, . . . , k}

with γ (1)n+1 = kn+1 and γ (1)s = 0, for s = 1, . . . , n.

3.2 Top-k-lists from uniform distributions

Let us consider the case in which the parent distribution is uniform in the interval
(0, 1), U(0, 1). Let Ui :n be the i th order statistic from an iid sample of size n from
U(0, 1), i = 1, . . . , n. The nth top-k-list will be denoted L̂(k)n = (

Z1,n, . . . , Zk,n
)
.

From Theorem 2(c),

f
L̂(k)n
(z1, . . . , zk) = k!kn

n! (− log(1 − z1))
n , for 0 < z1 < · · · < zk < 1. (14)

In the next theorem we present different representations related to the distribution
of top-k-lists from uniform distributions:

Theorem 5 Let L(k)n = (
Z1,n, . . . , Zk,n

)
be the nth top-k-list from a uniform dis-

tribution U(0, 1). Then

(i)
(

−k log(1 − Z1,n),
Z2,n − Z1,n

1 − Z1,n
,

Z3,n − Z2,n

1 − Z1,n
, . . . ,

Zk,n − Zk−1,n

1 − Z1,n

)

∼ G(n + 1, 1)⊗ U(Sk−1),

where U(Sk−1) (a special example of the Dirichlet distribution) is a uniform
distribution on the (k − 1)-dimensional unit simplex

Sk−1 = {x = (x1, . . . , xk−1) ∈ (0,∞)k−1 : x1 + · · · + xk−1 < 1}.
Thus the first component of the above random vector and the subvector of all
remaining components are independent.
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(ii)

(
−k log

(
1 − Z1,n

)
,

(
1 − Z2,n

1 − Z1,n

)k−1

,

(
1 − Z3,n

1 − Z2,n

)k−2

, . . . ,
1 − Zk,n

1 − Zk−1,n

)

∼ G(n + 1, 1)⊗ U(0, 1)⊗ · · · ⊗ U(0, 1).

(iii)

Z j,n
d=

⎧
⎨

⎩
1 − exp

(
− G1,n

k

)
, j = 1

1 − exp
(
− G1,n

k

)∏ j−1
i=1 U 1/k−i

i j = 2, . . . , k
,

where G1,n ∼ G(n + 1, 1) and Ui ∼ U(0, 1), i = 1, . . . , k − 1, are indepen-
dent.

(iv)

(
Z2,n − Z1,n

1 − Z1,n
,

Z3,n − Z1,n

1 − Z1,n
, . . . ,

Zk,n − Z1,n

1 − Z1,n

)
d= (U1:k−1, . . . ,Uk−1:k−1) .

Proof Observe that (i) follows from (14) by a change of variables

(z1, . . . , zk) → (y1, . . . , yk) =
(
−k log(1 − z1),

z2 − z1

1 − z1
, . . . ,

zk − z1

1 − z1

)
∈ Sk−1,

with the jacobian of the inverse equal to e−y1/k. Also (ii) follows similarly by
taking a proper transformation or can be deduced from properties of the Dirichlet
distribution. Now (iii) is an immediate consequence of (ii). Finally (iv) follows by
transforming a subvector of all components except the first one of the k-variate
vector from either (i) or (ii). �	

The product representation given in (iii) of Theorem 4 is useful for computation
of expectations, variances and covariances. We get

E
(
Zi,n

) = 1 − kn(k − i + 1)

(k + 1)n+1 , i = 1, 2, . . . , k,

Var
(
Zi,n

) = kn(k − i + 2)(k − i + 1)

(k + 2)n+1(k + 1)
−

(
kn(k − i + 1)

(k + 1)n+1

)2

, i = 1, 2, . . . , k,

Cov
(
Zi,n, Z j,n

)

=
[

kn(k − (i ∧ j)+ 2)(k−(i ∧ j)+ 1)

(k + 2)n+1(k + 1)
−

(
kn(k−(i ∧ j)+ 1)

(k + 1)n+1

)2
]

×k − (i ∨ j)+ 1

k − (i ∧ j)
,

where i, j = 1, 2, . . . , k, , i �= j and i ∨ j denotes the maximum of the numbers
i and j .
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4 Limit results for top-k-lists

Resnick (1973) showed that there are only three types of distributions that can arise
as non-degenerate limits of suitably normalized record values (below � denotes
the distribution function of a standard normal distribution N (0, 1)):

(1) Log-normal type with the df

�α(x) =
{

0 x < 0
�(log xα) x ≥ 0 , α > 0.

(2) Negative log-normal type with the df

�̃α(x) =
{

0 x < 0
�

(
log (−x)−α

)
x ≥ 0

, α > 0.

(3) Normal type with the df

�(x).

If G is one of the possible limit dfs described above, we say that a df F is in the
domain of record attraction of G, and write F ∈ DR(G), if there exist normalizing
sequences (an) and (bn) of real numbers such that

lim
n

P

(
Rn − an

bn
≤ x

)
= G(x), x ∈ R,

where (Rn)n≥0 denotes the sequence of ordinary records (1st records) from the
parent distribution F .

The next result, proved in Resnick (1973), gives a characterization of the dis-
tributions in each one of the domains of record attraction. We reproduce it in the
next lemma since it is of crucial importance for the proof of asymptotic behaviour
of top-k-lists.

Lemma 6 (Resnick) Given a continuous df F consider the function

ψF (u) = QF (1 − exp(−u)) , u > 0.

Then for α > 0

(1) F ∈ DR(�α) if and only if for all x > 0

lim
s→∞

ψ−1
F (sx)− ψ−1

F (s)
√
ψ−1

F (s)
= α log(x).

(2) F ∈ DR(�̃α) if and only if for all x > 0

lim
ε→0+

ψ−1
F (x0 − εx)− ψ−1

F (x0 − ε)
√
ψ−1

F (x0 − ε)

= −α log(x),

where x0 = QF (1) is finite.
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(3) F ∈ DR(�) if and only if for all real x

lim
s→∞

ψF
(
s + x

√
s
) − ψF (s)

ψF
(
s + s

√
s
) − ψF (s)

= x .

The main result of this section, given in the theorem below, shows that these
three limiting types of univariate distribution govern also the asymptotic laws of
k-variate random vectors of top-k-lists.

Theorem 7 Let L(k)n be the nth top-k-list from the iid sequence with a df F.

(i) If F ∈ DR(�α) then

L(k)n

ψF (n/k)
d−→ Z11k, as n → ∞,

where Z1 has the df �α
√

k .

(ii) If F ∈ DR(�̃α), then

L(k)n − x01k

x0 − ψF (n/k)
d−→ Z21k, as n → ∞,

where Z2 has the df �̃α
√

k .
(iii) If F ∈ DR(�), then

√
k

(
L(k)n − ψF (n/k)1k

)

ψF
(
n/k + √

n/k
) − ψF (n/k)

d−→ Z31k, as n → ∞,

where Z3 is standard normal.

Proof First, we will establish the limit result for top-k-lists from the standard expo-
nential distributions. Let L∗(k)

n be the nth top-k-list from EXP(1) distribution. Then
according to the representation given in Theorem 4

L∗(k)
n

d= ξ1,n1k + V, (15)

with V = (0, ξ2, ξ2 + ξ3, . . . , ξ2 + · · · + ξk), where ξ1,n ∼ G(n + 1, k) and
ξ j ∼ EXP(k − j +1), j = 2, . . . , k, are independent. By the classical central limit
theorem [note that ξ1,n is a sum of n + 1 iid exponential EXP(k) rvs]

k√
n

(
ξ1,n − n

k

)
d−→ Z ∼ N (0, 1), as n → ∞. (16)

Then, from (15), we have

J (k)n := k√
n

(
L∗(k)

n − n

k
1k

)
d= k√

n

(
ξ1,n − n

k

)
1k + k√

n
V.

Since V does not depend on n, kn−1/2V
P−→ 0k . Consequently (16) implies

J (k)n
d−→ Z1k as n → ∞, with Z ∼ N (0, 1).
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Note that if L(k)n is the nth top-k-list with a parent df F then

L(k)n
d= ψF

(
L∗(k)

n

)
= ψF

(√
n

k
J (k)n + n

k
1k

)
. (17)

Here and later on any function h : R → R, is naturally extended to the function
h : R

d → R
d (we use the same symbol assuming it will not be confusing for

readers) by assigning h(y1, . . . , yd) = (h(y1), . . . , h(yd)).
In the following, we will prove (i) and (iii). The proof of (ii) is analogous to

that of (i) and therefore is skipped.

Proof of (i): We start with an analytical observation which will be used later on
in the proof: Let g, gn, n = 1, 2, . . . be real continuous functions on R

k such that
gn → g pointwise, and (yn) is a sequence of points in R

k which converges to
y ∈ R

k . Then gn(yn) → g(y).
This observation is justified by the following argument: For any ε > 0 let δ > 0

be such that x ∈ B(y, δ) = {x : ||x − y|| ≤ δ} implies |g(x)− g(y)| < ε/2. Take
now N1 large enough to have ||yn − y|| ≤ δ for any n > N1. Consider now the
difference gn − g on the closed ball B(y, δ), which is a compact set. Since the
functions involved are continuous the convergence of gn − g → 0 on B(y, δ) is
uniform, thus one can choose N2 large enough to have |gn(x) − g(x)| < ε/2 for
any n > N2 and for any x ∈ B(y, δ). Now for n > max{N1, N2} we get

|gn(yn)− g(y)| ≤ |gn(yn)− g(yn)| + |g(yn)− g(y)| < ε.

Since ε > 0 was taken arbitrarily the proof of the observation is complete.
Let x ∈ R

k . Then, using (17), we get

P

(
L(k)n

ψF (n/k)
≤ x

)
= P

⎛

⎝
ψF

(√
n

k J (k)n + n
k 1k

)

ψF (n/k)
≤ x

⎞

⎠

= P

(
J (k)n ≤ k√

n

(
ψ−1

F (ψF (n/k)x)− n/k1k

))
= F

J (k)n
(zn,k), (18)

where

zn,k = √
k
ψ−1

F (ψF (n/k)x)− ψ−1
F (ψF (n/k)1k)√

ψ−1
F (ψF (n/k))

.

Using Lemma 6(i), we get limn zn,k = α
√

k log(x). Then, taking limits in both sides
of (18) and using the observation given in the beginning of the proof of (i) with
gn = F

J (k)n
, g = �1k = FZ1k (here Z ∼ N (0, 1)), yn = zn,k and y = α

√
k log x

we obtain:

lim
n

P

(
L(k)n

ψF (n/k)
≤ x

)
= FZ1k (α

√
k log x).

To finish the proof of (i), note that FZ1k (α
√

k log x) is the df of the random vector
Z11k , where the df of Z1 is �α

√
k .
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Proof of (iii): We will use in the proof the following observation: Let (Yn)n≥1 be

a sequence of kdimensional random vectors such Yn
d−→ Y and let (gn)n≥1 be

a sequence of continuous functions such that limn gn(x) = g(x) for all x ∈ R
k ,

where g is also continuous. Then gn(Yn)
d−→ g(Y ). It follows via the Skorokhod

theorem in view of the analytic fact given in the beginning of the proof of (i).
So, note that relying on the representation (17), we have

√
k

(
L(k)n − ψF (n/k)1k

)

ψF
(
n/k + √

n/k
) − ψF (n/k)

=
√

k

[
ψF

(√
n/k J (k)n√

k
+ n/k1k

)
− ψF (n/k)1k

]

ψF
(
n/k + √

n/k
) − ψF (n/k)

.

Now, to get the final result, we use the observation given in the beginning of the
proof of (iii) with

Yn = J (k)n
d−→ Y = Z3 ∼ N (0, 1)

and [use Lemma 6(iii)]

gn(x) =
√

k
[
ψF

(√
n/k x√

k
+ n/k1k

)
− ψF (n/k)1k

]

ψF
(
n/k + √

n/k
) − ψF (n/k)

−→ g(x) = x ∈ R
k .

�	

5 Top-k-lists and generalized order statistics

As it has already been explained at nth kth record time, T (k)n , a new top-k-list is
created in the following way: the first element of the (n − 1)th list, Y1,n−1 = R(k)n−1
is removed from the list and the observation X

T (k)n
enters the list at the appropriate

position. So, at time T (k)n the rvs in the vector

B(k)n = (R(k)0 , R(k)1 , . . . , R(k)n−1,Y1,n, Y2,n, . . . , Yk,n)

are the ordered elements that have belonged to any of top-k-lists which appeared
up to the instant T (k)n . That is, B(k)n represents the ordered largest n+k observations
form the sequence (Xi ) up to T (k)n .

The joint density of B(k)n can be written as

f
B(k)n
(x0, . . . , xn−1, y1, . . . , yk)

= g1(y2, . . . , yk |x0, . . . , xn−1, y1)g2(x0, . . . , xn−1, y1) (19)

for x0 < · · · < xn−1 < y1 < · · · < yk , where g2 is the joint density of
(R(k)0 , R(k)1 , . . . , R(k)n−1, R(k)n ) given by

g2(x0, x1, . . . , xn−1, y1) = kn[1 − F(y1)]k−1 f (y1)

n−1∏

i=0

f (xi )

1 − F(xi )
(20)
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[the formula follows immediately from the joint density of ordinary records taken
from the iid sequence with the parent df 1 − (1 − F)k instead of F] and g1 is the
conditional density of (Y2,n, . . . , Yk,n) given (R(k)0 , R(k)1 , . . . , R(k)n−1, Y1,n). By the
obvious extension of the argument used in the proof of Theorem 2 it follows that

g1(y2, . . . , yk |x0, . . . , xn−1, y1) = (k − 1)!
k∏

j=2

f (y j )

1 − F(y1)
. (21)

Then plugging (20) and (21) into (19) we get

f
B(k)n
(x0, . . . , xn−1, y1, . . . , yk) = knk!

(
n−1∏

i=0

f (xi )

1 − F(xi )

)
k∏

j=1

f (y j ) (22)

for x0 < · · · < xn−1 < y1 < · · · < yk . A direct inspection of the density (22)
indicates that B(k)n is distributed according to the generalized order statistics law of
(X ( j, n + k, m̃, 1), j = 1, . . . , n + k), with m̃ being an (n + k − 1)-dimensional
vector with the first n components equal −1 and the last k − 1 components equal
0 – see Kamps (1995). Under this perspective, the distribution of a top-k-list can
be viewed as a marginal distribution of particular generalized order statistics:

L(k)n
d= (X ( j, n + k, m̃, 1), j = n + 1, . . . , n + k).
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