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RECURSIVE OPTIMAL ESTIMATION
IN SZARKOWSKI ROTATION SCHEME

Jacek Wesolowskil

ABSTRACT

In late 90ties Szarkowski observed that under the rotation pattern typical
for the Labour Force Survey the recursion for the optimal estimator of the
mean on a given occasion has to use estimators and observations only from
three last occasions. Since the fundamental work of Patterson (1950) it had
been known that for rotation patterns with "holes" it is a difficult problem
to determine the depth of such recursion formulas. Under special assump-
tions the problem has been settled only recently in Kowalski and Wesolowski
(2010). In the present paper it is shown that these assumptions are always
satisfied in the case of the Szarkowski rotation pattern 110011. Moreover,
explicit formulas for the coefficients of recursion are derived.

1. Introduction

Andrzej Szarkowski passed away in June 2003. He was a creative and
passionate statistician with considerable mathematical background. He de-
voted his talents to the Labour Force Survey (LFS) conducted by the Central
Statistical Office in Poland taking care about mathematical methodology of
this survey for more than 10 years, just from its beginning in 1992. For de-
tails on development of methodology of this survey in Poland, see Szarkowski
and Witkowski (1994) and Popinski (2006). In particular, in 1993 Szarkowski
introduced in the LFS a rotation pattern 110011. One of the issues related
to this approach he was very concerned about was the recurrence form of
optimal linear estimators of mean on every occasion under this pattern. In
late nineties he studied Patterson (1955) paper, where the rotation pattern
with no holes had been thoroughly treated. However, it appeared to be of
not much help since a real challenge is posed by the HOLES! On the basis
of intensive numerical experiments Szarkowski conjectured that the pattern
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110011 forces the recurrence to move THREE STEPS back when the corre-
lation is exponential in the occasions span and SEVEN STEPS back when
there are no restrictions on correlations. For a while we had sought together
a mathematical explanation of this phenomena with no luck.

It took more than ten years to answer in affirmative Szarkowski’s THREE
STEPS conjecture. The explanation is given in the present paper. It is based
on a general approach described in Kowalski and Wesotowski (2010) (KW in
the sequel). Earlier the problem for rotation schemes with singleton holes
was solved in Kowalski (2009) (particular cases of 1011 and 1101 rotation
patterns were covered even earlier, in Ciepiela (2004)). In Section 2 the
general approach from KW, which is based on TWO ASSUMPTIONS, is
adjusted to a setup with a single hole of any size h, that is for the rotation
pattern 11...110...011...11. In Section 3 we prove that for the Szarkowski
scheme these TWO ASSUMPTIONS are necessarily satisfied and thus
the general procedure works. Moreover, explicit formulas for the coefficients
of the recursion are derived. In Section 4 we give proofs of lemmas which are
used in Section 3 to derive the main result.

Szarkowski’s SEVEN STEPS conjecture remains open. Even in the case of
one singleton hole it is not known how far back one has to go in the recursion
formula.

2. General method

Consider a doubly-infinite matrix of random variables (Xj;), i,j € Z.
Index ¢ identifies a unit and index j is an occasion number (time). We assume
that for any j € Z we have

EXZ'J‘ = Wj, for all i € Z,

and, without loss of generality we assume that Var(X; ;) =1 for all 4, j € Z.
The correlation structure is described as follows

(COIT(Xi’j, Xk,l) = I(k = i)plj_”.

Fix natural numbers n and h and consider a sequence of random vectors
X; = (Xjjs-s Xjjtnth-1), J € Z. Note that C = Cov X is an (n + h) x
(n + h) matrix with all entries equal zero except the entries just above the
diagonal which are all equal p. Moreover

Cov(X;,X}) = ol

and C7 is a matrix with all entries equal zero except the jth over diagonal
with all entries equal p/ when j < n+ h — 1 and it is a zero matrix when
j>n+h—-1
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A rotation pattern is any vector (e1,...,€,15) with 0-1 entries such that
€1 = €n+n = 1 and there are exactly h zeros among the entries. Let p — 1
denotes the dimension of the largest zero subvector of subsequent entries in
the rotation pattern.

We modify vectors X; into

Y, = (Xjper—jt1, k=4,....i+n+h—-1), jEL

For a given j € Z let fi; denote the BLUE of ;1; based on Y7, I < j.

We study the recurrence formula for the BLUE estimators of the following
form

fir = a1 fe—1 4ot ap flp +(ro, Yo) + (1, Yy )+ 4 (1, Yy ),
for any t € Z, where the parameters ay,...,ap € R and r¢,7y,...,7, € Rt
are to be identified. Here we use the symbol (a, b) to denote the scalar product
of vectors a = (aq,...,aq) and b = (by,...,by), that is (a,b) = 2?21 a;b;.
Note that the parameters are assumed to be constant, i.e. they do not depend
on t.

Note that, alternatively, ji; can be defined as optimal unbiased linear es-
timator ) ., (w,, X,), with additional constraints

w,(1—¢)=0, j=1,...,n+h, s<t, (1)

S,7 (
imposed by the holes in the rotation pattern. Therefore the above recursion
can be written in the form

fit = @y fi—1 + - oap fe—p + (ro, Xo) + (r, Xy )+ 4 (0 Xy ). (2)

Note that (1) forces respective entries of vectors r;, j = 0,...,h + 1, to be
equal zero.

Under certain assumptions (see ASSUMPTION 1 and 2, below) there
exists a general algorithm, described in KW (see also Kowalski (2010)), which
completely solves the problem. It is rather complicated. Here we describe
it in the case of a single hole of any size h in the rotation pattern (thus
p = h+1). More precisely we assume that the rotation patterns have a form
1,1,...,1,0,0,...,0,0,1,1,...,1] where the zeros occur at places s + 1, s +
2,...,8+ h, for arbitrary s satisfying 1 < s < n.

Recall that the Chebyshev polynomials of the first kind (T,,) are defined
through a three step recurrence

Tni1(x) = 22T, (x) — Thoa(z), mn=1,2,...

and Ty =1, Ti(z) = z.
Consider a polynomial P of degree p defined by
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P(x)=1—p"+(n+h—1)(1+p°—2pz)+
—(14p* = 2pz)* tr (Ty(x)R, " (p)) ,

where Tp(z) is a h x h symmetric matriz polynomial

[ To(z) Ti(z) Tu(x) T,—3(z) T,
Ti(z)  To(z) Ti(z) Tp-a(z) T,
Tp(x): : : : :
Tp-3(x) Tp-alz) Tp-s5(x) To(z)
| Tp—2(z) Tp-3(z) Tp-a(z) T (z)

1+p2  p 0o ... 0 0
p 14 p? P 0 0
0 1+ .0 0
R,=| . 7 .
0 0 0 ... 1402
.0 0 0 ... p  1+p]

ASSUMPTION 1: All the roots zi,...,z, (real or complex) of
the polynomial P defined through (3), (4), (5) are distinct and do

not belong to the interval [—1,1].
Under ASSUMPTION 1 equation

1
has ezactly one solution d; such that |d;| < 1,i=1,...,p.
Letd = [dy,...,dy)T. Consider linear system

S(d)c = (1 - p*)e,

where S(d) is a (p + 1)p x p* matriz of the form

G(d) Gdy) G(ds) ... G(dy)
H(d)) 0 0 0
Sd=1| 0 H(d) 0 0
0 0 H(ds) 0

0 0 0 H(d,)

with p X p blocks G(d;), H(d;), i =1,...,p defined as
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[ 90(v) g1(v) gi(v) @(v) ... g1(v) Gi(v)
g1(v) 1 —vp 0 ... 0 0
Gv) = glfv) S
g1(v) 0 0 0 1 —vp
L) 00 0 o 1 |
[ ho(v)  ha(v) ha(v) hi(v) hi(v) hi(v) |
hi(v) v(1+p?) —v?p 0 0 0
hy(v) —p v(1+ p?) 0 0 0
hi(v) 0 0 v(l+p%) —vPp 0
hy(v) 0 0 —p v(l+4p?) —v%p
hi(v) 0 0 0 - v(l+p?) ]
and

gi(v) =1—vp, go(v)=1—p"+(n+h—1)gi(v),
hi(v) = (1 —vp)(v—p), ho(v) =0v(l—p?) + (n+h—1hi(v).
The unknown vector ¢ has the following structure
]T

Q: [217 227 "'7Qp

)

where ¢; = [coi,Cliy---scnill, @ = 0,1,.... Finally, e is the (p + 1)p-

dimensional unit vector e = [1,0,...,0]T.

ASSUMPTION 2. Linear system (6) has a unique solution.

Under ASSUMPTIONSs 1 and 2 the recurrence (2) holds with parameters
at,...,ap and ry,...,r, defined as follows:

o The linear system

nd T wed T+t adiba, = d, i=1,..p

has a unique solution, which equals a = [ay, ..., ay)|T, that is
_ _ -1
A U T | &
~1 —2
I I S TR db

Tt d, 1 dp
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o Foranyi=1,...,p let D; be an (n+ h) X (p + 1)p matriz defined as

rd;, 0 0 ... 0 d5 0 0 ... 0 ... d 0 0 ... 0]
g4 0 0 ... 0 d5 0 0 ... 0 ... d5 0 0 ... 0
o di 0 ... 0 dy dy 0 ... 0 ... d d, 0 0
a0 di ... 0 dy 0 dy ... 0 ... d 0 d 0
D=1 . . . .. ) .
g0 0 ... di d5 0 0 ... dy ... d, 0 0 .. d
g4 0 0 ... 0 dy 0O 0 ... 0 ... d, 0 0 ... 0
Ld, 0 0 ... 0 d5 0 0 ... 0 ... d 0 0 ... 0 ]

where the first s rows are identical, then the rows with numbers s + 1, s + 2,
.., $+ h, associated to the hole in the rotation pattern, are perturbed in a
reqular manner, and the last rows with numbers s+h+1, s+h+2, ..., n+h
are again identical and the same as the first s rows.
Let A be a (n+ h) x (n+ h) diagonal matriz defined as

A= (Id—-cch=.

All the elements of the diagonal of A are equal (1 — p?)~! except the last one
which equals 1.
Let

‘/’L:A(DZ_CD’H-I)? 1:0717

Let ¢ = c(d) be the unique solution of (6), which by ASSUMPTION 2 is
guaranteed to exist. Then, denoting additionally ag = —1, we have

7j—1
ro="Vocld), r;= (vj + 3 (aCT - amld)vj_l_i) cd) (7
=0

forj=1,...p.

Thus the problem has a solution provided the ASSUMPTIONSs 1 and 2 are
satisfied. It was proved in KW that the ASSUMPTIONSs are always satisfied
when p = 0 (no holes) or p = 1 (singleton hole; actually, any number of
singleton holes has been allowed). Intensive numerical experiments provided
strong motivation to conjecture that ASSUMPTIONs 1 and 2 are satisfied
for any p > 0. However, proving this conjecture seems to be rather difficult
even in the case of a single hole of any size.
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3. Szarkowski scheme

Here we concentrate on a special rotation pattern 110011 with a single hole
of size 2, called the Szarkowski scheme. As already mentioned, this scheme
has been adopted for the Labuor Force Survey in the CSO in Poland. We will
prove that under this rotation pattern ASSUMPTIONS 1 and 2 are satisfied.
Moreover, we will derive explicit analytic formulas for the parameters of the
recurrence a;, ¢ = 1,2,3, and r;, j = 0,1,2,3.

Note that under thls pattern n =4, h =2, p =3 and the missing elements
are at positions defined by the vectors e and e, in six-dimensional space RS,
We seek a representation

Lt = a1 fig—1 + ag fig—2 + a3 fig—3
+(ro, Xy) + (1, Xy 1) + (ro, Xy o) + (r3, X¢-3) (8)

for the BLUE of the mean pu; on the t-th occasion.
The main result will be preceded by three auxiliary lemmas, proofs of
which are postponed to Section 4.

Lemma 1. Let p € (—1,1)\ {0}. Then the polynomial
Wi(z) = 2® + (2 — p* + 20"z + 2(2 + 2p% + 2p* + p°)

has one real root x1 < —2|p| and two conjugate complex roots xoy and x3.

Lemma 2. For any p € (—1,1) \ {0} let

5(1—dp)(d—p) +d(1—p?) (1—dp)(d—p) (1—dp)(d—p)
Q(d) = | (1—dp)(d—p) d(1 + p?) —d’p
(1—dp)(d - p) —p d(1+ p?)

The equation
det Q(d) =0 (9)

has exactly three distinct roots di = dy(p), d2 = da(p) and ds = d3(p) such
that |d;| < 1,i=1,2,3. The number d; is the unique solution of equation

> (d+ ;) = zi(p),

where z;(p) is the root of the polynomial W3, satisfying |d;| < 1,i=1,2,3.
The root dy is real and the roots do, and ds are conjugate complex. More-
over,

dldgdg(dl +dy + dg) = —didy — dod3 — dsd;. (10)
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Lemma 3. Let p € (—1,1) \ {0}. Let @ = dy, f = dg and v = d3 be the
roots of (9) defined in Lemma 2. Let e; = (1,0,...,0) € R'2. Consider the

Jollowing 12x9 system of linear equations in ¢; = (€05, 1,5, CQJ]T, 7=1223

Qo(a) Qo(B) Qo(7)
0 0

Q(a) o
Qc= 0 Q(B) 0 ii = (1_/72)@1, (11)

0 0 QM)
where Q(d) is defined in Lemma 2 and
5(1—dp)+1—p> 1—dp 1—dp

Qold) = | 1—dp 1 —~dp
1—dp 0 1

The linear system (11) has the unique solution

1 _
o | =0~ Pg)@_lgh
C3

where ¢, = (1,0,...,0) € R? and Q is 9 x 9 invertible matriz defined as

Qo(a) Qo(B) Qo(v)
~ Qla) 0 0

with

~ (1 —dp)(d—p) d(1+p?) —d?
Q= dpd—p) —p e (13)

Now we are ready to formulate and prove the main result of the paper,
which completely covers the problem of recursive optimal estimation under
the pattern 110011.

Theorem 1. Let p € (—1,1)\ {0}. Let « = dy, f = da and v = d3 be the
roots of (9) defined in Lemma 2. Let ¢ = ¢(d) be defined as in Lemma 3.
Under the Szarkowski rotation pattern recurrence (8) always holds with

ap=a+B+y a=—(af+py+y2), a3=afy. (14)

Denote
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[1—pa 0 0 1-pB 0 0 1—py 0 O
l—pa 1 1 1—=p3 1 1 1—py 1 1
v 00 0 000 000
= 00 0 000 000
l—pa 0 0 1—pB8 0 0 1—py 0 O
| 1-p2 01 1-p2 0 1 1-p% 0 1|
Then
1 .
Kizl—iPQVDiQ i=0,1,2, (15)
with

DO = Dlag[L —Qp, 07 17 _Bpa 07 17 —P, 0]7
Dy = Diag[f+, —a(B+7)p, —p, v+a, =B(y+a)p, —p, a4, —y(a+B)p, —pl,
Dy = Diag[By, —afyp, —(B+7)p, ya, —aByp, —(v+a)p, af, —aByp, —(a+5)p].

and
1

r3 = IV Dyc 16
with
D3 = —PDiag[ﬁ%Qﬁ%’}’a,O,’Yav046707@5]‘
and
[0 000 0 0]
00 0 010
= 00 0100
1001000
01 0000
_1 00 00 O_

Proof of Theorem 1. First, note that p = 3 and the matrices T3(x) and Rs(p)
have the forms

Tg(g;):[i f] and R3(p)=|:1j10'()2 1;’;2].

Therefore det R3(p) = 1 + p? + p?,

_ 1 1+p*  p
R;'(p) =
5 (p) 1+ p2 4 [ p 1+ p?
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and

2 X
tr (Ta(o) Ra(p) = 2520

Consequently the polynomial P has the form

—823p% — 22(2p 4 p® — 2p°) + 2(2 + 2p% + 2p* + p%)
1+ p%+pt

( x ) Ws(x)
pl_o2) o "3\

20)  1+p>+p¥
where polynomial Wj is defined in Lemma 1. By Lemma 1 polynomial W35
has one real root less than —2p and two complex roots. Therefore polynomial
P has one real root outside interval [—1,1] and two complex roots. Hence
ASSUMPTION 1 is satisfied.

To show that ASSUMPTION 2 also holds we note that the matrix S =
S(d) in (6) has dimensions 12 x 9. Moreover, (6) is identical to (11). Now,
from Lemmas 2 and 3 it follows that ASSUMPTION 2 is also satisfied.

The coeflicients a1, as and ag solve the Vandermonde linear system

P(x) =

Observe that

ald?—i—agdi—i—ag:d?, 1=1,2,3.

Therefore
a1 2 d 177 [
as = d% d2 1 d%
as d% d3 1 dg
do — d3 ds — dq dy — dy di’
& — & & — & &2 — 2 03

do(dy — dg)ds di(ds —dy)ds di(dy — da)ds dg
(di — d2)(d2 — d3)(d3 — dy)

Thus
ap di +da + d3
ag = —d1d2 — d2d3 — d3d1
as d1d2d3
Denote

Uy = (1 - dlp’ 17 _dlpv 1-—- d2p7 ]-7 _d2p7 1-— d3pa 17 _d3p)T7

uy = (1—dip, 0,1, 1 —dop, 0, 1 —dsp, 0, 1)7
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and

3

v = [Q,{v ng U3 T]7

T T
w=[wy, wy, ws
where for i =1,2,3

v; = (1 —dip)(di — p), di(1 + p?), —dip)",

w; = (1= dip)(di — p), —p, di(1 + p*))".

Note that from (11) (its second and third row) it follows that

wle, =0, i=1,2,3. (19)

Let a =dy, 8 = do and v = ds. Denotealso&:l—ap,gzl—ﬂpand
¥ =1—p. From (7) we get

(1= p*)Vo = (1 = p*)A(Do — CD)

& 0 0 B 0 0 o 0 0
a —ap 0 g —=Bp 0 ¥y = 0
_ a I —ap B I =Bp 7 I =
a 0 1 B 0 1 5 0 1
1 0 0 B 0 0 5 0 0
[ 1-p2 0 0 1-p2 0 0 1-p%2 0 0 |

Note that the second and third rows of the above matrix are equal u! and

ul’ respectively. Thus (17) implies

e

—
Qo o N

coocogp ©
coococo o
coocooc o
coococo o

L 1-p?

and thus (15) for 7 = 0 holds.
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~

To simplify formulas, denote & = 5+, 6 = a+ v and ¥ = o + . From

(7) we obtain
(1=p)Vi = (CT + aild) Vi)

aa 0 0 BB 0 0
a(a + p) —adp 0 BB+ p) —BBp U
_ a(@+p) a—ap® —adp B(B + p) B—Bp* —BPp
a(@+p) p a—ap®  B(B+p) p B-Bp
a(a+p) 0 P _ BB+p) 0 P
ap+a(l —p?) 0 0 Bp+ B(1 - p?) 0 0
| A 0 0
| Y&+ p) —Y9p 0
| AG+p) A=t 7
| Y&+ p) P q=p
| Y&+ p) 0 P
| Ap+7301-p%) 0 0

Note that the second row of this matrix can be written in the form

(62(/)[\, _apaa —p, /Bﬁ7 _/6057 —pP, ﬁf}/\v _’Yp;y\a _p) +pﬂ2

The third and fourth rows, respectively, can be written as
aju; —v and  ajuy +w.
The fifth and sixth rows, respectively, can be written as
(@&, 0,0, 35,0,0,77, 0, 0) + puy
and
(1= p%)a, 0, —p, (1= p*)B, 0, —p, (1= p*)7, 0,

Therefore, from (17), (18) and (19) we get

(1= p*)ry
[ &a 0 0 BB 0 0 55
aa —pad —p BB —pBB —p Yy
B 0 0 0 0 0 0 0
- 0 0 0 0 0 0 0
aa 0 0 BB 0 0 39
L (1=pa 0  —p (1=p8 0 —p (1-p?

Consequently, (15) holds for j = 1.

—p) + pus.
0

-y
0
0
0
w0

IS
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Now we consider the case j = 2. Denote additionally @ = 87, 8 = va,
¥ = af. From (7) we get

(1=p?) [Va— (CT + a1ld) Vi + (a1 CT — apld) V)

ao 0 0 3B 0 0
a(ap + @) —asp 0 B(Bp+B) —asp 0
_ a(ap +a) a—aap®  —azp B(Bp+B) B—pBp*  —asp
a(ap + @) ap a — aap? B(Bp + B) Bp B~ BBp*
a(ap + @) 0 ap __BBp+5) 0 Bp
adp+a(l—p?) 0 0 BBp+ B(1—p?) 0 0
| 77 0 0
| A +7) —asp 0
| F@p +7) ¥-Fv°  —asp
| AGe+7) e A=A
| Y& +7) 0 Ap
| 330 +7(1 = p%) 0 0

Note that the second row of this matrix can be written as
@@, —pas, —p@a, BB, —pas, —p B, ¥7, —pas, —pA) + paruy — pw — p*uy
while the third and the fourth rows, respectively, are
—aguy — [@vf, By, Avi] and - asu, — [@wf,, Bwj, Jws]
and the fifth and sixth row, respectively, are
[@a, 0,0,88, 0, 0,77 + apuy — pw — p’uy
and
[(1—p*)@, 0, —p@, (1-p*)B, 0, —p B, (1-p*)7, 0, —pAl+aipuy — pw—p*u;.
Therefore, from (17), (18) and (19) we get

2
_(1 - p )ZQ
[ aa 0 0 BB 0 0 55 0 0 |
aa —paz  —pa BB —paz —pp Yy —pazg  —p7
B 0 0 0 0 0 0 0 0 0
- 0 0 0 0 0 0 0 0 0
aa 0 0 BB 0 0 35 0 0
| (1=pa 0  —pa (1-p)8 0 —pB (1-p7 0 —p7F |

Consequently, (15) holds for j = 2.

I
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Now we consider the case j = 3. From (7) we get
(1—p*) [Vs— (CT + a11d)Va + (a1 CT — aold) Vi + (a2CT — asld) Vo)
0 0 0 0 0 0 0 0 0 ]
—aap 0 0 —BBp O 0 -39 0 0
—aap azp® 0 —BPp azp® 0O —FFp azp® 0
—aap —ap azyp® —BBp —Pp asp® —FAp —Ap azp’
—aap 0 —pa —fBp 0 —pB A5 0 —p7¥
—aap 0 0 —BBp O 0 —A3p 0 0

Note that the third and fourth row of this matrix, respectively, are

_ T 3T _ T _ T 3T — T
aguy — [owy , Buy, Juz] and  — aguy + [Qwy , fwsy, Fws |

Again, using (17), (18) and (19) we conclude that

0 00 0 00 0 0 07
aa 0 0 BB 0 0 5% 0 0O
p 000 0 00 0O 0O
BTT7-,20 0 00 0 00 0 00|F€
aa 0 @ BB 0 B 77 0 7§
L aa 0 0 B8 0 0 35 0 0
Consequently, (16) holds. O

4. Proofs of lemmas

Proof of Lemma 1. The coefficients of the polynomial W3 are positive. There-
fore it is strictly increasing. Thus there is exactly one real root z1 = z1(p) < 0
and two complex conjugate roots xo = z2(p) and x3 = x3(p), x2 = T3. We
need to show that the real root x; is outside of the interval [—2|p|,2|p|].
Since W3 is strictly increasing to show that x1 < —2|p| it suffices to prove
that W3(—2|p|) is positive. We note that

Ws(=2|pl) = =8|p* — (2 = p* + 2p")|p| + 2(2 + 20 + 20" + p°)
=4 = 2|p| +4p* = T|p’ + 4p" = 2|p|” + 2p°

= (L= lp)? +2(1 = [p]*)* + (1 = |pI”)? +3p*(1 = |p]) + p*(1 = p°) +3p" > 0
O
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Proof of Lemma 2. Expanding the determinant in the equation (9) and in-

troducing the variable
1
=—p(d+=

we arrive at the equivalent equation
W3 (I‘) =0.

By Lemma 1 we conclude that
; 1 1
_h_ - <d+> Z[-1,1], i=123. (20)
P

That is exactly one of the two solutions of the above equation (for the variable
d) is inside open unit disc and exactly one outside. In particular,

2 2

—x1 — /27 —4p

dy = €R. (21)
2p

Since xo and x3 are complex conjugate, then do and ds are also complex
conjugate, since they both are in open unit disc.

By the Viete formulas for W3 we have
r1 +x9 +2x3=0. (22)

Note that if d; is the solution we seek, then the remaining solution of (20) is
1/d;. Therefore (22) is equivalent to

1 1 1
di+—4+do+—+ds+—=0.
1+d1+ 2+d2+ 3+d3
Multiplying the above identity by didads we arrive at (10). O

Proof of Lemma 3. Due to Lemma 2 the linear system

Qc=(1-p"er (23)
is equivalent to (11).

We will prove that the matrix @ is invertible by showing that its deter-
minant is non-zero. Equivalently we consider determinant of the matrix
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Qi =
[ o ig iy Ja Ja Jjs Js v Jy ]
Ja J8 Iy 1 —pa 1 —pB 1 —pY
Ja  J8 v 0 1 0 1 0 1
ke 0 0 (1+pH)a —pa? 0 0 0 0
ke 0 O —p (1+p)a 0 0 0 01,
0 ks O 0 0 (1+p%)8 —pB? 0 0
0 kg O 0 0 —p (1+pH)p 0 0
0 0 Kk 0 0 0 0 (1+p*)y —p7?
L 0 0 Kk 0 0 0 0 —p (1+p%)y |
where
e =51 —pr)+1—p% jJo=1—pz and k;=j.(z—p),
forx =, G, v.
Let
1+ p? — p(d+1/d))(1 + p? + pd

1+ p%+pt

We add 4th column multiplied by A(«) and 5th column multiplied by
B(p) and subtract the result from the 1st column. Then we add 6th column
multiplied by A() and 7th column multiplied by B(/3) and subtract the result
from the 2nd column. Finally, we add 8th column multiplied by A(y) and
9th column multiplied by B(7) and subtract the result from the 3rd column.
All these operations do not change the absolute value of the determinant of
@ and the resulting matrix is block diagonal with the following blocks on the
diagonal

ia = Jja(A(e) + B(a)) ig —js(A(B) + B(B)) iy —jy(A(v) + B(v))
Bo=| Jja—Ala)+paBla) js—AB)+pBBB) jy—A()+pyB()
Jo — B(a) js — B(B) Jy = B()
and
A+ p*)d —pd? .
Bz_[ L s | T2
It suffices to prove that det B; #0,¢=0,1,2,3.
Note that

det B; = d*[(1+ p*)* +p’] >0 i=1,2,3.

Now we consider G(p) := det By. Expanding the determinant of By we
arrive at a "polynomial of twelfth degree" in p
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G(p) = =4+ 2s1p — 20° + (251 + 55 — 65159 + 9s3)p> — 2(1 — 53 + 5153)p"

+2(s1 — 5152 +253)p° + (14253 — 25153 — 653 — 55+ 351 5953)p° —2(s152 —283)p”
+2(s5 — 5153 — 52)p° 4 (5150 — 283 4 53)p° — 253p'0 + s2p'2.
where
s1=di +dy+d3, s2=didy+dads+dzdy, s3=didads. (24)
By (10) we get

G(p) = —4+ 2s1p — 2p° + (251 + 55 + 65753 + 9s3)p> — 2(1 — 5753 + s153)p?
+2(s1 + 5753 4 283)p° 4 (1 — 5753 — 25153 — 653 — 5753)p° + 2(s7s3 + 253)p"
+2(s753 — s153 — 53)p° + (—s7s3 — 253 + 53)p° — 253p"" + 53p'%;

Thet Viete formulas for W3 give
to = x1x2 + Xox3 + T3 = 2 — p2 + 2p4 > 0.

On the other hand

1 1 1 1 1 1
=it (o) (g )+ () (v )+ (v ) (o))

By (24) and (10)

by = p2 (3283 + 51+ 5152 B 3> _ p2 (31 — 5153(51 + 53) _3> .

83 83

Thus

3+ 52+ ty/p?

sy = syt /0 (25)
1—s3

and consequently

3+ st +ta/p?

sy = sz oI RI

1-— 5%
since ty > 0 and |s3| = |d1dads| < 1.

Since the coefficients of the polynomial W3 depend only on p? then z; is
a function of |p|. Since z1 < 0 (see Lemma 1) it follows from (21) that

pdi(p) <0
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and thus
pss = pdi(p)da(p)ds(p) = pdi(p)|da(p)|* < 0.
Moreover
2
pS1 = Pro1ss < 0.
ps3

Transform (25) into
8%83 — (1 — 8%)51 + 83(t2/p2 + 3) =0
leading to
s183(1 — s183) = slsg + 5%(752/,02 +3) > 0.

That is 0 < s1s3 < 1.

Now we will use the inequalities we have just derived
ps1 <0, ps3<0, and 0<sys3<l1.

to show that G(p) < 0 for any p € (—1,1). To this end we split G(p) into
several terms and show that each of these terms is negative:

s1p < 07

(251 + 55 + 65753 4 9s3)p> < 0,

3.3

—2(1 — 5752 + s183)p" + (1 — 5752 — 25153 — 652 — 5555)p"

= —p1(2 = p?) — 25153(1 — 5153)p" — (5953 + 25153 + 653 + s353)p° < 0,
2(s1 + 8183 + 283)p° + (—sis3 — 253 + 53)p”
= 251" + s353p°(2 — pt) 4 2s3p°(1 — p) + s3p” < 0,
2(s3s3 + 2s3)p’ < 0,

2(3%3% — 5183 — s%)p8 = —2[s1s3(1 — s183) + sg]pS <0,

—2s3p'% 4+ s3p'? = —s3p'%(2 - p*) < 0.
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