Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 399, lssue 2, March 15, 2013 IS5N D022-247X

gmmm/a/
MATHEMATICAL
ANALYSIS AND

ARBIEIC AN NS

Selilorss  StevenG.Krantz  GoongChen  Richard M, Aron
Divisien Eelifors: R Curto P. Sacks RH. Torres
H. Frankowska U Stadtmueller T, Witelski
wlssoeiade Celidors:
A Bl . Durdn W, Laytan I (Regan B Sims
1 Bastern L Flalkerw PE. Lemaric-Bleusset  HR Parks K. Straube
HH. Bauschke A Filar T M. Peligrad B, Straughan
1.0 Braavides 5. Fulling H. Liu MM Feloso A Sulem
B Bernd R Gormet ¥ilou R Popovych B, Thoesan
0. Blecher 1. Guermand A Lanastli 5 Power R Timeney
& Bleman € Gutierrez R Mandsevich V. Poxdnyake . Wang
0. Borgero Y. Mg, M. Matbien M. Putinar D, Waterman
M. Carro M. Linnelli . Mahi M Quinca e CE. Wayne
R.Cascal AV, lsaev 1L McKenn rmm W, L Wendiand
A Cianchi K Jarosz |- Morgan e 1D M. Wright
€ Corach o Kang M. Nakso £ Sakaman 1 Ko
A Dbl 0. Khuvieson P vl W, Sagiet " Yao
M, 3¢l Firio P. Koskela 11 Nieta M. Sebosser A Zhang
A Dontchey M Laczkovich K. Nishibara Jshi H 2waat
Selédor: RP. Boas, 1985-1991 Available online at www.sciencedirect.com
Founding Edilors sichard Baiman SciVerse ScienceDirect
Honorary Edilors: George Leitmann William F. Ames  Jamies SW. Wang

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

J. Math. Anal. Appl. 399 (2013) 599-607

Contents lists available at SciVerse ScienceDirect

Journal of Mathematical Analysis and
Applications

journal homepage: www.elsevier.com/locate/jmaa = S

The Lukacs theorem and the Olkin-Baker equation

Roman Ger?, Jolanta MisiewiczP, Jacek Wesotowski **

2 Instytut Matematyki, Uniwesytet Slqski, Katowice, Poland
b Wydziat Matematyki i Nauk Informacyjnych, Politechnika Warszawska, Warszawa, Poland

ARTICLE INFO ABSTRACT
Article history: The Olkin-Baker functional equation, except of being studied inside the theory of functional
Received 10 December 2011 equations, is closely related to the celebrated Lukacs characterization of the gamma

Available online 23 October 2012

! . distribution. Its deeper understanding in the case of measurable unknown functions is
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essential to settle a challenging question of multivariate extensions of the Lukacs theorem.
In this paper, first, we provide a new approach to the additive Olkin-Baker equation
which holds almost everywhere on (0, 00)? (with respect to the Lebesgue measure on R?)
under measurability assumption. Second, this new approach is adapted to the case when
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Gamma distribution unknown functions are allowed to be non-measurable and the complete solution is given
Functional equations in such a general case. Third, the Olkin-Baker equation holding outside of a set from proper
Additive function linearly invariant ideal of subsets of R? is considered.

Logarithmic type function © 2012 Elsevier Inc. All rights reserved.

Semi-constant function
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1. Introduction

One of the most classical results of characterizations of probability distributions is the Lukacs theorem, which states that
if X and Y are positive, non-degenerate and independent random variables such that U = X + Y andV = X/(X 4+ Y) are also
independent then X and Y have gamma distributions with the same scale and possibly different shape parameters.

The proof given in Lukacs [1] exploits the approach through a differential equation for the Laplace transforms. This
technique was successfully developed for matrix variate versions of the Lukacs theorem in Olkin and Rubin [2] and Casalis
and Letac [3], where the Wishart distribution was characterized through independence of U = X + Yand V = w(X +
Y) X wT (X +Y), where w is so called division algorithm, that is w(a)aw” (a) = I for any positive definite matrix a. However
an additional strong assumption of invariance of the distribution of V by a group of automorphisms of the cone of positive
definite matrices was additionally imposed. To avoid this restrictive invariance condition Bobecka and Wesotowski [4]
designed a new approach to Lukacs characterization based on densities. Assuming that the densities are strictly positive
on the cone of positive definite matrices and that they are twice differentiable they proved the characterization of Wishart
distributions through independence of U = X + Y and V = (X + Y)"'2X(X + Y)~'/2, where a'/? denotes the
unique symmetric root of a positive definite matrix. The proof was based on solutions of two functional equations for real
functions defined on the cone of positive definite matrices. Exploiting the same technique, Hassairi et al. [5] with the same
technical assumptions on densities proved that independence of U = X + Y andV = [W(X + V)" X[WT(X + V)],
where WX + Y) WI(X +Y) = X + Y is the Cholesky decomposition of X + Y, that is W(X + Y) is an upper
triangular matrix, characterizes a wider family of distributions called Riesz-Wishart (further development in the case of this
division algorithm, still under twice differentiable densities, was obtained for homogeneous cones in Boutouria [6,7] and
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Boutouria et al. [8]). This fact shows that the invariance property assumed in Olkin and Rubin [2] and Casalis and Letac [3]
was rather not of technical character. It appears that the Lukacs independence condition may define different “gamma”
distributions depending on the division algorithm used for designing the variable V.

It is somewhat disappointing that these results depend so much on smoothness conditions for densities. Even if the
condition of existence of strictly positive densities can be easily accepted, twice differentiability of the densities seems
to be too much. Therefore it is of great interest to get rid of these technical restrictions if it is possible. Moving in this
direction, the first of the functional equations from Bobecka and Wesotowski [4], the equation of ratios, has been recently
solved in Wesotowski [9] for functions defined on the Lorentz cone. Studying the Lukacs theorem on the Lorentz cone

V = {(Xo,X1, ..., X)) € R x5 > | /x% + -+ -+ x2} is the right approach, if one wants to extend the Lukacs result

to the R™*! setting. Another trial in this direction given in Bobecka and Wesotowski [ 10] through a coordinate-wise version
of the Lukacs independence condition led to a very special distribution of independent sub-vectors, components of which
are scaled versions of a univariate gamma variable.

Therefore, there is a good reason for looking for new proofs of the classical Lukacs result in the univariate case. Except
of being of interest on its own it may give a new insight into what can be done in the multivariate setting, as explained
above. The basic functional equation related to this issue, when one considers relations which have to hold for densities, is
the celebrated Olkin-Baker equation

f®gW) =px+y)qx/y) (1)

with unknown functions f, g, p, q : (0, c0) — (0, o0). The problem of solving this equation was posed by Olkin [11]. Its
general solution under the assumption that it holds for all (x, y) € (0, 00)? was given by Baker [12]. The proof was based
on two additional lemmas and was quite complicated. Eq. (1) was also analyzed in Lajko [13], who applied the approach
developed in Dardczy et al. [ 14] allowing to use known methods for the Jensen functional equation. Recently, Mészaros [15]
solved this equation assuming that it is satisfied I,-almost everywhere on (0, oo)?. (Throughout this paper I, denotes the
Lebesgue measure in R".) Her approach was based on Jarai’s regularization technique (see [16,17]), which actually allowed
to reduce the problem to the Olkin-Baker equation with unknown continuous functions for which Eq. (1) holds everywhere.
Consequently, the final result followed directly from the original Baker solution. More recently, Lajk6 and Mészaros [18],
using another method developed by Jarai (see also [17]), showed that it suffices to assume that unknown nonnegative
functions in (1) are positive on some sets of positive Lebesgue measure.

The motivations for this paper are two-fold: coming from probability - we seek new approach to the Olkin-Baker
equation which may lead to the matrix-variate version of the Lukacs theorem for the Wishart distribution; coming from
the functional equations theory - we seek a general solution of the Olkin-Baker equation holding almost everywhere, or
even more generally, holding outside a set from proper linearly invariant ideal of subsets of R?. We develop a new method of
solutions of Eq. (1) holding ,-almost everywhere in (0, 0o0)? first under measurability assumption for unknown functions.
Further this method is extended to cover the case of the general solution of (1) holding I,-almost everywhere in (0, 00)? in
terms of additive and logarithmic type functions. In the course of the argument we introduce a notion of “semi-constant”
function. Such a function f : (0,00) — R satisfies f(xy) = f(y) for l;-almost every x > 0 and anyy € (0, 00) \ Ei,
where [;(Ex) = 0. The rest of the paper is organized as follows. In Section 2 we explain the connection between the Lukacs
characterization and the Olkin-Baker equation. Section 3 is devoted to a new approach to the Olkin-Baker equation under
assumptions that unknown functions are measurable and the equation is satisfied I,-almost everywhere on (0, c0)?2. In
Section 4, using the concept of semi-constant function we derive a general solution of the Olkin—-Baker equation when it
holds L-almost everywhere in (0, 00)? and no regularity assumptions on unknown functions are imposed. In Section 5 we
show how to adopt the reasoning of previous cases to an abstract setting when the equation is satisfied outside of a set
belonging to proper linearly invariant ideal of subsets of R?.

2. Lukacs theorem with densities

The result we formulate below is a special case of the Lukacs theorem and as such is well known. The main novelty is its
rather elementary proof based on densities and on a new approach to the Olkin-Baker equation. This approach has recently
proved to be useful in multivariate extensions—it has been used e.g. in the proof of the Lukacs theorem on the Lorentz cone
in Kotodziejek [19].

Theorem 1. Let X and Y be independent random variables having strictly positive densities defined on (0,00).If U = X 4+ Y
and V = X/(X + Y) are also independent, then there exist positive numbers p, q, a such that X ~ G(p,a) and Y ~ G(q, a),
where G(r, ¢) denotes the gamma distribution with the shape parameter r > 0 and the scale parameter ¢ > 0, which is defined
by the density

r

c r—1_—cx
X e ™l X).
) (0,00) (X)

fx) =
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Proof. It is standard to see that the independence condition can be equivalently rewritten as follows: there exists a set
M C (0, 00)? such that l,(M) = 0 and

fox+9)fy ()%y) = X+ DK Y (%) € (0,002 \ M.

Taking logarithms of both sides we arrive at
a(x) +b(y) = c(x+y) +dx/y) V(xy) € (0,00 \ M, (2)

where a = log(fx), b = log(fy), c(x) = log(fy (x)) — log(x) and d(x) = log[fy (x/(1 +x))], x € (0, c0).
Now, using the result of Proposition 2 we get

S o<k 1eM g 5y (x) and  fy (y) o Y26 (g o) (¥),
where o« means equality up to a multiplicative constant. Since fy and fy, as densities, are integrable on (0, c0), we have that
pi=x+1>0andA >0 0O

3. Almost everywhere Olkin-Baker functional equation under measurability

The main result of this section is the solution of Eq. (2) holding I,-almost everywhere in (0, co0)? under measurability
assumptions through a new method which is neither based on Jensen equation (as in Lajké, [ 13]) nor on Jarai’s regularization
techniques (as in Mészaros, [15]). In Section 4, this method will be extended to the general Olkin-Baker equation holding
I,-almost everywhere in (0, oo)? with no regularity assumptions whatsoever on the unknown functions.

Proposition 2. Let a, b, c and d be real Borel measurable functions on (0, co). Assume that there exists a measurable set
M C (0, 00)? such that I,(M) = 0 and

a(x) +by) =cx+y) +d (3) . (%) € (0,002 \ M. G3)

Then there exist real constants A, x1, x, &, B, y and 8 satisfying o + B = y + § such that for l;-almost all x € (0, c0)

a(x) = Ax + x1log(x) + «, b(x) = A x + x; log(x) + B,

X
c(x) = AXx+ (1 + %) log(x) + v, d(x) = x; log <m> — 9 log(1+ x) + 6.

Proof. For any r > 0 from (3) we get

a(rx) + b(ry) = c(r(x+y)) +d (g) . (%) €(0,00)%\ %M- (4)

Subtracting now (3) from (4) for any r > 0 we arrive at

a-(x) + by (y) = - (x + y), (x,y) € (0,00)%\ (M U %M) , (5)

where a,, b, and ¢, are defined by a,(x) = a(rx) — a(x), b,(x) = b(rx) — b(x) and ¢,(x) = c(x) — c(x), x € (0, 00),
respectively.

Due to measurability of a, b and c it follows from (5) that for any r € (0, co) there exist A(r), «(r) and B(r) such that
for l;-almost all x € (0, o0)

a;(x) = A(r) x + a(r), b, (x) = A(r) x + B(r), (%) = A(r) x + a(r) + B(r)

(for more details see Theorem 6 in Section 5).

First, consider the functions a, for any r > 0.

By the definition of a, and the above observation it follows that for any (x, y) € (0, 00)? there exists a measurable set
E,y C (0, 00) such that l;(E,,) = 0 and

Uy (2) = a(xyz) —a(z) = AXy) z+a(xy), Vze (0,00)\Ey.
That is the above identity holds on the set
U ={(x,.2) : (x,y) € (0,00)%, z € (0, 00) \ Ey}.
Similarly

ay(xz) = a(xyz) — a(xz) = AQY) xz + a(y)
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holdson U, = {(x,y,2) : (x,¥) € (0,00)%, z € (0,00) \ %Ey}, where for any y > 0 the set E, C (0, 0o) is such that
li(E)) = 0.
Also

ax(z) = a(xz) —a(z) = A(x) z + a(x) (6)

holdson Us = {(x,y,2) : (x,¥) € (0,00)?, z € (0, 00) \ Ey}.
Taking into account the last three identities, since a,,(z) = a,(xz) 4 a,(z), we arrive at

Axy)z+akxy) = AW)xz + x(y) + A(x)z + a(x)

onVy =UiNU;NUs ={(x,y.2) : (x,¥) € (0,00), z € (0,00) \ (Exy U 1E, UE)}.
Interchanging the roles of x and y in the above reasoning we arrive at

AXY)z+a@xy) = AXx)yz+ax) + AY) z+ a(y)
onVy ={(x,y,2) : (x,y) € (0,00)%, z € (0,00) \ (Eyy U jE  UE))}.
Finally we conclude that
Axy)z+axy) = AW xz+ay) + AX) z+ax) = AX) yz + o) + AY) z + a(x) (7)
on
V=VinV,={®xy,2): (xy) € (0,00, z € (0,00) \ Ey},
where E;y = Ey U yEy U Ex U Exy U JEy UE, and thus [ (Ey,) = 0.

Consequently, A(y) xz 4+ A(x) z = A(x) yz+ A(y) zforany x,y > Oand any z € (0, o0) \ Ex,. Thus taking x = 2 and
denoting A(2) = A we obtain

AW) =A@y —1) Vye (0, c0). (8)

Thus A(xy) z = A(y) xz + A(x) z and returning to the first equation of (7) we arrive at a(xy) = a(x) + (y) on (0, 00)>.
Note that due to (6) and (8) it follows that « is a measurable function. Consequently, @ (x) = x log(x) for x € (0, o), where
% = x4 is a real constant.

Now, we plug (8) with y replaced by x into (6) getting

a(xz) —az) = A (x — Dz + »x log(x) (9)

for any x € (0, 0o) and for any z € (0, 00) \ (Ex N E; ). Define now a new function h : (0, 00) — R by h(x) = a(x) —
A x — x log(x). Then (9) has the form

h(xz) =h(z) Vx>0 and Vze (0,00)\ (ExNEyy).

By Lemma 3 it follows that h is constant, say equal to «, outside of a set of [; measure zero. Thus the final formula for a is
proved.
The formulas for b and ¢

b(x) = Ax+ xplog(x) + 8 and c(x) = Ax + x:log(x) + y,

which hold [;-almost everywhere, follow in much the same way. Note that (5) yields »x, + »x, = x..

To retrieve d from (2) it suffices to change the variables as follows (x,y) — (x/y,y) = (z, y) that is to transform the
set (0, 00)? \ M by this mapping. Then by the Fubini theorem again we conclude that there exists a set Z C (0, oo) with
[1(Z) = 0 such that for any z € (0, 00) \ Z there exists a set E, with [ (E;) = 0 such that for any z € (0, 0co0) \ Z and for any
y € (0,00) \ E; we have

d(z) = Azy+xglogzy) +a + Ay +xplog(y) + B — A (zy +y) — (xq + xp) log(zy +y) — v
= xgl0g(z/(z+ 1)) + xplog(1/(z+ 1)) +a+B—y. O

Lemma 3. Let G : (0, 00) — R be a Borel measurable function such that
Gxy) =G(y), Vx>0 and Vy € (0,00)\ Ey, where [;(E,) = 0. (10)
Then G(x) is constant for l,-almost all X’s.

Proof. By (10) we get for any t € R and for any x > 0 that

; 1
/ SiC) gy — / Y dy =: w(t).
o 0



R. Ger et al. /J. Math. Anal. Appl. 399 (2013) 599-607 603

Changing the variable u = xy in the first integral we obtain
X
xw(t) = / e dy.
0
Thatis f; (e"™® — w(t)) du = 0 for any x > 0. Hence for any Borel set B C (0, 00) we have
/ (™™ —w(t)) du = 0.

B
By the basic property of the Lebesgue integral we conclude that ™ = w(t) forevery t € Rand any u € (0, 00) \ E;, with
l1(E;) = 0.Take arbitrary t1, t; € R, t; # t,. Then foru € (0, 00) \ (E;, U E;,) we have

w(tl) — eitlc(u) — (eitzG(u))tl/tZ — (w(tz))tl/tz-

Consequently, there exists a constant x € C such that w(t) = e, t € R. Finally, we conclude that G(u) = » € R outside a
set of the Lebesgue measure zero. O

4. Almost everywhere Olkin-Baker functional equation without measurability
Recently, Kominek [20] proved that there exist solutions of (10) which are not constant [;-almost everywhere. Actually,
in that paper an additive version of (10) of the form
Hx+y)=H(y) xeR\X, LX) =0, yeR\E, L) =0,

was considered. In view of Lemma 3 these solutions are not Borel measurable. Any function G satisfying (10) will be called
semi-constant function.

Recall, that a function A : (0, o0) — R is called additive whenever it satisfies the Cauchy equation, that is A(x + y) =
A(x) + A(y), x,y > 0. Similarly, a function L : (0, c0) — R is termed a logarithmic type function provided that L(xy) =
L(x) + L(y), x,y > 0. Semi-constant, additive and logarithmic type functions will play the crucial role in our approach to
the Olkin-Baker equation, when no regularity conditions are imposed on the unknown functions.

Theorem 4. Let a, b, c and d be real functions on (0, 0o). Assume that there exists a measurable set M C (0, 00)? such that
L(M) =0and

a(x)+b(y):c(x+y)+d(§), (X, y) € (0, 00)2 \ M. (11)

Then there exist an additive function A : (0, c0) —> R, logarithmic type functions Ly, L, : (0, o00) —> R and real constants
o, B, y such that

ax) = ARX) + La(x) + a, b(x) = AKX) + Ly(x) + B, c(x) =AX) + Lo(x) + Ly(x) +y

and

d(x):La()%>—Lb(x+l)+a+ﬂ—y

for l;-almost all x € (0, 00).

Proof. Repeating the first part of the argument used in the proof of Proposition 2 we arrive at the following representations
of functions a, b and ¢ which are valid [;-almost everywhere on (0, c0)

a(x) = Ax) + Lo(x) + he(x), b(x) = A(x) + Ly(x) + hp(x),
c(x) = A(x) + La(x) + Ly(X) + hc(x),

where hg, hy and h, are semi-constant functions.
Plugging these forms of unknown functions back to the original Eq. (11), and denoting z = x/y similarly as in the previous
proof we get

d(z) = Li(z/(z + 1)) + Ly(1/(z + 1)) + ha(2y) + hpy(y) — he(zy +)

holding for l1-almost all z € (0, co) and for any y € (0, 0o) \ E,, where l;(E;) = 0. Note that, by the definition of semi-
constant functions, possibly extending E, to another set E, but still with [;(E,) = 0, we have

ha(y) + hp(y) — he(y) = d(2) — La(z/(z + 1)) — Ly(1/(z + 1)) (12)
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which holds for I;-almost all z € (0, o0) and any y € (0, o0) \E‘z. Fix z in (12). Then we conclude from (12) that h, 4+ hy, — h,
is I;-almost everywhere constant, say 8. Consequently d(z) = L,(z/(z + 1)) — Ly(1/(z + 1)) + 6.
Now, (11) yields the Pexider equation

ha(x) + hp(y) = he(x +y) + 6
f~or l,-almost all (x,y) € (0, 00)?. Consequently, by means of Theorem 6 (see Section 5), there exist an additive mapping
A : R — R, real constants «, 8 and a set E of measure zero such that

he®) =A(X) +a+B—68, hyx) =AX +a and hy(x) =AKX) + B
forall x € (0, 00) \ E. Since h, is semi-constant we derive the existence of a set E; of measure zero such that

ha(2y) = hq(y) forally € (0, 00) \ E;.

ObviouslyE’ =EUEU %E is of measure zero and, for every y € (0, 00) \ E", one has

2A(9) + @ = AQ2y) + @ = ha(2y) = he(y) = A(Y) + a.

This implies that A(y) = 0 for [1-almost all positive y’s (actually, on account of Lemma 5, see Section 5, we see that A
vanishes everywhere on R). Thus

he)=a+B—-86="y, hyx) =a and hyx) =p

for [;-almost all x € (0, co) and the proof has been completed. O

5. More abstract setting

The nullsets in the preceding section may naturally be replaced by an abstract notion of “negligible” sets, i.e. members
of a proper linearly invariant ideal (briefly: p.Li. ideal) in R defined as follows.

A nonempty family ¢ C 2% \ {R} is termed to be a p.Li. ideal (resp. p.Li. o-ideal) provided that it is closed under finite
(resp. countable) set theoretical unions, i.e.

ABeg=>AUBcg (resp.Aneg, neN:UAneg),

neN

hereditary with respect to descending inclusions, i.e.
Ae g, BCA=—Beg,

and such that jointly with a given set it contains its image under any affine transformation of the real line onto itself, i.e.
Aed, aeR\{0}, feR— oA+ B €.

Clearly the family of all nullsets (sets of Lebesgue measure zero) in R forms a p.Li. o-ideal. However there are numerous
other p.Li. ideals; let us mention only a few of them:

the family of all first category (in the sense of Baire) subsets of R;

the family of all bounded subsets of R;

the family of all sets of finite outer Lebesgue measure in R;

the family of all countable subsets of R;

given a nonempty family & C 2% such that no finite union of sets of the formaU + B8, o, 8 € R, a # 0, U € R,
coincides with R the collection of all subsets of finite unions of affine images of sets from R forms a p.l.i. ideal (generated
by R).

Remark 1. Each member of a p.Li. o-ideal forms a boundary set.

Proof. If we had an interval («, 8) ina p.li. o-ideal § in R then the union of intervals k(—¢, &) with ¢ := %(ﬁ — ), over all
positive integers k would coincide with the whole of R, contradicting the propernessof §. O

We say that a property & (x) holds for g-almost all x € R iff £ (x) is valid for all x € R \ U provided thatU € ¢.
For a subset M C R? and x € R we define a section

M[x] ={yeR: (x,y) € M}.
Motivated by the Fubini theorem we define the family
22(3) ={M C R? : M[x] € g for g-almost all x € R}

and refer the reader to the paper of Ger [21] or to the monograph of Kuczma [22, Chapter XVII, Section 5]) for further details.
In the sequel we will need the following.
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Lemma 5. Givenap.Lio-ideal g in R and a positive number c, assume that an additive function A : R — R enjoys the property
that Al 000\ = 0 for some E € §. Then A vanishes on R.

Proof. Without loss of generality we may assume that E = —E. Consequently, that symmetry property is shared by the set
P = ((—o00, —c) U (c, 00)) \ E, i.e. P = —P. Plainly, due to the oddness of A one has A|p = 0. Fix arbitrarily an x € R. We
are going to show that

PN (x+P)#0. (13)
Indeed, otherwise we would have

PPU(x+P)=R, whereP' :=R\P,
whence

[—c,c]UEU[x—c,x+c]UKX+E) =R.

In particular, we get int (E U (E 4+ x)) # @, which contradicts Remark 1 because, obviously, the union E U (E + x) forms a
member of the o-ideal 4.

Thus the inequality (13) has been proved. Taking now a point p from the intersection P N (x + P) we infer that both p
and x — p belong to P, whence

A(x) =A(p) +Alx —p) =0,
which finishes the proof. O

We proceed with proving the following result.

Theorem 6. Given a p.Li. o-ideal § in R assume that functions f, g, h : (0, o) — R satisfy the Pexider functional equation

fx+y) =g® +h@y) (14)

for all pairs (x,y) € (0,00)> \ M and some member M of the family $2(g) such that T(M) € $2(g) for every unimodular
transformation T of the real plane. Then there exist exactly one additive function A : R — R and real constants «, 8 such that

fx) =AX) + o + 8, gx) =AX)+a and h(x) =AKx)+ B
for g-almost all x € (0, c0).

Proof. Proceeding like in the proof of Theorem 8 from Ger’s paper [21] we derive the existence of a positive constant xg
(by means of Remark 1, being as small as required) and real constant y, such that the function

F(x) = f(x + 2x0) + Yo, x € (0, 00),

satisfies the Cauchy functional equation £2(g)-almost everywhere, i.e. there exists a set N € £2(4) such that
F(x+y) = F(x) + F(y) forall pairs (x,y) € (0, 00)* \ N.

Moreover, we have also
gx) =f(x+x0)+y1 and h(x) =f(x+x9) +y, forg-almostallx € (0, c0),

with some real constants y1, y-. It is not hard to check (somewhat tedious but easy calculations using the unimodular images
of M) that then the function @ : R — R given by the formula

F(x) whenever x € (0, 00)
&(x): =140 forx=20
—F(—x) wheneverx € (—o0, 0)

admits a member Ny of the family £2(g) such that
D(x+y) = ®d(x)+ ®(y) forall pairs (x,y) € R\ Np.

An appeal to the main result of de Bruijn [23] (see also Ger [24] where the notation coincides with that used in the present
paper) gives the existence of exactly one additive function A : R —> R such that

@ (x) = A(x) for g-almostallx € R.
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Consequently, there exists a set E(xg) € ¢ and some real constants «y, By such that
fx+2x) =AX) +ao+ fo.  &X+x) =AX) +fo and h(x+x) =AX) + fo
forall x € (0, c0) \ E(xp). Hence
f() =A) +a+ B fort e (2x0,0) \E(xo),  g(t) =A(t)+ B fort € (xo,00) \ E(xp)
and h(t) =A(t)+ B fort € (xg, 00) \ E(xo),

where we have put E"(xo) = (E(xp) 4+ 2x9) U (E(X0) + X0) € & and o := g — A(xp),

B = Bo — A(xp). Since, as it was told earlier, the point xo might be chosen as small as we wish, for every positive integer
n there exist an additive map A, : R —> R, asetE, € ¢ and real constants «,, 8, such that foreacht € (%, oo) \ E, one
has

f(t) =Ap(t) + otn + Ba, g(t) =Ap(t) +an and h(t) = Ay(t) + Bn.

Fix arbitrarily positive integers n, m, n < m, to get
1
An(t) +ap =An(t) = an, forallt e (—, oo) \ E,
n

where we have put

o0
E=|JEeq.
n=1

Now, fixat € (%, 00) \E with E = U,‘:; %E € g thenkt € (%, o0) \ E for every positive integer k, whence
KAy (t) + oy = Ap(kt) + an = Ap(kt) + o = kA (t) + o
and, a fortiori,

)
n

An(t) = An(t) forallt e (1 oo)\E.

Therefore, the additive function A, — A, vanishes g-almost everywhere on the halfline (%, 00) whence in view of Lemma 5,
A, = A, =: Adoes not depend on n as well as the constants «, =: « and 8,, =: 8. This forces the equalities

fO)=At)+a+pB, gt)=A{)+a and h(t) =A(t) + B
to be valid for every t € (%, o0) \ E, n € N, which completes the proof. O

A careful inspection of the proof of Theorem 4 as well as that of Proposition 2 ensures that dealing with the p.Li. o -ideal of
all sets of Lebesgue measure zero in R we were using exclusively these properties of that set family which are axiomatically
guaranteed in the definition of an abstract p.Li. ideal. Therefore we terminate this paper with the statement of the following
generalization of Theorem 4.

Theorem 7. Given ap.li. o-ideal § in R assume that functions a, b, ¢, d : (0, co) —> R satisfy the functional equation (11) for
some member M of the family §2(¢). Then in the case where the set T(M) falls into §2(g) for every unimodular transformation
T of the real plane, there exist an additive function A : (0, o00) —> R, logarithmic type functions L, L, : (0, 00) —> R and real
constants «, B, v such that

ax) =AX) + LX) +o,  bX) =AK +LXx)+ B, cx) =AX + LX) + LK +y

and

d(X)=La( )—Lb(X+1)+oe+ﬁ—V

x+1
for g-almost all x € (0, c0).

The following final remark seems to be noteworthy.

Remark 2. Instead of all possible unimodular transformations of the plane, spoken of in both Theorems 6 and 7, it would
suffice to consider only three specific ones: T;(x, y) = (v, x), T (X, ¥) = (x +y, —y), Tz3(x,y) = (—x — ¥, X), (x,y) € R2.
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