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Approximation of sets defined by polynomials with
holomorphic coefficients
Marcin Bilski ' 2

Abstract

Let X be an analytic set defined by polynomials whose coefficients
ai,...,as are holomorphic functions. We formulate conditions such
that for all sequences {a1,},...,{as,} of holomorphic functions con-
verging locally uniformly to ay, ..., as respectively the following holds
true. If a1,,...,as, satisfy the conditions then the sequence of the
sets { X, } obtained by replacing a;’s by a;,’s in the polynomials, con-
verge to X.

Keywords: Analytic set, Nash set, approximation
MSC (2000): 32C25

1 Introduction and main results

The problem of approximating analytic objects by simpler algebraic ones
with similar properties appears in many contexts of complex geometry and
hasattracted the attention of several mathematicians (see [2], [3], [10], [11],
[14], [15], [16], [17], [19], [24], [25], [26]). In the present paper we concern the
problem in the case where the approximated objects are complex analytic
sets whereas the approximating ones are complex Nash sets (see Section 2.1).
The approximation is expressed by means of the convergence of holomorphic
chains (for the definition see Section 2.2).

For sets with proper projection the existence of such approximation was
discussed in [5], [6]. In a subsequent paper [7] it was proved that the order
of tangency of a limit set and the approximating sets can be arbitrarily high.
The first results on approximation of analytic sets by higher order tangent
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algebraic varieties are due to R. W. Braun, R. Meise and B. A. Taylor [11]
with applications in [12].

Both in [6] and in [7] analytic sets are represented as mappings defined on
an open subset of C" with values in an appropriate symmetric power of C™.
However, in many cases such sets are defined by systems of equations which
in general carry more information than the sets themselves. Therefore it is
natural to look for approximations of the functions appearing in the equa-
tions. Throughout this paper we restrict our attention to the case where the
description is given by a system of polynomials with holomorphic coefficients
whereas the approximated set is with proper projection onto an appropriate
affine space. Our aim is to show how to approximate the coefficients of the
polynomials to obtain Nash approximations of the set.

If the number of the functions describing the analytic set X is equal to
the codimension of X then it is sufficient to take generic approximations
of the coefficients in order to get local uniform approximation of X. Such
approach clearly does not work in the case of a non-complete intersection
as it leads to sets of dimensions strictly smaller than the dimension of X.
Yet, it is natural to expect that there are algebraic relations satisfied by
the coefficients such that if the approximating coefficients also satisfy the
relations then the original polynomials with these new coefficients define
appropriate approximations.

Before stating the main result let us recall that for any analytic set Y by
Y(n) we denote the union of all n-dimensional irreducible components of Y.

Let U C C" be a domain. Abbreviate v = (v1,...,0p), 2 = (21, .., Zm)-
Assuming the notation of Section 2 and treating analytic sets as holomorphic
chains with components of multiplicity one we prove

Theorem 1.1. Let qy,...,qs € Clv, z], for some s € N, and let H : U — CP
be a holomorphic mapping. Assume that

X ={(z,2) eUxC":q;(H(x),2z)=0,i=1,...,s}

15 an analytic set of pure dimension n with proper projection onto U. Then
there is an algebraic subvariety F of CP with H(U) C F such that for ev-
ery sequence {H, : U — F} of holomorphic mappings converging locally
uniformly to H the following holds. The sequence {X,}, where

X, ={(z,2) €U x C™ : q(H,(x),2) = 0,i = 1,.....,s},
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converges to X locally uniformly and the sequence {(X,)m) } converges to X
i the sense of holomorphic chains.

The following example shows that the sets from {X,} are in general not
purely dimensional:

Example 1.2. Define X = {(x,2) € C? : zze” = 0,22 — zz = 0}. Then
X = {(z,2) € C?: 2 = 0}, therefore it is purely 1-dimensional. On the
other hand, C? x {1} is the smallest algebraic set in C> containing the
image of the mapping x — (—z,xe®, 1). By approzimating this mapping by
r — (—z,(z — 1)e*, 1) one obtains X, = {(z,2) € C? : z(x — 1)e* =
0,22 — zw = 0} containing an isolated point (=, +).

Let U be a connected Runge domain in C”, let X be a purely n-dimen-
sional analytic subset of U x C™ with proper projection onto U and let
Q1,...,Qs € O(U)[2], for some s € N, satisfy

X ={(z,2) e UxC™:Qi(x,2z) = ... = Qs(x, z) = 0}.

(An example of such Qq,...,Q; are the canonical defining functions for X
(see [29], [13]).)

We check that combining Theorem 1.1 with one of results of L. Lempert
(Theorem 3.2 from [19], see Theorem 2.3 below) one obtains Nash approx-
imations of X by approximating its holomorphic description by a Nash de-
scription. (Let us mention that the proof of Theorem 2.3 is based on the
affirmative solution to the Artin’s conjecture first presented in [21], [22], see
also [1], [20], [23].)

Let H = (Hy,..., H,) denote the holomorphic mapping defined on U
where, for every j € {1,...,s}, H; is the mapping whose components are
all the non-zero coefficients of the polynomial @);; by n; denote the number
of these coefficients. More precisely, the components of H; are indexed by
m-tuples from some finite set S; C N in such a way that the component

indexed by a fixed (aq,...,ay,) is the coefficient standing at the monomial
aq Qm 3
20 zom in Q.

Let F be the intersection of all algebraic subvarieties of C22™) con-
taining H(U) and let U be any open relatively compact subset of U. Then
U is contained in a polynomially convex compact subset of U hence by
Theorem 2.3 there exists a sequence {H, : U— F } of Nash mappings,
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H, = (Hi,,...,H,,), such that {H;,} converges uniformly to H;|s, for
every j =1,...,s. Now let

X, ={(2,2) €U XxC™:Qu,(z,2) = ... = Qs (x,2) = 0},
where Q;,, € O(U)[z], for j = 1,...,s, is defined as follows. The coefficient
of @;, standing at the monomial 2{" - ... 20" is the component of H;,

indexed by (aq,...,am) (if (aq,..., ) ¢ S; then the coefficient equals
Z€r0).

Finally, let ¢,...,qs be the polynomials obtained from @Q,...,Q, by
replacing the holomorphic coefficients of the latter polynomials by inde-
pendent new variables. It is easy to see that ¢,...,qs together with the
mapping H satisfy the hypotheses of Theorem 1.1. Hence the sequence of
Nash sets {(X,))}, where X, defined in the previous paragraph, converges
to X N (U x C™) in the sense of holomorphic chains. Thus we recover the
main result of [6]:

Corollary 1.3. Let X be a purely n-dimensional analytic subset of U x C™
with proper projection onto U. Then for every open set U CC U there is a
sequence {X,} of purely n-dimensional Nash subsets of U x C™ converging
to X N (U x C™) in the sense of chains.

Every purely n-dimensional analytic set is locally with proper projection
onto an open subset of an n-dimensional affine space. Hence, by Corollary
1.3 every analytic set can be locally approximated by Nash ones. Let us
mention that to obtain this result, one does not need to use the advanced
methods of commutative algebra; see [8] for a purely geometrical approach
to the problem. As for the local version of Theorem 2.3, it can be derived
by combining the ideas of [2| and [15] or [8] (see [9]).

Note that the convergence of positive chains appearing in this paper is
equivalent to the convergence of currents of integration over the considered
sets (see [18], [13]). The organization of this paper is as follows. In Section 2
preliminary material is presented whereas Section 3 contains the proof of
Theorem 1.1.



2 Preliminaries

2.1 Nash sets

Let €2 be an open subset of C™ and let f be a holomorphic function on 2. We
say that f is a Nash function at zy € (2 if there exist an open neighborhood U
of g and a polynomial P : C*xC — C, P # 0, such that P(x, f(z)) = 0 for
x € U. A holomorphic function defined on {2 is said to be a Nash function if
it is a Nash function at every point of 2. A holomorphic mapping defined on
Q with values in C¥ is said to be a Nash mapping if each of its components
is a Nash function.

A subset Y of an open set {2 C C™ is said to be a Nash subset of ) if
and only if for every y, € €2 there exists a neighborhood U of y, in €2 and
there exist Nash functions fi,..., fs on U such that

YNU={zeU: filx)=...= fs(x) = 0}.

The fact from [27] stated below explains the relation between Nash and
algebraic sets.

Theorem 2.1. Let X be an irreducible Nash subset of an open set 0 C C™.
Then there exists an algebraic subset Y of C" such that X is an analytic
wrreducible component of Y N ). Conversely, every analytic irreducible com-
ponent of Y N ) is an irreducible Nash subset of 2.

2.2 Convergence of closed sets and holomorphic
chains

Let U be an open subset in C™. By a holomorphic chain in U we mean the
formal sum A =}, ; a;C;, where a; # 0 for j € J are integers and {C}}jes
is a locally finite family of pairwise distinct irreducible analytic subsets of U
(see [28], cf. also [4], [13]). The set J,c; C; is called the support of A and
is denoted by |A| whereas the sets C; are called the components of A with
multiplicities o;. The chain A is called positive if o; > 0 for all j € J. If all
the components of A have the same dimension n then A will be called an
n—chain.

Below we introduce the convergence of holomorphic chains in U. To do
this we first need the notion of the local uniform convergence of closed sets.
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Let V.Y, be closed subsets of U for v € N. We say that {Y,} converges to
Y locally uniformly if:

(11) for every a € Y there exists a sequence {a,} such that a, € Y, and
a, — a in the standard topology of C™,

(21) for every compact subset K of U such that KNY =, KNY, = () holds
for almost all v.

Then we write Y,, — Y. For details concerning the topology of local uniform
convergence see [28].

We say that a sequence {Z,} of positive n-chains converges to a positive
n-chain 7 if:

(le) |Z,| = 1],

(2¢) for each regular point a of [ Z| and each submanifold 7" of U of dimension
m — n transversal to |Z| at a such that T" is compact and |Z|NT = {a}, we
have deg(Z, - T') = deg(Z - T) for almost all v.

Then we write Z, — Z. (By Z - T we denote the intersection product of Z
and T (cf. [28]). Observe that the chains Z, - T and Z - T for sufficiently
large v have finite supports and the degrees are well defined. Recall that for
achain A =37 a;{a;}, deg(A) =30 | ay).

The following lemma from [28] will be useful to us.

Lemma 2.2. Let n € N and Z,7Z,, for v € N, be positive n-chains. If
|Z,| = |Z| then the following conditions are equivalent:

(1) Z, — Z,

(2) for each point a from a given dense subset of Reg(|Z|) there exists a
submanifold T of U of dimension m — n transversal to |Z| at a such that T
is compact, |Z|N'T = {a} and deg(Z, -T) = deg(Z - T) for almost all v.

2.3 Approximation of holomorphic mappings

In the proof of Corollary 1.3 we use the following theorem which is due to
L. Lempert (see [19], Theorem 3.2).

Theorem 2.3. Let K be a holomorphically convex compact subset of C"
and f : K — CF a holomorphic mapping that satisfies a system of equations
Q(z, f(2)) =0 for z € K. Here Q is a Nash mapping from a neighborhood



U C C" x C* of the graph of f into some C. Then f can be uniformly
approzimated by a Nash mapping F : K — CF satisfying Q(z, F(z)) = 0.

3 Proof of Theorem 1.1

Denote B,,(r) = {z € C™ : ||z|]|cm < r} and recall v = (vy,...,v,). Let U
be a domain in C". We prove the following

Proposition 3.1. Let ¢, ...,qs € Clv, 2], for some s € N, and let H : U —
CP? be a holomorphic mapping. Assume that

X ={(z,2) eUxC":q(H(x),2)=0,i=1,...,s}

18 an analytic set of pure dimension n with proper projection onto U. Then
there is an algebraic subvariety F' of CP with H(U) C F such that for every
domain U cC U and every sequence {H, : U — F} of holomorphic map-
pings converging uniformly to H on U the following holds. There is 1oy > 0
such that for every r > ry the sequence {X,}, where

X, ={(x,2) €U x Bp(r) : ;(H,(x),2) =0,i=1,..., s},

satisfies:

(1) X, is n-dimensional with proper projection onto U for almost all v,
(2) max{§(X N ({z} x C™):x €U} =

max{#((X,)m N ({z} x C™)) : 2 € U} for almost all v,
(3) {X,}, {(X,)m)} converge to X N (U x C™) locally uniformly.

Proof of Proposition 3.1. Define the algebraic set
V={({v,2)eC’xC":q¢v,z)=0,i=1,...,s}

Next, by F denote the intersection of all algebraic subsets of CP contain-
ing the image of H. Clearly, F'is irreducible (because U is connected) hence
of pure dimension, say 7. Fix an open connected subset U cC U. In the
following lemma F' is endowed with the topology induced by the standard
topology of CP.



Lemma 3.2. Letr > 0 be such that (U x B,,(r))NX # 0 and (Ex OB (r))N

X = 0. Then there is an open neighborhood C of H(U) in F such that
(C' x Bp(r)) NV is n-dimensional with proper projection onto C. Moreover,

for every (a,z) € (H(U) X By, (r))NV it holds dimq,.)((C' X By, (1)) NV) = n.

Proof of Lemma 3.2. First we check that there is an open neighborhood C'
of H(U) in F such that (C x dB,,(r))NV = @, which implies the properness
of the projection of (C' x B,,(r)) NV onto C.

It is sufficient to show that for every a € H(U) there is an open neigh-

borhood C, in F such that (C, x B,,(r)) NV = 0. Fix a € H(U). Now, if
for every open neighborhood C, of a we had (Cy X 0B,,(r)) NV # ) then

there would be ({a} x 9B,,(r)) NV # (. But then (U X OBp(r))NX # (0 as

a € HWU) C H(U), a contradiction.
Let us show that dim..)((C x By,(r)) NV) = n for every (a,z) €

(H(U) x Bp(r)) N V. First observe that dim((C' x By,(r)) N'V) cannot
exceed the dimension of C' because (C' x By,(r)) NV is with proper pro-

jection onto C. Next suppose that there is (a,z) € (H(U) X Bn,(r)) NV
such that dim,.)((C' x By (r)) N'V) < n. Let V; be the union of the ir-
reducible analytic components of (C' X B,,(r)) NV containing (a, z) and
let 7 : C?P x C™ — CP denote the natural projection. It is easy to see
that H~!(x(V})) is a non-empty nowhere dense analytic subset of H~1(C)
(nowhere-density because otherwise H(U) would be contained in an alge-

braic set of dimension smaller than 7). Let P be a neighborhood of (a, 2) in
C X B,(r) such that PNV = PN V; # (). Now consider the set

E={(w,y) € (UX Bp(r)NX:(Hw),y) € PNV}.

One observes that E # (), because H '({a}) x {z} C E, and that E has
a non-empty interior in X, and moreover, the projection of E onto U is
contained in H~'(m(V})). This contradicts the fact that X is purely n-
dimensional.

Since (U X Bp(r)) N X # () then (H(U) x By(r)) NV # @ so by what
we have proved so far (C' x B,,(r)) NV is n-dimensional. O

Proof of Proposition 3.1 (continuation). Let ro > 0 be such that (U X
B(r0)) N X = (U x C™)N X and let r > ro. Then (U x 0B, (r)) N X =0
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and by Lemma 3.2, there is a neighborhood C' of H(U) in F such that
(C' x B,(r))NV is n-dimensional with proper projection onto C. Moreover,

for every (a,z) € (H(U) x By, (r)) NV it holds dim .y ((C x B, (r))NV) = 7.
Let {H, : U — F} be a sequence of holomorphic mappings converging
uniformly to H on U. Define the sequence {X,} as in the statement of
Proposition 3.1.

First we show (1): X, is n-dimensional and with proper projection onto
U for almost all v. To do this observe that for sufficiently large v it holds

H,(U) C C and then
X, ={(x,2) €U x Bp(r) : (H,(2),2) € (C X Bp(r)) NV},

Thus the properness of the projection of X, onto U is obvious by the choice
of C'in Lemma 3.2.

Now we check the following claim: for sufficiently large v every fiber in X,
over U is not empty. Indeed, let Cy denote the irreducible Nash component
of C' containing H(U). Then the projection of (Cy x By, (7)) NV onto Cy is
surjective which follows by Lemma 3.2. On the other hand, for sufficiently
large v, Hy(ﬁ ) C Cp which clearly implies the claim. Consequently, X, is
n-dimensional for almost all v.

Let us turn to (2). Since Cj is an irreducible Nash set then Reg(Cy) is
connected. There is a nowhere dense Nash subset C’ of C, such that the

function p : Reg(Cy) \ C" — N given by

p(v) = 1(({v} X Bu(r)) NV)

is constant. By m we denote the only value of p.

Neither H(U) nor H,(U) (for large v) can be contained in Sing(Cy)UC"
so (H™1(Sing(Cy)UC")UH;  (Sing(Co)UC"))NU is a nowhere dense analytic
subset of U. This means that for the generic x € U the fibers in X and in
X, over x have m elements which completes the proof of (2).

Finally, let us prove (3). To check the condition (21) of the definition of
local uniform convergence it is sufficient to show that for every (xg, z) €
(U x C™) \ X there is a neighborhood D of (g, ) in U x C™ such that
DN X, =0 for almost all v. This is obvious as there is i € {1,...,s} such
that ¢;(H(zo),20) # 0. Then ¢;(H,(x¢),20) # 0 for almost all v in some
neighborhood of (zg, 29).



As for the condition (11), it suffices to show that for a fixed 2y € U \
H~'(Sing(C)) the sequence {({zo} x C™) N (X,)n } converges to ({zo} x
C™)NX locally uniformly. Take (¢, 20) € XN (U x C™) = XN (U x By, (r)).
Then by Lemma 3.2 it holds dim (s (zy),20)(C X B (1)) NV = dim(C'). Con-
sequently, (since H(xg) € Reg(C) and (C' x B,,(r)) NV is with proper
projection onto C') there is a sequence {z,} converging to zy such that
dim(g, (z0),20)(C X B (1)) NV = dim(C') for almost all v. This implies that
for sufficiently large v, the image of the projection of every open neighbor-
hood of (z¢,2,) in X, onto U contains a neighborhood of z in U. Thus
(w0, 2,) € (X)) (n) for almost all v and the proof is complete. O

Proof of Theorem 1.1 (end). Let F denote the intersection of all algebraic
subvarieties of CP containing H(U) and let {H, : U — F'} be a sequence of
holomorphic mappings converging locally uniformly to H. Define X, as in
the statement of Theorem 1.1.

It is sufficient to show that for every relatively compact subset U of U the
sequences {X,N(UxC™)} and {(X,,),N(UxC™)} converge to XN(U xC™)
locally uniformly and in the sense of holomorphic chains respectively. Fix
U ccC U. Then by Proposition 3.1 there is rq such that for every r > ry the
following hold. {X, N (U x B,,(r))} and {(X,) N (U x By (1))} converge to
XN (U x C™) locally uniformly. Moreover, for almost all v, X, N (U x By, (1))
is n-dimensional with proper projection onto U and max{#(X N({z}x C™)) :
v € U} = max{#((X,)m N ({2} x Bu(r))) : € U}. Thus by Lemma 2.2
we have: {(X,)m) N (U % B(r))} converges to X N (U x C™) in the sense
of holomorphic chains. Since r can be taken arbitrarily large we get our
claim. ]
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On smooth real-compactness of countably generated
differential spaces
Michat Cukrowski, Zbigniew Pasternak- Winiarski, Wiestaw Sasin !

Abstract

We will show that if a differential structure of a differential space
in the Sikorski [3, 4] sense has countable number of generators then
all its real homomorphisms are evaluations.

1 Introduction

When all the real homomorphisms defined on an algebra of functions of some
kind of space are evaluations then we say that such a space is smoothly
real-compact. There are many articles stating about this property of some
spaces. In the articles [6],[7] it is shown that the spaces of real continuous
functions on R and R™ are smoothly real-compact. In [10] this property
has been shown for the spaces of the functions of class C* (k = 1,...,00)
on separable Banach spaces. Many discussions on this topic can be found
in [9]. The most important from the point of view of Sikorski spaces is
the article [1] since it discusses smooth real-compactness of smooth spaces,
which are a wider category than the Sikorski spaces. Many conditions for this
spaces to be smoothly real-compact are given there. In our article we give
other conditions using techniques proper for Sikorski spaces. The concept
of generators of the structure is crucial. Some results were already obtained
before but we have given other proofs because of usage of this concept. We
have obtained that if there exists at most countable set of generators then
the differential space is smoothly real-compact.

'Faculty of Mathematics and Information Science, Warsaw University of
Technology, Pl. Politechniki 1, 00-661 Warszawa, Poland
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2 Basic concepts and definitions

Let M be a nonempty set and C a set of real functions on M. We introduce
on M topology 7¢ - the weakest topology in which the functions from C are
continuous. We say that the set C is closed with respect to superposition if all
functions of the form wo(fy,..., f,) where f1,..., f, € C, w € C®(R")are
in C'. Adding to C all the functions of this form we obtain its superposition
closure; we denote it scC. For any A C M the symbol C4 will denote the
set of all functions f on A such that for any p € A there exists an open
neighbourhood U € 7¢ of p and a function g € C such that f|yna = gluna-
If C = Cy; then we say that C is closed with respect to localization. We call
the set of real functions C on a nonempty set M a differential structure if it
is:

1) Closed with respect to superposition C = scC.

2) Closed with respect to localization C = Cyy.

A differential structure is always an algebra with unity and with all constant
functions.

Definition 2.1. A pair (M,C) is a differential space if M is a nonempty
set and C a differential structure on it.

We call a differential subspace of the differential space (M,C) any pair
(A,C4) where A C M.

Definition 2.2. The differential structure (M,C) is generated by the set of
functions Cy if C is the smallest differential structure that contains Cy. Then
we write C = GenCy.

If C = genCy then C = (scCy)s, and for any f € C and any point p € M
there exists an open neighbourhood U € 7¢ of p and there exist functions
fioooisfo € Co, w € C®(R™) such that fly = wo (fi,..., fa)ly. We
say that the differential space (M,C) is finitely generated if there exists a
finite set of real functions on M that generates the differential structure C.
A differential space is countably generated if there exists a countable set
of real functions on M that generates the differential structure C and the
structure C is not finitely generated.

By (Rf,e;) we denote the differential space with the structure £; gener-
ated by the set of projections Cy = {m; : i € I}, where
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m; : RT — R is defined by: m;(z) = x; for x = {(x;) : 4 € I}. This is a
generalization of the Euclidean space (R",¢,) where ¢, = C*(R").

The spectrum of an algebra C is the set
SpecC = {x : C — R : x is homomorphism that preserves unity}.
Let (M,C) be a differential space. Evaluation of the algebra C at the point
p € M is the homomorphism x € SpecC of the following form:

x(f) = flp) VfeC (1)

we will denote this homomorphism by ev,. We will define the mapping
ev : M — SpecC by the formula:

ev(p) = ev, (2)

Definition 2.3. We say that a differential space (M,C) is smoothly real-
compact iff any x € SpecC is an evaluation at some point p € M.

From this definition it follows that the space (M,C) is smoothly real-
compact when the mapping ev is onto. For any f € C we define the function
f : SpecC — R by the formula:

fx) = x(f) Vx € SpecC (3)

The set of all functions of the form f will be denoted by C. Byr:C— ¢
we will denote the mapping defined as follows:

T(f)=F vfec (4)
The mapping 7 is an isomorphism between the algebra C and the algebra C.

3 Main results

Lemma 3.1. The differential space (R",¢,,) is smoothly real-compact.

Proof. Let x € Spece;. We define a point p € R™ by the equations
pi = x(m;) for i = 1,...,n. We will show that x = ev,. We know from [4]
that any f € g, can be presented in the form:

F=f)+> gilm—p), for gi,....0.€cn (5)
=1
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Then x(f) = x(f(p)) + 3252 x(9:) Ox(m) — x(p2) = f(p)+
Yoy x(9:)(pi — pi) = f(p). Therefore x(f) = f(p) for all f € ¢,. O

Lemma 3.2. A differential subspace of the differential space (R" e,) is
smoothly real-compact.

Proof. Let (M,C) be a differential subspace of (R",¢,). The inclusion
mapping ¢y : M — R™ is smooth and therefore
thy o €, — M is a homomorphism. From the definition we know that ¢y, (f) =
flar Yf € e,. For any x € SpecC the mapping
X oty € Spece,. From Lemma 3.1 we know that dp € R" such that

x o (f) = x(i,(f) = x(flm) = f(p) Vf € e, Let us suppose that
p ¢ M. There exists the function w € ¢,, defined by the formula:

Wy, ... xn) = (21 —p1)* + -+ (2, — pp)? (6)

The function wly > 0 so ﬁ € C. We also know that X((W|M)(ﬁ)) =
x(1) =1, and (x o t};)(w) = x(w|M) = w(p) = 0. So it is a contradiction.
We will show that x = ev,. Let f € C. There exists an open neighbour-
hood U € 7., of the point p and a function x € g, such that f|yny = &luawm-
From [4] we know that there exists a bump function ¢ € ¢, and ¢(p) = 1,
¢|vnw > 0 such that ¢|mn—(aney) = 0. From these properties it follows that
(f = 5h)élar = 0. Then x((f — sla)dlar) = (X(F) — X(5la0))x(blar) = 0.
But
X(@lar) = (tarox)(¢) = &(p) = 1 so x(f) = x(k|m) = £(p) = f(p). We have
shown that x(f) = f(p) VfeC.
When the differential structure C of the differential space (M, C) is gener-
ated by the set of functions Cy then we can define the mapping ¢ : M — R

by the following formula:

o(p)(f) = fp) feC (7)

We will call this mapping generatory embedding. We can prove the following
lemma:

Lemma 3.3. A differential space (M,C) with C = GenCy is smoothly real-
compact iff the differential space (¢(M), (e1)pm)) for I = |Co| is smoothly
real-compact.
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Proof. If Cy separates points of M then ¢ is a diffeomorphism on its
image and all is clear. So let us assume that Cy does not separate points.
Then ¢ : M — ¢(M) where ¢(p) = ¢(p) is surjective but not injective. Let
us denote F' := ¢. We know that F™* : (er)¢(my — C is an isomorphism of
algebras. If (M, C) has the spectral property then for any v € Spec(er)qsan
there exists 1 € SpecC such that p = v o (F*)~". Then for any g € (e1)gn)
v(g) = W(F"(g)) = plg o F) = g(F(p)). So if p = ev, then v = evp(,).

If (¢p(M), (1)) is smoothly real-compact then for any pu € SpecC
there exists v € Spec(er)p(my defined by v = po F*; then p = v o (F*)7.
Therefore for any f € C we have u(f) = (vo (¢*)™)(f) = v((¢*)1(f)) =
()1 (f))(q) = f(p) for any p € F~}(q). Soif v = ev, then = ev, Vp €
F~(q). O

From last lemma we know that it is sufficient to work on subspaces of
Euclidean spaces.

Corollary 3.4. Let (M,C) be a differential space with C = GenCqy for some
finite Cy. Then (M,C) is smoothly real-compact.

Proof. By using the generators Cy we can embed (M,C) into
(R, (e¢y)s(ar)) and then from Lemmas 3.2,3.3 we derive that (M,C) is
smoothly real-compact. [

Lemma 3.5. Let (M,C) be a differential space. Any x € SpecC satisfies the
following condition:

xwo (fi- s fn)) = wx(f1), - x(fn)) (8)
forallw € e, and f1,..., f, €C.

Proof. Let (y,...,08, € C be arbitrary functions. We can define the
mapping F': (M,C) — (R",¢,) by the formula:

F(p) = (Bi(p),---,Bulp)) pEM

This mapping is smooth and it is onto its image. Therefore the mapping
F* : (en)p(uy — C is a homomorphism. For any x € SpecC the composition
x o I € Spec((en) p(ary). From Corollary 3.4 we know that d¢ € F'(M) s.t.
X o F* = ev, for some ¢ € F(M). Also dp € M s.t.

(X o F*)(W|F(M)) = GUF(p)(W|F(M)) Yw € En
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We can rewrite it in the form:

XwoF)=w(F(p) =w(Bi(p),....Bulp) YweE e,

By setting w = m;, i = 1,...,n we obtain: x(5;) = x(m o F) = mi(F(p)) =

Bi(p) and finally: x(wo (51,...,06,)) = w(x(B1),---,x(5n))
Yw € g,. O

Lemma 3.6. Let (M,C) be a differential space such that C = GenCy. If
some x € SpecC satisfies the condition x|c, = evp|c, then x = ev,.

Proof.  First we will show that if f € scCy then x(f) = f(p) . From
Lemma 3.5 we know that x(wo (i, ..., 5,)) =w(x(B1),...,x(Bn)) forw € ¢,
and f1,...,58, € Co. We also know that x(5;) = ev,(8;) = Bi(p). We
can write x(w o (B1,...,Bn) = w(Bri(p), ..., Bu(p)) = wo (Br,..., B)(p) =

evy(wo (B1,...,0n)). So we see that X|secc, = eVp|secy-

Now let f € C be an arbitrary function. We know that Vp € M there
exists an open neighbourhood U € 7¢, functions fy,...,8, € Cy and a
function w € ¢, s.t. fly = wo (B1,...,5,)|v. There also exists a bump
function ¢ which separates the point p in the set U. This function is con-
structed from composition of some function from e, with some generators
from Cy. We know that the homomorphism y is the evaluation at the point
p on this function, so x(¢) = ¢(p) = 1. Now the following equality holds:
¢ (f—wo(Bi,...,6,)) = 0. By applying homomorphism y to this equality
we will obtain: () x(f —wo (Br,. -, ) = X(f) = x(@o (B, .., Bu)) = 0
50 X(F) = X(w 0 (Br,- -+ B) = evylw 0 (Br,- -, ) = F(p) = evy(f). We
see that x(f) = f(p) Vf eC. O

As an obvious corollary from this lemma we get:

Corollary 3.7. The differential space (R, e;) is smoothly real-compact.

Proof.  Let x € Specer be any homomorphism. We can define the
point p € R! by the equations 7; = x(m;) for i € I. Then x(m;) = m(p) so
x(m;) = ev,(m;). Since the structure e; is generated by the set {m; : i € I}
we see that y is the evaluation at the point p on the generators. From the
last lemma we derive that x is an evaluation on whole ;. 0

By using whole C as the set of generators we can embed M in R,
We denote this embedding by ¢, so ¢ : M — RS, «(p); = f(p). This is
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a special case of generatory embedding. We can also map SpecC into R¢
using the mapping r : SpecC — R defined by: x(x)¢ f(X) =x(f). It is
obvious that ¢ = koev. In [1] Kriegl, Michor and Schachermayer have shown
that ¢(M) is dense in k(SpecC) in the Tichonov topology in R¢. Since the
mapping ~ is a homeomorphism we derive that:

Corollary 3.8. ev(M) is dense in SpecC in the topology 7;.

This property will allow us to prove an interesting fact about the space
(SpecC,C).

Lemma 3.9. If (M,C) is a differential space then (SpecC,C) is a differential
space.

Proof.  To prove that (SpecC,é) is a differential space we will have
to show that the set C is closed with respect to superposition with smooth
functions from ¢, and closed with respect to localization.

Let us define the function ¢ = wo (f1,..., f,) for some w € &, and
fi,. .., fa € C. From Lemma 3.5 we know that g(x) = wo (f1,..., fa)(x) =
Two (fi, .., fa))(x) VYx € SpecC. We have shown that g € C, so C is
closed with respect to superposition.

Let a function f : SpecC — R satisfy the localization condition in the
space (SpecC, C’) For any open subset U € SpecC 3§ € C s. t. flo = dlg-
We can uniquely define the function h : M — R satisfying the condition
h(p) = f(ev,) Vp e M. For any open set U € SpecC there exists the open
set U € M defined by U = {p € M : ev, € U}. From the definitions of
the function A and the set U we know that h|y = g|y. Because g € C it
follows that h € C. We also know that h\ev v=1f ]evM From Corollary 3.8
we derive that f = h. This means that feC, soC is closed with respect to
localization. O

Lemma 3.10. If (M,C) is a differential space with the structure C generated
by Cqy then the differential structure ¢ of the differential space (SpecC, C) is
generated by Co.

Proof.  Let us assume that Co = {f; : i € I}. We know that for any
f € C there exists such an open covering of M that on each set U of this
covering the function f can be expressed in the form wo (f1,..., f,) where
fis--, fn € C and w € ¢,. For each open set U of this covering we can
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define the set U = {ev, € SpecC : p € U}. On the set U the function
f=7(wo(fr,..., fa)). The sets of form U might not be a covering of SpecC
but the sum of them is dense in SpecC. Therefore we can prolong unlquely
this representation of f on whole SpecC. We have shown that C = genCO

Lemma 3.11. For any differential space (M,C) the differential space
(SpecC, C') is smoothly real-compact.

Proof. ~ We need to show that for every homomorphism y € SpecC
there exists a homomorphism 1 € SpecC s.t. x = ev,. Since the algebras
C and C are isomorphic we can define uniquely x € SpecC by the formula
x(f) = )2(]3) We will show that x = ev,. Let us compute evx(f) = f(x) =
x(f) = )Z(f), so by setting 1) = x we obtain that x = evy. O

Lemma 3.12. Let (M,C) be a differential space and C = GenCy. If x1, X2 €
SpecC are equal on the generators x1|c, = X2lc, then they are equal x1 = Xo.

Proof.  Let us assume that xi|c, = Xa|c, and x1 # x2. From the last
lemma we know that the differential structure C' of the differential space
(SpecC, C) is generated by Co. From the condition xile, = Xelc, we de-
rive that Vf € C f(Xl) = f(XQ) But we know that if the generators
do not separate points then all the functions do not separate points, so
Vf € Cf(x1) = f(x2) and it follows that Vf € C x1(f) = x2(f). This
means that xy; = xo. O

Lemma 3.13. If (M,C) is a differential subspace of the space (R, e;) then
any function f € C is uniquely continuously prolongable to

f: M — R, where

M ={peR!: 3y SpecC s.t. p; = x(mi|;) VieI}.

Proof. We will define the function f by the formula f(p) = f(x), where
X € SpecC is s.t. x(m;) = p; Vi € 1. Since a homomorphism is uniquely
defined by its values on the generators (Lemma 3.12) this definition works
well. We see that if p € M then x = ev, and f(p) = f(ev,) = f(p) so this
is indeed a prolongation. This prolongation is continuous since the function
f is the realization of the function f in the set M which is the image of the
set SpecC by the generatory embedding using the generators 7(m;|5s) : ¢ € 1.
Uniqueness follows from the fact that the set M is dense in the set M in the
topology of RI. 0

21



Corollary 3.14. When (M,C) is a differential subspace of (R!, 1) generated
by Co = {milp = i € I} then the mapping x : Co — R defined on generators
as x(mi|ym) = p; for some p € M — M can be prolonged to homomorphism
on whole C iff all the functions from C are prolongable to p.

Let M = RN — {0}, where by 0 we denote the zero sequence and Cy; =
(en)a- Then (M,Cyy) is a differential subspace of the differential space
(RN, en). We will show that this space is smoothly real-compact.

Lemma 3.15. There exists a function & € Cpr which is non-prolongable to
any continuous function on RN,

Proof. We know that there exists a function ¢ € C*°(R) satisfying the
following properties:
l.Ve R ¢(x) €<0,1>
2. supp(¢) C (—o0, 1 >
3. Pl =1
For any k € N we will define the function j; : RN — R by the formula:

k

pr((wn)) = Z x?>

i=1

for (x,) € RN. The function g, € C*(RN), and the function p, = pg|ys is
in Cp;. We will define the function £ : M — R by the following formula:

k=1

We will show that this function belongs to the structure Cy;. For any k € N
we can define the closed subset Ay, = {(z,) € M : k*pi((z,)) < 1} =
{(z2) € M : pp(zn) < 35} We see that supp(¢ o (k?py)) C Ay. For any
(xn) € M the sequence pi((x,)) is non-decreasing with respect to k and
there exists kg € N for which 5 < py,(2,). This means that (z,) ¢ Ay
Therefore ﬂkeN A = 0. We also know that Ap,; € Ag. Let us define the
family of open subsets U, = M — A,. Of course Uyen U = M. If () € U,
then ¢(k%p((x,)) = 0. Then Vm >k =z, € U,, so ¢(m?p,,(z,)) = 0. This
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means that only a finite number of elements are non-zero in the sum (9) and

therefore:
k-1

E(wn) =Y 0(%p;(xn)),
j=1
Vk € N the function &|y, € Cy, = (Cym)v,. From the localization closeness
of the differential structure we derive that & € Cy;. Now we will define a
sequence in M convergent to 0 on which the function £ will diverge. Let us
define z; = (2,,) where

1 —
- 7 for n=k
’ for n#k

O

We can see that limy_ o 2 = 0 € RN and

s for j>k
) —J w? =
pj(zk)_{() for j<k

For j < k we obtain ¢(j2p;(x))) = 1 and therefore

(e}

k
Z¢J pi(y) zz

This means that limy_,.. {(zx) = +00. The function ¢ is non-prolongable to
any continuous function in RN. Il

Lemma 3.16. The differential space (M,Cyr) is smoothly real-compact.

Proof. From Lemma 3.12 we know that the set SpecCy; may contain
only one homomorphism Y which is not an evaluation. This homomorphism
would be defined on the generators by the formula xo(m;|) =0 Vi € I. So
there would be only one point 0 € M — M. But it cannot be so since from
Corollary 3.14 we know that all the functions from C,; should be prolongable
to the point 0. From the last lemma we know that there exists a function
& € Cyr which is not prolongable. O

Corollary 3.17. Differential space (RN — {p}, (en)RN_{p}) where
p € RN is arbitrary is smoothly real-compact.
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Proof.  This space is diffeomorphic to the space (M,Cy;) so it must be
smoothly real-compact. O

Definition 3.18. The disjoint union of differential spaces (M,C) and (N, D)
where M NN = () is the differential space (M U N,C @ D). The structure
C ® D is defined by the property f € C®D <= fly € C and f|y € D.

Lemma 3.19. [f the differential spaces (M,C) and (N, D) are smoothly real-
compact then the differential space (M UN,C @& D) is smoothly real-compact.

Proof.  Elements of the algebra C @& D are pairs (f,g) where f € C
and g € D. Let x € Spec(C @ D). We shall show that it is an evaluation
at some point p € M U N. From the equations (0,1) + (1,0) = (1,1) and
(0,1)(1,0) = (0,0) we get that we have two cases:

1) x((1,0)) = 1 and x((0,1)) = 0

2) x((1,0)) = 0 and x((0, 1)) = 1.

Since every function from C @& D can be uniquely decomposed as (f,g) =
(f,0)(1,0) + (0,9)(0,1) the homomorphism x acts as follows:

x((f:9)) = x((f,0))x((1,0)) + x((0,9))x((0,1)). In the case 1) we will get:

X((f,9)) = x((f,0)) and in the case 2) x((/, 9)) = x((0, f)).
The algebra of functions of the form ((f,0)) € C & D is isomorphic to C.

Therefore homomorphisms from 1 € SpecC can be extended to homomor-
phisms from C @ D by the formula ¥((f,9)) = ¥(f). All the homomor-
phisms in case 1) are of this form. Therefore in case 1) the homomorphism
x((f,9)) = ¥(f) where 1) € SpecC is such that ¢ = x. But since the space
(M, C) is smoothly real-compact there exists a point p € M s.t. ¥ = ev,.
Then we can write x((f,9)) = ev,((f,9)) = (f,9)(p) = f(p) + g(p) for
p € M UN. We have shown that in the case 1) homomorphism y is an
evaluation. For the case 2) the proof is analogous. O

Definition 3.20. By & we denote the differential structure on RN generated
by the set Co = {m; : i € N} U {6,}, where 0, is the characteristic function
of the point p € M.

Lemma 3.21. The differential space (RN, &) is smoothly real-compact.

Proof. We can decompose the space (RN, &) into the direct sum of the
spaces (RN — {p}, (en)r~v_yp) and ({p}, F(p)) where F(p) is the algebra of
all possible functions on one point. From the definition of the space (RN, &)
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it is obvious that RN = {p} U(RN —{p}) and € = (en)r~_y,; ® F(p). Both
the spaces in the direct sum are smoothly real-compact, so the space (RN, €)
is smoothly real-compact. 0

Theorem 3.22. Any differential subspace of the differential space
(RN, en) is smoothly real-compact.

Proof.  Let vy : (M,C) — (RN,en) be the inclusion mapping. For
any x € SpecC the composition x o 1}, € Spec(en). The space (RN, en) is
smoothly real-compact so 3p € RN such that x o 1}, = evpley-

We need to show that p € M. Let us assume that p ¢ M. We can
treat the space (M,C) as a differential subspace of (RN, &). Let us denote
this inclusion by vy : (M,C) — (RN, &). The composition y o v}, € Spece.
Because the space (RN, &) is smoothly real-compact there exists a point
q € RN such that x o v}, = ev,|:. We know that on common generators
m; the equalities x(m;|a) = evy(m;) = p; and x(m;|p) = evy(m) = ¢ hold
Vi € N. This specifies all the coordinates, so p = ¢q. Therefore we can write
X oVy = evple. So (xovi,)(0,) = evy(f,) = 1. We have a contradiction with
the fact that (x o v3;)(0,) = x(0p/a) = x(0) = 0. We see that p € M and
X O Lhy = €Uplen- SO X(milm) = evy(m;|M) Vi € N. The set {m; : i € N} is
the set of generators of the differential space (M, C). We derive that x = ev,.
O

Corollary 3.23. Any countably generated differential space is smoothly real-
compact.

Proof. A countably generated differential space can be treated as a sub-
space of the space (RN, en). From Theorem 3.22 we know that all subspaces
of this space are smoothly real-compact. [
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Symplectic 77 singularities and Lagrangian tangency
orders
Wojciech Domitrz, Zaneta Trebska * 2

Abstract

We study the local symplectic algebra of curves. We use the
method of algebraic restrictions to classify symplectic T7 singularities.
We define discrete symplectic invariants - the Lagrangian tangency or-
ders. We use these invariants to distinguish symplectic singularities
of classical A — D — F singularities of planar curves, S singularity
and T% singularity. We also give the geometric description of these
symplectic singularities.

1 Introduction

In this paper we study the symplectic classification of singular curves under
the following equivalence:

Definition 1.1. Let Ny, Ny be germs of subsets of symplectic space (R*",w).
N1, Ny are symplectically equivalent if there exists a symplectomorphism-
germ @ : (R?" w) — (R*",w) such that ®(Ny) = Ns.

We recall that w is a symlectic form if w is a smooth nondegenerate closed
2-form, and @ : R?" — R?" is a symplectomorphism if ® is diffeomorphism
and ®*'w = w.

Symplectic classification of curves were first studied by V. I. Arnold. In
[A1] V. I. Arnold discovered new symplectic invariants of singular curves.
He proved that the As singularity of a planar curve (the orbit with respect
to standard A-equivalence of parameterized curves) split into exactly 2k + 1
symplectic singularities (orbits with respect to symplectic equivalence of pa-
rameterized curves). He distinguished different symplectic singularities by
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different orders of tangency of the parameterized curve to the nearest smooth
Lagrangian submanifold. Arnold posed a problem of expressing these invari-
ants in terms of the local algebra’s interaction with the symplectic structure
and he proposed to call this interaction the local symplectic algebra.

In [IJ1] G. Ishikawa and S. Janeczko classified symplectic singularities
of curves in the 2-dimensional symplectic space. All simple curves in this
classification are quasi-homogeneous. A symplectic form on a 2-dimensional
manifold is a special case of a volume form on a smooth manifold. The gen-
eralization of results in [[J1] to volume-preserving classification of singular
varieties and maps in arbitrary dimensions was obtained in [DR]. The orbit
of action of all diffeomorphism-germs agrees with volume-preserving orbit
or splits into two volume-preserving orbits (in the case K = R) for germs
which satisfy a special weak form of quasi-homogeneity e.g. the weak quasi-
homogeneity of varieties is a quasi-homogeneity with non-negative weights
w; >0 and ), w; > 0.

Symplectic singularity is stably simple if it is simple and remains simple
if the ambient symplectic space is symplectically embedded (i.e. as a sym-
plectic submanifold) into a larger symplectic space. In [K] P. A. Kolgushkin
classified the stably simple symplectic singularities of parameterized curves
(in the C-analytic category). All stably simple symplectic singularities of
curves are quasi-homogeneous too.

In [DJZ2| new symplectic invariants of singular quasi-homogeneous sub-
sets of a symplectic space were explained by the algebraic restrictions of the
symplectic form to these subsets.

The algebraic restriction is an equivalence class of the following relation
on the space of differential k-forms:

Differential k-forms w; and wy have the same algebraic restriction to
a subset N if w; —wy = a4+ df, where « is a k-form vanishing on N and
is a (k — 1)-form vanishing on N.

In [DJZ2| the generalization of Darboux-Givental theorem ([AG|) to
germs of arbitrary subsets of the symplectic space was obtained. This result
reduces the problem of symplectic classification of germs of quasi-homoge-
neous subsets to the problem of classification of algebraic restrictions of sym-
plectic forms to these subsets. For non-quasi-homogeneous subsets there is
one more cohomological invariant except the algebraic restriction ([DJZ2],
[DJZ1]). The dimension of the space of algebraic restrictions of closed 2-
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forms to a 1-dimensional quasi-homogeneous isolated complete intersection
singularity C'is equal to the multiplicity of C' (|[DJZ2]). In [D] it was proved
that the space of algebraic restrictions of closed 2-forms to a 1-dimensional
(singular) analytic variety is finite-dimensional. In [DJZ2| the method of
algebraic restrictions was applied to various classification problems in a sym-
plectic space. In particular the complete symplectic classification of classical
A — D — F singularities of planar curves and Sj singularity were obtained.
Most of different symplectic singularity classes were distinguished by new
discrete symplectic invariants: the index of isotropy and the symplectic mul-
tiplicity.

In this paper following ideas from [A1l] and [D] we define new discrete
symplectic invariants - the Lagrangian tangency orders (section 3.1). These
invariants let us distinguish all symplectic A — D — E singularities of pla-
nar curves including E3, E§ and E3, ES singularities which were not distin-
guished by the index of isotropy and the symplectic multiplicity (Tables 4
and 6). Using Lagrangian tangency orders we are able to give more detailed
classification of S5 singularity (Theorem 5.5) and to present an alternative
geometric description of its symplectic orbits (Theorem 5.3).

We also obtain the complete symplectic classification of the classical iso-
lated complete intersection singularity 7% using the method of algebraic re-
strictions (Theorem 6.1). We calculate discrete symplectic invariants for this
classification (Theorems 6.7 and 6.4) and we present geometric descriptions
of symplectic orbits (Theorem 6.10).

The paper is organized as follows. In section 2 we recall the method
of algebraic restrictions. In section 3 we present known discrete symplectic
invariants and introduce Lagrangian tangency orders. Lagrangian tangency
orders of symplectic A — D — F singularities of planar curves are studied in
section 4. In section 5 we obtain more detailed symplectic classification of Sj
using Lagrangian tangency orders and an alternative geometric description of
symplectic singularities. Symplectic classification of 1% singularity is studied
in section 6.

2 The method of algebraic restrictions

In this section we present basic facts on the method of algebraic restrictions,
which is a very powerful tool for the symplectic classification. The proofs of
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all results of this section can be found in [DJZ2].

Given a germ of a non-singular manifold M denote by AP(M) the space
of all germs at 0 of differential p-forms on M. Given a subset N C M
introduce the following subspaces of AP(M):

AG(M) ={w e A’"(M): w(z)=0forany z € N};

AN M) = {a+dB: ae Ny (M), B e Ay (M).)

The relation w(x) = 0 means that the p-form w annihilates any p-tuple
of vectors in T, M, i.e. all coefficients of w in some (and then any) local
coordinate system vanish at the point x.

Definition 2.1. Let N be the germ of a subset of M and let w € AP(M).
The algebraic restriction of w to N is the equivalence class of w in AP(M),
where the equivalence is as follows: w is equivalent to @ if w—w € A5(N, M).

Notation. The algebraic restriction of the germ of a p-form w on M to the
germ of a subset N C M will be denoted by [w]y. Writing [w]y = 0 (or
saying that w has zero algebraic restriction to N) we mean that [w]y = [0]x,
le. we AJ(N, M).

__ Let M and M be non-singular equal-dimensional manifolds and let ® :
M — M be a local diffeomorphism. Let N be a subset of M. It is clear
that ®*AL(N, M) = A5(®~1(N), M). Therefore the action of the group of
diffeomorphisms can be defined as follows: ®*([w]y) = [®*w]e-1(n), Where w
is an arbitrary p-form on M.

Definition 2.2. Two algebraic restrictions (w|n and [w]5 are called diffeo-
morphic if there exists the germ of a diffeomorphism ® : M — M such that

P(N) =N and *([w]n) = [@] 5-

Remark 2.3. The above definition does not depend on the choice of w and w
since a local diffeomorphism maps forms with zero algebraic restriction to N
to forms with zero algebraic restrictions to N. If M = M and N = N then
the definition of diffeomorphic algebraic restrictions reduces to the following
one: two algebraic restrictions [w|y and [@]|y are diffeomorphic if there exists
a local symmetry ® of N (i.e. a local diffeomorphism preserving N ) such
that [*w]y = [w]N-
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Definition 2.4. A subset N of R™ is quasi-homogeneous if there exists a
coordinate system (xy,- - ,xy) on R™ and positive numbers Ay, -+, A, such
that for any point (y1,- -+ ,ym) € R™ and any t € R if (y1, -+ ,ym) belongs
to N then a point (tMyy,--- ,t*y,,) belongs to N.

The method of algebraic restrictions applied to singular quasi-homogeneous
subsets is based on the following theorem.

Theorem 2.5 (Theorem A in [DJZ2|). Let N be the germ of a quasi-
homogeneous subset of R*™. Let wy,w;, be germs of symplectic forms on R*"
with the same algebraic restriction to N. There exists a local diffeomorphism
O such that () = for any x € N and ®*w; = wy.

Two germs of quasi-homogeneous subsets Ny, Ny of a fixed symplectic
space (R*™ w) are symplectically equivalent if and only if the algebraic re-
strictions of the symplectic form w to Ny and Ny are diffeomorphic.

Theorem 2.5 reduces the problem of symplectic classification of germs of
singular quasi-homogeneous subsets to the problem of diffeomorphic classi-
fication of algebraic restrictions of the germ of the symplectic form to the
germs of singular quasi-homogeneous subsets.

The geometric meaning of zero algebraic restriction is explained by the
following theorem.

Theorem 2.6 (Theorem B in [DJZ2|). The germ of a quasi-homogeneous
set N of a symplectic space (R*",w) is contained in a non-singular Lagran-
gian submanifold if and only if the symplectic form w has zero algebraic
restriction to N.

Proposition 2.7 (Lemma 2.20 in [DJZ2|). Let N C R™. Let W C ToR™
be the tangent space to some (and then any) non-singular submanifold con-
taining N of minimal dimension within such submanifolds. If w is the germ
of a p-form with zero algebraic restriction to N then w|w = 0.

The following result shows that the method of algebraic restrictions is
very powerful tool in symplectic classification of singular curves.

Theorem 2.8 (Theorem 2 in [D]). Let C' be the germ of a K-analytic curve
(for K=R or K= C). Then the space of algebraic restrictions of germs of
closed 2-forms to C' is a finite dimensional vector space.
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By a K-analytic curve we understand a subset of K™ which is locally
diffeomorphic to a 1-dimensional (possibly singular) K-analytic subvariety
of K. Germs of C-analytic parameterized curves can be identified with
germs of irreducible C-analytic curves.

We now recall basic properties of algebraic restrictions which are useful
for a description of this subset ([DJZ2]).

First we can reduce the dimension of the manifold we consider due to
the following propositions.

If the germ of a set N C R™ is contained in a non-singular submanifold
M C R™ then the classification of algebraic restrictions to N of p-forms on
R™ reduces to the classification of algebraic restrictions to N of p-forms on
M. At first note that the algebraic restrictions [w]y and [w|ra], can be
identified:

Proposition 2.9. Let N be the germ at 0 of a subset of R™ contained in a
non-singular submanifold M C R™ and let wy,ws be p-forms on R™. Then

lwi]n = [waln if and only if [wilrar] y = [walrad] -

The following, less obvious statement, means that the orbits of the alge-
braic restrictions [w]y and [w|ra], also can be identified.

Proposition 2.10. Let Ny, Ny be germs of subsets of R™ contained in equal-
dimensional non-singular submanifolds My, My respectively. Let wy,wy be
two germs of p-forms. The algebraic restrictions [wi]n, and [wa]n, are diffeo-
morphic if and only if the algebraic restrictions [wl,TMl}Nl and [wngMJ

Na
are diffeomorphic.

To calculate the space of algebraic restrictions of 2-forms we will use the
following obvious properties.

Proposition 2.11. Ifw € A5(N,R*") then dw € AETH(N,R*™) and w Ao €
A§+p(N, R?") for any p-form o on R*".

The next step of our calculation is the description of the subspace of
algebraic restriction of closed 2-forms. The following proposition is very
useful for this step.

Proposition 2.12. Let aq,...,ax be a basis of the space of algebraic restric-
tions of 2-forms to N satisfying the following conditions
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1. dalz---:dajzo,

2. the algebraic restrictions dajii, ..., day are linearly independent.
Then aq,...,a; is a basis of the space of algebraic restriction of closed 2-
forms to N.

Then we need to determine which algebraic restrictions of closed 2-forms
are realizable by symplectic forms. This is possible due to the following fact.

Proposition 2.13. Let N C R?**. Let r be the minimal dimension of
non-singular submanifolds of R*" containing N. Let M be one of such
r-dimensional submanifolds. The algebraic restriction [0]n of the germ of
closed 2-form 0 is realizable by the germ of a symplectic form on R?*" if and
only if rank(0|r,p) > 2r — 2n.

Let us fix the following notations:

° [A2(R2n)} ~+ the vector space consisting of algebraic restrictions of germs
of all 2-forms on R?" to the germ of a subset N C R?";

o [Z2(R*™)],: the subspace of [A*(R?")]  consisting of algebraic restric-
tions of germs of all closed 2-forms on R?" to N;

e [ Symp (R®")]y: the open set in [Z*(R®")] consisting of algebraic re-
strictions of germs of all symplectic 2-forms on R?" to V.

3 Discrete symplectic invariants.

We can use some discrete symplectic invariants to characterize symplectic
singularity classes. The first one is a symplectic multiplicity ([DJZ2]|) intro-
duced in [IJ1] as a symplectic defect of a curve.

Let N be a germ of a subset of (R*",w).

Definition 3.1. The symplectic multiplicity pisympu(N) of N is the codi-
mension of a symplectic orbit of N in an orbit of N with respect to the action
of the group of local diffeomorphisms.

The second one is the index of isotropy [DJZ2].
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Definition 3.2. The index of isotropy «(N) of N is the maximal order of
vanishing of the 2-forms w|rys over all smooth submanifolds M containing

N.
They can be described in terms of algebraic restrictions.

Proposition 3.3 (|[DJZ2|). The symplectic multiplicity of the germ of a
quasi-homogeneous subset N in a symplectic space is equal to the codimen-
sion of the orbit of the algebraic restriction [w|y with respect to the group of
local diffeomorphisms preserving N in the space of algebraic restrictions of
closed 2-forms to N.

Proposition 3.4 (|DJZ2|). The index of isotropy of the germ of a quasi-
homogeneous subset N in a symplectic space (R*",w) is equal to the mazimal
order of vanishing of closed 2-forms representing the algebraic restriction

[CL)]N.

3.1 Lagrangian tangency order

There is one more discrete symplectic invariant introduced in [D] following
ideas from [A1] which is defined specifically for a parameterized curve. This
is the maximal tangency order of a curve f : R — M to a smooth Lagran-
gian submanifold. If H; = ... = H,, = 0 define a smooth submanifold L in
the symplectic space then the tangency order of a curve f: R — M to L is
the minimum of the orders of vanishing at 0 of functions Hyo f,--- , H,o f.
We denote the tangency order of f to L by t(f, L).

Definition 3.5. The Lagrangian tangency order Li(f) of a curve f
is the mazimum of t(f, L) over all smooth Lagrangian submanifolds L of the
symplectic space.

The Lagrangian tangency order of a quasi-homogeneous curve in a sym-
plectic space can also be expressed in terms of algebraic restrictions.

Proposition 3.6 (|D]). Let f be the germ of a quasi-homogeneous curve
such that the algebraic restriction of a symplectic form to it can be repre-
sented by a closed 2-form vanishing at 0. Then the Lagrangian tangency
order of the germ of a quasi-homogeneous curve f s the maximum of the
order of vanishing on f over all 1-forms o such that [w]; = [da]s
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We can generalize this invariant for curves which may be parameterized
analytically. Lagrangian tangency order is the same for every 'good’ analytic
parametrization of a curve [W|. Considering only such parameterizations we
can choose one and calculate the invariant for it. It is easy to show that this
invariant doesn’t depend on chosen parametrization.

Proposition 3.7. Let f : R — M and g : R — M be good analytic
parametrizations of the same curve. Then Lt(f) = Lt(g).

Proof.  There exists a diffeomorphism 6 : R — R such that g(s) =
f(6(s)) and £|, # 0. Let H; = ... = H, = 0 define a smooth submanifold

L in the symplectic space. If dl(gtilof) lo=0forl=1,..., k then

d*(H; o g) d*Y(H;o fo0) d*(H;o f) do ;..
e g o= g o () o

so the orders of vanishing at 0 of functions H; o f and H; o g are equal and
hence t(f, L) = t(g, L) what implies that Lt(f) = Lt(g). O

We can generalize Lagrangian tangency order for sets containing para-
metric curves. Let N be a subset of a symplectic space (R*",w).

Definition 3.8. The tangency order of the germ of a subset N to
the germ of a submanifold L t[N, L] is equal to the minimum of t(f, L)
over all parameterized curve-germs f such that Imf C N.

Definition 3.9. The Lagrangian tangency order of N Lt(N) is equal
to the maximum of t{N, L] over all smooth Lagrangian submanifold-germs L
of the symplectic space.

In this paper we consider /N which are singular analytic curves. They may
be identified with a multi-germ of parametric curves. We define invariants
which are special cases of the above definition.

Consider a multi-germ (f;)ieq1,... ,3 of analytically parameterized curves f;.
For any smooth submanifold L in the symplectic space we have r-tuples

(t(fla L)a T >t(fra L))

Definition 3.10. For any I C {1,--- ,r} we define the tangency order
of the multi-germ (f;);cr to L:

t(fi)ie 1, L] = Il.]feliglt(me)-
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Definition 3.11. The Lagrangian tangency order Lt((f;)ic ;) of a multi-
germ  (fi)ier is the maximum of t[(f:)ic 1, L] over all smooth Lagrangian
submanifolds L of the symplectic space.

For multi-germs we can also define relative invariants according to se-
lected branches or collections of branches.

Definition 3.12. Let S C I C {l,---,r}. Fori € S let us fir num-
bers t; < Lt(f;). The relative Lagrangian tangency order Lt[(f;)ics :
(S, (ti)ics)] of a multi-germ (f;)ier related to S and (t;)ies is the maximum
of t[(fi)iens, L] over all smooth Lagrangian submanifolds L of the symplectic
space for which t(f;, L) = t;, if such submanifolds exist, or —oo if there are
no such submanifolds.

We can also define special relative invariants according to selected branches
of multi-germ.

Definition 3.13. For fixred j € I the Lagrangian tangency order re-
lated to f; of a multi-germ (f;)ier denoted by Lt[(fi)icr = f;] is the maa-
imum of t[(fi)ien\(jy, L] over all smooth Lagrangian submanifolds L of the
symplectic space for which t(f;, L) = Lt(f;),

These invariants have geometric interpretations. If L¢(f;) = oo then a
branch f; is included in a smooth Lagrangian submanifold. If Lt((f;)ic 1) =
oo then exists a Lagrangian submanifold containing all curves f; for i € I.

We may use these invariants for distinguishing symplectic singularities.

4 Symplectic A — D — E classification by La-
grangian tangency orders

A complete symplectic classification of classical A — D — F singularities of
planar curves was obtained using a method of algebraic restriction in [DJZ2].

Let N = {H(x1,x2) = x>3 = 0} where H(x1,x9) is a function rep-
resenting one of the classical singularities Ay, Dy, Fg, Fr7, Eg, see Table 1.
Classification of these singularities is equivalent to classification of algebraic
restrictions of the space [AQ (RQ)} (H=0) with respect to the group of symme-

tries of the curve {H = 0} C R? This classification involves functions and
families of functions given in the second column of Table 1.
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Let us transfer the normal forms F; = [Fidxy A dws|{m—o} to symplectic
normal forms. Fix any symplectic form, for example,

wo =dp1 ANdqy + - - - + dp,, A dg,.

If n > 2 then the algebraic restriction [F;(z1, x2)dx1 A dxs]n can be realized
by the symplectic form w; = Fjdzi Adxs+dxy Adxs+drs Adxys+des Adrg+
-+« +dxg,_1 N\ dxs, which can be brought to wy by the change of coordinates

Ty =p1, T2 =p2, T3 =q — [y Fi(p1,t)dt, x4 = g,
Ts =P3, T6 =4q3,---, Tan—1 = Pn, Ton = (n-

The given change of coordinates brings N to the form

, P2
N' = {H(ppr) =q —/ Fi(p1,t)dt = g2 = p>3 = 0} C (R*™,wp). (1)
0

The complete symplectic classification of the Ay, Dy, Eg, E7, Es singular-
ities is given by the following theorem.

Theorem 4.1 (|DJZ2|). Fiz a function H = H(x1,23) in Table 1. Any
curve in the symplectic space (R* wy), n > 2, which is diffeomorphic to
the curve N : H(x1,22) = x>3 = 0 is symplectically equivalent to one and
only one of the normal forms N*, i =0, ..., u, given by (1), where F; are the
functions in Table 1 and p is the multiplicity of H. The parameters b, by, by
are symplectic moduli. The codimension of the symplectic singularity class
defined by the normal form N in the class of all curves diffeomorphic to N
18 equal to 1.

4.1 Distinguishing normal forms by Lagrangian tan-
gency invariants

A curve N may be described as a parameterized curve or as a union of
parameterized components C; preserved by local diffeomorphisms in sym-
plectic space (R**,wg), n > 2. Lagrangian tangency orders Lt(N) and
Lt(C;) are preserved by local symplectomorphisms. For calculating Lagrange
tangency orders we give their parametrization in the coordinate system
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H(l’1,$2) E(l’l,l’Q), 7’:071’7/'6
Ak:x’fﬂ—az% =1 F=x},i=1,...,k—1

k>1 Fr,=0
Dk::z:%ang—a:g*l Fo=1, F,=bx;+2%, i=1,....,k—4
k>4 Fr g = (£1)kz) + bah =3,
Fi_o = 5612673, Fi_1 = 1'1572, F,=0
Fe¢: 23 — 15 Fo=1, Fy = +x9 + bxy, [ = 21 + b3,

Fg = x% + bxll'g, F4 = :|:{L'1$2,

F5 = .’L’1£C%, F6 =0

E7:a::{’—:n1x%’ Fo=1, F\ = x5+ bxq, F2::|:a:1—|-b:z:§,

F3 = CC% 4+ bxrixo, Fy = 129 + bx%,

Fs=a3 Fg=u13, F;=0

Eg:l’i{’—.%g Fy==x1, Fy =x9+ bz, F221‘1+b1$%+b2$%’
F3 = :I:l’% + brixo, Fy= tx129+ bx%,

Iy = x% + b:El:B%, Fs = mw%, Fr = :l::nlajg’, Fs=0

Table 1: Classification of the algebraic restrictions to Ay, Dy, Fg, E7, Es.

(P1,q1,D02,q2, ** »Pnsqn)- Singularity description and comparison of sym-
plectic invariants (Lagrangian tangency orders, the index of isotropy - ind,
the symplectic multiplicity - g®™P) is contained in Tables 2 - 6. As we see
in Tables 2 - 6, the index of isotropy and the symplectic multiplicity distin-
guishes all normal forms except for the following two couples: (a) E and
E§; (8) E and Ef. Using new invariants - Lagrangian tangency orders we
can distinguish them completely.

Normal form (@) Lt(N) ind pusymP
AL 0<i<k—1 | tkHF20)N (k4+142i)\g | i i
Ak 0 00 00 k

Table 2: Symplectic invariants of A singularity. If k is even then Ay = 1 and

N may be described as a parameterized singular curve C : (¢2, f(t),t**1,0, --,0).

If k is odd then A\, = % and N is a pair of two smooth parameterized branches:

2
+

Byt (t,£f(t), £t5,0,---,0). By Lt(N) we denote Lt(C) or Lt(B., B_).

38



Normal () Lt(N) Lt(Cy) ind pSymp
form
DY 122 2\ (k= 2)Ak 0 0
D} bR 4 Tt kA kA 1 2
DI<<F=3 ﬁtQ(FFl))\k_i_ kA (k=242 | 1 i+1
+btkAe bA£0
S PO DA (k—2+2)\, | (E—2+2i)\, | 4 i+1
Df? ENR kA o0 1 k=2
Y
Dlzzfz ﬁtz(k—z)xk (3k — 8)\x 00 k=3 1| k-2
DF1 rilt2(k—1)>\k (3k — 6) A 00 k=2 k-1
Dy 0 00 00 00 k

Table 3: Symplectic invariants of Dy, singularity. The curve N consists of 2 invariant
components: C - smooth and Cy - singular. The branch C; has a form (¢,0,0,0,---,0).
If k is odd then Cy has a form (t*=2, f(¢),#2,0,--- ,0) and A\ = 1. If k is even then C»
consists of two branches: By : (#t*=2)/2  f(#),¢,0,---,0) and \ = % )

Normal form f(t) Lt(N) ind. pSY™mP
EY £ 4 0 0
E} +515 + bt” 7 1 2
EZ 7+ 249 8 1 3
B} 119 + 5410 10 2 4
Eg§ +5t10 11 2 4
oA 313 14 3 5
E§ 0 00 00 6

Table 4: Symplectic invariants of Eg singularity. The curve N has a parametrization
g
(t4, f(t),t3,0,~' ,0).

5 Symplectic Ss-singularities

Denote by (S5) the class of varieties in a fixed symplectic space (R*",w)
which are diffeomorphic to

Ss = {r € R*"=": 2] — 23 — 5 = 2973 = 754 = 0.} (2)

This is the classical 1-dimensional isolated complete intersection singu-
larity S5 (|G], [AVG]). A complete classification of symplectic singularities
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Normal form Ji(t) | fa(t) Lt(N) | Lt(Cy) | ind. | p*y™p
EY t t2 3 3 0 0
E! st2 | Mt |5 5 1 2
E? L e L 00 1 3
E3 365 |35+ N7 |7 o0 2 4
E} bt | 2T+ 58 |8 oo 2 5
E? qtt | 58 9 00 3 5
E% 25| 40 11 00 4 6
EI 0 0 00 00 00 7

Table 5: Symplectic invariants of E; singularity. The curve N consists of two compo-
nents: the smooth branch - C and the singular branch - C5. They have the parametriza-
tion: Cq : (0, f1(t),t,0,---,0) and Cy : (3, fo(t),2,0,--- ,0).

in (S5) was obtained in [DJZ2]. In the section 5.1 we quote these results.
In section 5.2 we use alternative geometric conditions to describe symplectic
classes and to distinguish them . In section 5.3 we use Lagrangian tangency
orders to confirm this classification.

5.1 Algebraic restrictions and their classification
The following description of the space [Z?(R?")]s, was obtained in [DJZ2].
Proposition 5.1. The space [Z*(R?")]gs has dimension 5. It is spanned by
the algebraic restrictions to Sy of the 2-forms

91 = d$1 A\ dl'Q, 92 = dl’Q A diL’g, 03 = dl’g A dxl, 04 = .I'le'l N dl'Q,

95 == (L’gdl’l VAN dCL’g - .Ildflfg N dl’g.

consisting of algebraic restrictions of the form [c101 + - - - + c505)s, such
that (c1,ce,c3) # (0,0,0).

The main results were described in the following theorem.

Theorem 5.2.

(i) Any algebraic restriction in [Z*(R*")|s, can be brought by a symmetry
of Ss to one of the normal forms [Ss]* given in the second column of Table
7;

(i) The codimension in [Z*(R*)]s, of the singularity class corresponding
to the normal form [Ss]* is equal to i;
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Normal form f(t) Lt(N) ind. pSymP
EY £t 5 0 0
E} 518 + bt® 8 1 2
E? 540494 L2412 1 10 1 4
E3 10+ 51 |11 2 4
E} i+ 5412 |13 2 5
ER Tt bt 14 3 6
E§ st 16 3 6
E§ +5t17 19 4 7
E$ 0 00 00 8

Table 6: Symplectic invariants of Fg singularity. The curve N has a parametrization
(t55 f(t)vtsa Oa e 70)

(i1i) The singularity classes corresponding to the normal forms are disjoint;
(iv) The parameters c, ¢y, ca of the normal forms [Ss]°, [S5]?, [S5]® are moduli.

Normal forms for i
Symplectic class ) o cod | pS™ ind
algebraic restrictions

[55]0 : [92 + 1601 + 0293}55

0
(S5)° 2n >4 or o) £ (0.0 0| 2 0
(55)2 2n >4 [55]2 : [92 + 094]55 2 3 0
(55)3 2n>6 [55]3 : [94 + 695]55 3 4 1
(S5)° 2n >6 [S5]° 2 [0]s5 5 5 0

Table 7: Classification of symplectic S5 singularities. cod — codimension of the
classes; p®¥™— symplectic multiplicity; ind — the index of isotropy.

In the first column of Table 7 by (S5)" we denote a subclass of (S5) con-
sisting of N € (.S5) such that the algebraic restriction |w]y is diffeomorphic
to some algebraic restriction of the normal form [S5]*. The classes (S5)" are
symplectic singularity classes, i.e. they are closed with respect to the action
of the group of symplectomorphisms. The class (S5) is the disjoint union
of the classes (55)?, (55)2, (S5)3, (S5)°. The classes (S5)° and (S5)? are non-
empty for any dimension 2n > 4 of the symplectic space; the classes (S5)3
and (Ss)° are empty if n = 2 and not empty if n > 3.

41



Any stratified submanifold of the symplectic space (R*",w),n > 3 (resp.
n = 2) which is diffeomorphic to S5 is symplectically equivalent to one
and only one of the normal forms S,i = 0,2,3,5 (resp. i@ = 0,2). The
parameters of the normal forms are moduli. If w is expressed in Darboux
coordinates, w = dp; Adgi+- - - +dp, Ndq, then one may obtain the following
normal forms:
S9: P —p3—g3=0, pag2=0,q1= c1p2 + c2q2, P>3= q>3= 0, (c1, ¢2) #(0,0);
S5 pi—p5—a5 =0, paga =0, q1 = cp3, p>3 = q>3 = 0;
S3: pt—ps—p3 =0, pap3 =0, q1 = p3/2, g2 = cp1p3, ¢>3 = P4 = 0;
S2: pi—p3—p3 =0, pap3 =0, ¢>1 = p>4 = 0.

5.2 Canonical definition of the classes (S5’

The classes (S5)" were distinguished geometrically (in [DJZ2]), without using
any local coordinate system. In this section we propose another geometric
description of these singularities which distinguish more cases.

Let N € (S5). Then N is the union of 4 non-singular 1-dimensional
submanifolds (strata). Denote by 1, ..., £4 the tangent lines at 0 to the strata.
These lines span a 3-space W = W(N). Equivalently W is the tangent space
at 0 to some (and then any) non-singular 3-manifold containing N. The
classes (S5)’ can be distinguished in terms of the restriction w|y,, where w is
the symplectic form and vectors v; tangent to branches B;. For N = S5 =(2)
it is easy to calculate

(19 = span (0/0xy £ 0/0x3), 34 = span (0/0xy £ 0/0z3). (3)

Theorem 5.3. A stratified submanifold N € (Ss) of a symplectic space
(R?",w) belongs to the class (Ss)" if and only if the couple (N,w) satisfies
the condition in the last column of Table 8, the row of (Ss)".

Remark 5.4. For any i # j the set B;UB; is Ay singularity. The condition
W|gi+g‘j = 0 smplies that w has zero algebraic restriction to B;UB; (see Table
2). Since any triple of branches is a reqular union of 3 one-dimensional
submanifold then the condition w|y4e, = 0 Vi, j € {1,2,3,4} implies that
any triple of branches B;, Bj, By, is contained in a smooth Lagrangian sub-
manifold (see Section 7.2, Table 8 in [D.JZ2]).
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Class | Normal form cod | Geometric conditions

(55)0 [55]8 : [92+6191+0293]55 0 Wlfi-‘:-fj #0 Vi#£j € {1,2,3,4}
C1 - C 7é 0, (Cl j:CQ)Q?él
[S5]9 1 [02 + c101] s, 1 | wlg4¢, = 0 for exactly one pair of
ler] # 1 branches B;, B; (this pair is con-
tained in a Lagrangian submanifold)
[S5]9 : [61 + 02] s, 2 | wle, ¢, = 0 for exactly three pairs of
branches B;, B; (these pairs are con-
tained in Lagrangian submanifolds)
(S5)% | [S5]? : [02 + cb4ls, 2 | wle4¢;, = 0 for exactly two pairs of
branches B;, B; (these pairs are con-
tained in Lagrangian submanifolds)
(S5)? | [S5)° : [04 + cOs]s, 3 | Wiy, = 0 Vi,j € {1,2,3,4}, all
triples of branches are contained in
Lagrangian submanifolds

(S5)° | [S5]° : [0]ss 5 | N is contained in a Lagrangian sub-
manifold

Table 8: Geometric interpretation of singularity classes of Ss; W - the tangent space
to a non-singular 3-dimensional manifold containing N € (S5); ¢; - a line tangent to the
stratum B;.

5.3 Distinguishing symplectic classes of S5 by Lagran-
gian tangency orders

Lagrangian tangency orders will be used to confirm a more detailed classi-
fication of (S5). A curve N € (S;) consists of 4 non-singular 1-dimensional
submanifolds (strata) which may be described as parametrical curves By,
By, B3, By. Their parametrization is given in the second column of Table 9.
To distinguish the classes of this singularity completely we need following
Lagrangian tangency orders:

Lt(N) = Lt(B, B, B3, By) =

= mLaX(min{t(Bl, L), (B2, L),t(Bs,L),t(Bs,L)});

Lt(N{i,j,k}) = Lt(Bi, Bj, Bk> = mgx(min{t(Bi, L), t(Bj, L), t(Bk, L)}),

Lt(N{iJ}) = Lt(Bi, BJ) = mgx(min{t(Bi, L), t(Bj, L)}),

where L is a smooth Lagrangian submanifold of a symplectic space.
All branches B; are smooth so Lt(B;) = oo for any i € {1,2,3,4} and these
numbers are not useful in the classification. We use Lagrangian tangency
orders for pairs and triples of branches. Comparing respective numbers we
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obtain more detailed classification of symplectic singularities of Ss.

obtained subclasses have a natural geometric interpretation (compare Table

8).

Theorem 5.5. A stratified submanifold N € (Ss) of a symplectic space
(R, w) with the canonical coordinates (pi,qi, -+ ,Pn,qn) i symplectically
equivalent to one and only one of the curves presented in the second column
of Table 9. The parameters c,cy,co are moduli. The Lagrangian tangency

orders of the set are characterized in the fourth column of Table 9.

Class Parametrization Conditions Lagrangian tangency orders
of branches for subclasses
(55)8 (t, :FCgt, O7 ﬂ:t, 07 . ) C1*C2 7’5 0, Lt(N) = 1, Lt(N{i.,j}) =1
2n>4 t,+cit, £¢,0,- - - ¢1 £ ¢3)?#1 | for all pairs of branches
k) ) K Y p

(55)(1) (t,0,0,it,O,~--) ‘Cl‘ 7& 1 Lt(N) = 1, Lt(N{i’j}) =

2n>4 | (t,%eqrt, +t,0,---) for exactly one pair of
branches

(S5)9 (¢,0,0,+£t,0,- - Lt(N) =1, Lt(Ny; j3) =00

2n>4 | (t,+t,+t,0,---) for exactly three pairs of
branches

(S5)% | (t,0,0,4¢,0,---) Lt(N) =1, Lt(Ny; j1) = o0

2n>4 | (¢, §t2, +¢,0,0,---) for exactly two pairs of
branches

(S5)% | (0,0, Fct? £t,0,- ) Lt(N) =2, Lt(Ny; j5y) = 00

n>6 | (4 %tQ, +¢,0,0,0,- - ) for all triples of branches

(S5)° (¢,0,0,0,%¢,0,---) Lt(N) =

2n>6 | (¢,0,+£t,0,0,0,---)

Table 9: Lagrangian tangency orders for symplectic classes of Sy singularity.

6 Symplectic T-singularities

Denote by (T%) the class of varieties in a fixed symplectic space (R*",w)

which are diffeomorphic to
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This is the classical 1-dimensional isolated complete intersection singu-
larity 77 (|G|, [AVG]). Let N € (T%). Then N is quasi-homogeneous with
weights w(z1) = 3, w(zy) = w(xs) = 2.

We use the method of algebraic restrictions to obtain a complete classifi-
cation of symplectic singularities of (7%) presented in the following theorem.

Theorem 6.1. Any stratified submanifold of the symplectic space

(R2", 3% dp; A dg;), where n > 3 (resp. n = 2) which is diffeomorphic
to T; is symplectically equivalent to one and only one of the normal forms
T:i=0,1,---,7 (resp. i =0,1,2,4). The parameters c, cy,cy of the normal
forms are moduli.

T9: pi+p3+45 =0, pag2 =0, q1 = c1q2 + cap2, P>3 =q>3 =0, c1-ca #0;

T} pi+p3+4¢i =0, p2q1 =0, g2 = c1q1 — copip2, P>3 = q=3 = 0;

T?: p+p3+q3 =0,p2g2 = 0,q1 = 963 + £p3,p>3=g>3= 0, (c1,c2) # (0,0);
T#: pi+ps+a3=0, paa=0, q1=5¢, p>3=¢>3=0;

T3: p?+p3+p3=0, paps =0, @1 = Lp3+ 303,

g2 = —C2p1P3, P>4 = ¢>3 = 0;

TP: pi+py+p3=0, paps =0, q1 = 5p3, g2 = —p1ps, P4 = g3 =0;

TS: p+p3+p3=0, pop3s =0, q1 = 3p}, p>4 = q=2 = 0;

T7: pi+p3+p3=0, pop3 =0, g>1 = p>a = 0.

In section 6.1 we calculate the set [Symp(R?")|z., and classify it by the
action of diffeomorphisms preserving 7. This allows us to decompose (7%)
onto symplectic singularity classes. In section 6.2 we transfer the normal
forms of algebraic restrictions to symplectic normal forms to obtain the
proof of Theorem 6.1. In section 6.3 we use Lagrangian tangency orders to
distinguish more symplectic singularity classes. In section 6.4 we propose a
geometric description of these singularities which confirms this more detailed
classification. Some of the proofs are presented in section 6.5.

6.1 Algebraic restrictions and their classification

One has the following relations for (7%)-singularities
[d(l’gl’g)]T7 = [I’le’g + 5133d$2]T7 =0 (5)

[d(x% + :Bg + :L'g)]p = [2z1dxy + 3x§d1’2 + 3x§dw3]T7 =0 (6)
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relations proof
1. [xodxa A dxs|y =0 (B)A dxo
2. [x3dze A\ dxs|ny =0 (5)Adxs
3. | [z3dxy A dxo]n = [radzs A dzi]N (5)A dxq
4. [z1dxy A dxe)y =0 (6)Adze and row 2.
5. [x1dzy A dxs|y =0 (6)Adxs and row 1.
6. | [z3dz1 A dao]y = [23dws A dry]y (6)A dxy

rows 1. and 2.

7. [23dzo A drs)y = 0 and [12]w = [—3 — ]
8. [x%dxl Adxsly =0 (5)Axsdzry and [xozs]y =0

Table 10: Relations towards calculating [A?(R?")]y for N = T

Multiplying these relations by suitable 1-forms we obtain the relations in
Table 10.
Table 10 and Proposition 2.11 easily imply the following proposition:

Proposition 6.2. [A*(R*)]r. is a 8-dimensional vector space spanned by
the algebraic restrictions to Ty of the 2-forms

61 = dﬂ?g A\ dmg, 92 = dl’l A dl‘g, 93 = dl’l A\ dSCQ, 04 = l'gdfﬂl N d%g,

05 = ZL’le’l VAN dl’g, o1 = ZEgdCL'l A dl’g, 09 = fL‘ld(L'Q A dl‘g, 07 = Z’gdl’l A de‘g.

Proposition 6.2 and results of section 2 imply the following description
of the space [Z%(R?")|, and the manifold [Symp(R*")]z. .

Theorem 6.3. [Z%(R?")|z, is a T-dimensional vector space spanned by the
algebraic restrictions to Ty of the quasi-homogeneous 2-forms 6;

(91, ‘92, 63, 94, 95, 96 =01 — 09, 97.

If n > 3 then [Symp(R*")]y, = [Z%(R*")]r,. The manifold [Symp(RY)|z, is
an open part of the T-space [Z?(RY)|z, consisting of algebraic restrictions of
the form [c16y + - - - + cz07]1, such that (cy,co,c3) # (0,0,0).
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Theorem 6.4.

(i) Any algebraic restriction in [Z*(R*")|r. can be brought by a symmetry
of Ty to one of the normal forms [Tx]* given in the second column of Table
11;

(i) The codimension in [Z*(R*")|z. of the singularity class corresponding
to the normal form [Ty]* is equal to i;

(111) The singularity classes corresponding to the normal forms are disjoint;

(iv) The parameters c,cy,ca of the normal forms [T5]' are moduli.

Symplectic Normal forms cod | p¥™ | ind

class for algebraic restrictions

(T7)° (2n > 4) | [T7]°: [61 + 162 + c263]1, 0 2 0
C1+C2 7'5 0

(TH)Y (2n>4) | [T5]! : [c161 + 02 + cabs) 7, 1 3 0

(Tx)? (2n > 4) | [T7]* : [61 + 164 + c2b5)1, 2 0
(c1,¢2) # (0,0)

(T7)3 (2n > 6) [T7]3 [04 + 105 + c266] T 3 5 1

(Tr)* (2n>4) | [T7)*: [61 + cbrlp, 4 5 0

(T7)° (2n>6) | [T%]° : [0 + cbr] 5 6 1

(T7)° (2n>6) | [T7]° : [O7]: 6 | 6 | 2

(T7)" (2n>6) | [T7]": (O] 7 7 | o0

Table 11: Classification of symplectic Tr singularities. cod — codimension of the
classes; p*¥™— symplectic multiplicity; ind — the index of isotropy.

The proof of Theorem 6.4 is presented in section 6.5. In the first column
of Table 11 by (T%)" we denote a subclass of (T7) consisting of N € (T%) such
that the algebraic restriction [w]y is diffeomorphic to some algebraic restric-
tion of the normal form [T%]. Theorem 2.5, Theorem 6.4 and Proposition
6.3 imply the following statement.

Proposition 6.5. The classes (Tr)" are symplectic singularity classes, i.e.
they are closed with respect to the action of the group of symplectomorphisms.
The class (T%) is the disjoint union of the classes (Ty)',i € {0,1,--- ,7}. The
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classes (T7)°, (T7)Y, (T%)?%, (T%)* are non-empty for any dimension 2n > 4 of
the symplectic space; the classes (T%)3, (T%)%, (T3)8, (T%)" are empty if n = 2
and not empty if n > 3.

The following theorem explains why the given stratification of (77) is
natural.

Theorem 6.6. Fizi € {0,1,---,7}. All stratified submanifolds N € (Ty)*
have the same (a) symplectic multiplicity and (b) indez of isotropy given in
Table 11.

Proof. Part (a) follows from Theorems 3.3 and 6.4 and the fact that the
codimension in [Z2(R*")]r, of the orbit of an algebraic restriction a € [T4]*
is equal to the sum of the number of moduli in the normal form [T%]* and
the codimension in [Z2(R?")]r. of the class of algebraic restrictions defined

by this normal form.
Part (b) follows from Theorem 2.6 and Propositions 3.4 and 2.7. O

6.2 Symplectic normal forms. Proof of Theorem 6.1

Let us transfer the normal forms [T7]' to symplectic normal forms using
Theorem 2.12, i.e. realizing the algorithm in section 2. Fix a family w’ of
symplectic forms on R?" realizing the family [T7]" of algebraic restrictions.
We can fix, for example

W =01 4 16 + colls + dxy Ndxy + dxs ANdxg + - -+ + drop—1 Adxay, c1-co #0;
wl = c101 + 09 + 205 + dro ANdxy + drs ANdxg + -+ - + dxop_1 A dTop;

w? = 01 +c104+ 205+ dwy Adxy +drs Adxg+- - -+ dxon_1 Adway,, (c1,c2) # (0,0);
w3 =04 + 105 + cobs + Z§:1 dry ANdziys +dey ANdxg + - - - + drop—1 A dzaon;

wt =01 + b7 + doy Adxy + das Adxg + - - - + dron—1 A dxop;

W = O + ch7 + Z?:l dxy Ndziys +dey ANdxg + - - - + dxop—1 A dxap;

Wl = 07 + Z?:l dxy Ndxiys +dry ANdxg + - - + drop—1 A dxoy;

w’ = E?:l dxy Ndzxiys + dey ANdxg + - - - + dxop—1 N dxay,.

Let w = >""" dp;Adg;, where (p1,q1,- -+ , Pn, @) 1s the coordinate system
on R n >3 (resp. n =2). Fix, for i =0,1,--- ,7 (resp. for i = 0,1,2,4)
a family @' of local diffeomorphisms which bring the family of symplectic
forms w' to the symplectic form w: (®")*w’ = w. Consider the families
T: = (®)"1(T%). Any stratified submanifold of the symplectic space (R*",w)
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which is diffeomorphic to 77 is symplectically equivalent to one and only
one of the normal forms 7%, = 0,1,---,7 (resp. ¢ = 0,1,2,4) presented
in Theorem 6.1. By Theorem 6.4we obtain that parameters ¢, ¢y, co of the
normal forms are moduli.

6.3 Distinguishing symplectic classes of 77 by Lagran-
gian tangency orders

Lagrangian tangency orders will be used to obtain a more detailed classi-
fication of (7%7). A curve N € (1) may be described as a union of two
parametrical branches By and By. Their parameterization is given in the
second column of Table 12. To distinguish the classes of this singularity
completely we need following three invariants:

Lt(N) = Lt(Bl, BQ) = mLaX(min{t(Bl, L), t(B27 L)}),

L, = max{Lt(B), Lt(Bs)} = max{mgx t(B1, L), max t(B2, L)},

Ly =min{Lt(B,), Lt(B2)} = min{mLaX t(By, L), max t(By, L)},

where L is a smooth Lagrangian submanifold of the symplectic space.

Branches B; and By are diffeomorphic and are not preserved by all sym-
metries of 77 so neither Lt(B;) nor Lt(Bs) can be used as invariants. The
new invariants are defined instead: L, describing the Lagrangian tangency
order of the nearest branch and Ly representing the Lagrangian tangency
order of the farthest branch. Considering the triples (Lt(N), Ly, Ly) we
obtain more detailed classification of symplectic singularities of 77 than the
classification given in Table 11. Some subclasses appear (see Table 12) hav-
ing a natural geometric interpretation (Tables 13 and 14).

Theorem 6.7. A stratified submanifold N € (T;) of a symplectic space
(R?*™ w) with the canonical coordinates (pi,qi, +* ,Pn,qn) 5 symplectically
equivalent to one and only one of the curves presented in the second column
of Table 12. The parameters c,c1,co are moduli. The Lagrangian tangency
orders of the curve are presented in the fifth, the siazth and the seventh column
of Table 12 and the codimension of the classes is given in the fourth column.

Remark 6.8. The numbers L, and Ly can be easily calculated by using
Proposition 3.6 to branches By and By or by direct applying the definition of
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Class Parametrization Conditions cod | Lt(N) | L, | Ly
of branches for subclasses
(T7)0 (t37—01t2,0, —t270,~-~) C1 - C2 750 0 2 3 3
2n >4 | (13, —cot?,—12,0,0,---)
C1 - C2 7é 0 1 2 5 3
(Tr)t | (83,—t%,0,—c1t,0,-++) | e1=0,c2#0 | 2 3 |53
2n >4 | (3,0, —t2,¢at?,0,--+) c1#0,c0=0 2 2 o | 3
c1=0,c0=0 3 3 oo | 3
()2 | (83, 9¢%,0,—#2,0,- ) 1 e £0 2 2 |55
7 ) 22 s Uy s Uy 1 2
2n >4 | (83, 2t* —12,0,0,--) c1-co =0, 3 2 oo | 5
c1+co #£0
(Tr)3 (t3, 54,0, c0t%, —t2,0,--) | 1 #0 3 5 5| 5
2n>6 | (3, %t* —12,0,0,0,--) c1=0 4 5 oo | 5
(T7)* (t3,£15,0,—12,0,--+) 4 2 0 | o0
2n >4 | (3,0,—t2,0,0,---)
(T7)5 (t3,—£15,0,15, —t2,07 9) 5 5 | 00
2n >6 | (t3,0,—t%,0,0,0,---)
()8 (t%,—%t5,0,0,— ,0, ) 6 7 00 | oo
2n > 6 (t30, t2000 )
(T7)7 (tg 0,0,0 ) 7 o o (0/e]
2n>6 | (3,0, t2000 )

Table 12: Lagrangian tangency orders for symplectic classes of T% singularity.

the Lagrangian tangency order and finding the nearest Lagrangian subman-
ifold to these branches. Next we calculate Lt(N) by definition knowing that
it can not be greater than Ly.

We can compute Lt(By) using the algebraic restrictions [w'|p, where the
space [Z*(R*)]p, is spanned only by the algebraic restrictions to By of the
2-forms 0y, 04. For example for the class (Ty)* we have [c10, + 0y + co05] 5, =
[02]5, and thus Lt(By) < 3. Applying the definition of Lt(By) we find the
smooth Lagrangian submanifolds L described by the conditions: p; =0, 1 €
{1,...,n} and we get Lt(B;) = t(By, L) = 3.

We can compute LT (Bs) using the algebraic restrictions [w']p, where the
space [Z*(R*™)]p, is spanned only by the algebraic restrictions to By of the
2-forms 03, 05. For example for the class (Ty)* we have [c10, + 0y + co05] B, =
[c205] B, and thus Lt(Bs) =5 if ca # 0 and Lt(B2) = 0o if co = 0.
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Finally for the class (Ty)* we have L, =5 if co # 0 and L,, = 00 if c; = 0
and Ly =3 so Lt(N) < 3.

For the smooth Lagrangian submanifolds L described by the conditions:

P =0, g =0 and p; =0 fori > 2 we get t{N, L] = 3 if ¢, = 0 thus
Lt(N) = 3 in this case. But if ¢; # 0 then t[N,L] = 2 and it can not be
greater for any other smooth Lagrangian submanifold so Lt(N) = 2 in this
case.

6.4 Geometric conditions for the classes (T%)’

The classes (T7)! can be distinguished geometrically, without using any local
coordinate system.

Let N € (T7). Then N is the union of two branches — singular 1-
dimensional irreducible components diffeomorphic to the cusp singularities.
In local coordinates they have the form

B = {2 +a3 =0, 10 = 154 = 0},

Bg = {l’% +3§'g = 0, T>3 = 0}

Denote by /1, {5 the tangent lines at 0 to the branches By and B; respectively.
These lines span a 2-space P;. Let P, be 2-space tangent at 0 to the branch
By and P; be 2-space tangent at 0 to the branch B;. Define the line {3 =
P, N P3. The lines 4,45, ¢35 span a 3-space W = W(N). Equivalently W
is the tangent space at 0 to some (and then any) non-singular 3-manifold
containing N. The classes (T%)® satisfy special conditions in terms of the
restriction wl|y, where w is the symplectic form. For N = T; =(4) it is easy
to calculate

¢y = span (0/0z3), {2 = span (0/0xs), {5 = span (0/0x). (7)

6.4.1 Geometric conditions for the class [0]r,

The geometric distinguishing of the class (T%)” follows from Theorem 2.6:
N € (Ty)" if and only if N it is contained in a non-singular Lagrangian
submanifold. The following theorem gives a simple way to check the latter
condition without using algebraic restrictions. Given a 2-form ¢ on a non-
singular submanifold M of R?*" such that ¢(0) = 0 and a vector v € TyM
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we denote by L,0 the value at 0 of the Lie derivative of ¢ along a vector
field V' on M such that v = V(0). The assumption o(0) = 0 implies that
the choice of V' is irrelevant.

Proposition 6.9. Let N € (1%) be a stratified submanifold of a symplectic
space (R*",w). Let M3 be any non-singular submanifold containing N and
let o be the restriction of w to TM?. Let v; € {; be non-zero vectors. If
the symplectic form w has zero algebraic restriction to N then the following
conditions are satisfied:

L o0(0)=0,

II. Ly,0(vi,v;) =0 fori, j € {1,2},

III. L,,0(vs,v;) =0 fori e {1,2},

IV. Ly0(vs,vj) = Ly,0(vs,v;) fori #j € {1,2},

Proof. Any 2-form ¢ which has zero algebraic restriction to 77 can

be expressed in the following form ¢ = Hia + Hy8 + dHy N v + dHy N 9,

where Hy, = 2% + 23 + 23, Hy = xyx3 and a, 8 are 2-forms on TM? and

v = mdxry + Yaodxs + y3drs and § = 61dxy + dedxe + d3drs are 1-forms on
TM3. Since

Hi(0) = H3(0) =0, dHilo=dHs[o=0 (8)

we obtain the following equality
Lo = d(V |0)lo + (V. Jdo)lo = d(V )lo.
(8) also implies that
d(V' Jo)lo = d(V|dH1)|o Ao + d(V |dHz)|o A Slo.
By simply calculation we get
Ly,0 =dxry N\ d|g = I3]odrg A drs — 61|odry A dxs,

,CUQO' = dl’g AN 5|0 = 51|0 dl‘g AN dl’l — 52|0 dl‘g AN dl’g,
£U3O' = 2d.1'1 N ’}/’0 = 2’)/2‘0 d.Il A dﬂ?g — 2’}/3‘0 dl’g A d.]?l.

Finally we obtain
Ly 0(vs,v1) =0, Ly,o(vs,v2) =0, Lyo(vi,v2) =0,

Lvla(vg,vg) = —(51|0 = EUQO'(Ug,lh).
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Theorem 6.10. A stratified submanifold N € (T7) of a symplectic space
(R*™, w) belongs to the class (Ty)" if and only if the couple (N,w) satisfies

corresponding conditions in the last column of Table 13 or 1j.

Class | Normal form Geometric conditions
(T7)° | [T7]° : [h + 102+ c208]r, | wlere, # 0 Vi, j € {1,2,3}, so 2-spaces
c1-c2#0 tangent to branches are not isotropic
(T7)1 3275] 6{1,2} We;4+05 =Oandw|4j+43 750
(exactly one branch has tangent 2-space
isotropic)
[T7)} 2 [c101 402+ c205]7, | wle, 4+, # 0 and no branch is contained in
c1-c2#0 a Lagrangian submanifold
[T7]} : [02 + c205) 7, w|e, +¢, = 0 and no branch is contained in
ca #0 a Lagrangian submanifold
[T7]L : [c161 + o], wley 40, # 0 exactly one branch is con-
c1 #0 tained in a Lagrangian submanifold
(T7]} « [62]7, w|e, +¢, = 0 and exactly one branch is con-
tained in a Lagrangian submanifold
(T7)2 wWley 10, 7 0,w|e, 40, = 0 Vi € {1,2}
[T7)2 : [#1+c104+c2B5], | no branch is contained in a Lagrangian
c1-co#0 submanifold
[T7)2 : [01+c104+c205)7, | exactly one branch is contained in a La-
c1-ca=0,¢c14+co#0 grangian submanifold
(To)* | [T2]* 2 (61 + cOrlr, Wley 0, # 0,wle;40, = 0 Vi € {1,2},
and branches are contained in different La-
grangian submanifolds

Table 13: Geometric interpretation of singularity classes of T7 when w|y # 0; W - the
tangent space to a non-singular 3-dimensional manifold in (R?"4, w) containing N € (T%).

Proof of Theorem 6.10. The conditions on the pair (w, V) in the
last column of Table 13 and Table 14 are disjoint. It suffices to prove that
these conditions the row of (T%)?, are satisfied for any N € (7%)". This is a
corollary of the following claims:

1. Each of the conditions in the last column of Tables 13, 14 is invariant
with respect to the action of the group of diffeomorphisms in the space of
pairs (w, N);
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Class | Normal form Geometric conditions
(T7)3 | [T7)3 : [0a+c105+c206)T, | I1Lis not satisfied and no branch is contained
c1#0 in a Lagrangian submanifold
[T7]3 : [04 + c206]T, III is not satisfied and exactly one branch is
contained in a Lagrangian submanifold
(T7)3 | [T%])° : [06 + cO7)r, I1I is satisfied but II is not and branches are
contained in different Lagrangian submani-
folds.
(T7)8 | [T%]8 : [07] 1, I - IV are satisfied and branches are con-
tained in different Lagrangian submanifolds.
()" | [T7]" : [0]7, I - IV are satisfied and N is contained in a
Lagrangian submanifold

Table 14: Geometric interpretation of singularity classes of T7 when w|y = 0; W -
the tangent space to a non-singular 3-dimensional manifold in (R?"=%,w) containing N €
(T7); I—1V — conditions of Proposition 6.9.

2. Each of these conditions depends only on the algebraic restriction [w]y;

3. Take the simplest 2-forms w’ representing the normal forms [T%]* for
algebraic restrictions: W, w!, w?, w3, Wi, W?, Wb W7. The pair (w = W', T%)
satisfies the condition in the last column of Table 13 or Table 14, the row of
(T7)".

The first statement is obvious, the second one follows from Lemma 2.7.
To prove the third statement we note that in the case N = Tr = (4)
one has W = span (0/0x1,0/0x9,0/0x3) and v; € ¢; = span (0/0x3),
v € by = span (0/0z3), v3 € f3 = span (0/0x1). By simply calculation
and observation of Lagrangian tangency orders we obtain that following
statements are true:

(T%) WOg, 10, # 0 and WOy, 4e, # 0 and also w®|g, ¢, # 0, and L, < co and
Ly < oo hence no branch is contained in a smooth Lagrangian submanifold.

(Tl) For any Ci, C2 U)1’£1+g3 = 0 and w1‘52+€3 7é 0 or w1’f1+f3 7é 0 and
w1|g2+53 = 0. If ¢ = 0 then and L, = oo and Ly < oo hence exactly one
branch is contained in some smooth Lagrangian submanifold. For ¢, # 0
L, < oo and Ly < 00 so no branch is contained in a smooth Lagrangian
submanifold. w|, ¢, = 0 if and only if ¢; = 0.

(T?) For any cy,ca w?|p, 1, # 0 and w?|y, e, = 0 and also w?|g, 1, = 0. If
cp-co # 0 then L, < co and Ly < 0o so no branch is contained in a La-
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grangian submanifold. If ¢; = 0 and ¢ # 0 or ¢; # 0 and ¢ = 0 then and
L, = oo and Ly < 0o hence exactly one branch is contained in some smooth
Lagrangian submanifold.

(T3) The Lie derivative of w3 = 0,+c105+c20s along a vector field V = 9/0x3
is not equal to 0, so condition IIT of Proposition 6.9 is not satisfied. If ¢; # 0
then L, < oo and Ly < oo hence no branch is contained in a Lagrangian
submanifold. If ¢; = 0 then L,, = oo and L; < oo hence only one branch is
contained in some Lagrangian submanifold.

(T*) For any ¢ w'|s, 14, # 0 and wy,1p, = 0 and also w?|,,1s, = 0. Both
branches are contained in different Lagrangian submanifolds since L, =
Ly =00 and Lt(N) < oo.

(T°) We can calculate the Lie derivatives of w® = 6 + cf7 along a vector
fields V) = 0/0x3 and V, = 9/0xs and Vi = 9/0xs: Ly,w®(V3, V1) = 0 and
Ly,w?(V3,Vs) = 0, so condition III of Proposition 6.9 is satisfied, but the Lie
derivative Ly,w®(V1, V) is not equal to 0, so condition IT of Proposition 6.9
is not satisfied. We have Lt(N) < oo and L, = Ly = oo hence branches are
contained in different Lagrangian submanifolds.

(T°) The Lie derivatives of w® = 07, Ly,w®(V}, Vi) = 0for4, 5, k € {1,2,3}, so
conditions I, IIT and IV of Proposition 6.9 are satisfied. We have Lt(N) < oo
and L, = Ly = oo hence branches are contained in different Lagrangian
submanifolds.

(T7) For w” = 0 we have Ly,w™(V},V}.) = 0 for i, j, k € {1,2,3}, so conditions
II, TIT and IV of Proposition 6.9 are satisfied. The condition Lt(N) = oo
implies the curve N is contained in a smooth Lagrangian submanifold. [

6.5 Proof of Theorem 6.4

In our proof we use vector fields tangent to N € (77). A Hamiltonian vector
field is an example of such a vector field. We recall by [AGLV]| a suitable
definition and facts.

Definition 6.11. Let H = {H, =---= H, =0} C R" be a complete in-
tersection. Consider a set of p+ 1 integers 1 < iy < -+ < ippg < n. A
Hamiltonian vector field Xg(iy,...,iy,41) on a complete intersection H is

the determinant obtained by expansion with respect to the first row of the
symbolic (p + 1) x (p + 1) matriz
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0/0z;, -+ 00w,

0H,/0x;, --- OH;/0x;
XH(’il, Ce ,ip+1) = det 1{ ' 1/: e (9)
8Hp/8xl-1 cee 8Hp/8:cl-p+1
Theorem 6.12 ([Wa|). Let H = {H, =--- = H, =0} C R" be a positive
dimensional complete intersection with an isolated singularity. If Hy, ..., H,
are quasi-homogeneous with positive weights A1, ..., A, than the module of
vector fields tangent to H is generated by the Euler field E =" )\ﬂz’%
and the Hamiltonian vector fields Xy (i1, . .., 1p+1) where the numbers iy , ...

, Ip+1 Tun through all possible sets 1 < iy < -+ <ippy < n.

Proposition 6.13. Let H ={H, =--- = H,_1 = 0} C R" be a 1-dimensional
complete intersection. If Xy is the Hamiltonian vector field on H then
[Lx, ()]g = [0]g for any closed 2-form a.

Proof. Note that Xy |dxy A... Adx, =dH; A... NdH,. This implies
forv < g

i1, O 9
Xy ldr; Ndzj = (—1) +J“(%il A-e A P, V(dHy A+~ ANdH,, 1) =
= 0 )
— (_1)k+z+j(87il A A 8%”72 )J (dHll,k A A dHln,Q’k)de —

e
Il

1

n—1
=Y fudH;
k=1

where (i1, ,ip—o) = (1,---, i —1i+1,---,5—1,7+1,---,n) and for
ke{l,---,n—1} we take a sequence (ly g, - ,lp—2x) = (1,--- k=1, k+
1, mn—1).

Thus [Xy |da; Adajlg = Y02 fedHily = 0], I a =Y, gijdw; Adz is
a closed 2-form then [Lx, a]g = [d(Xg]a)]y. It implies that

Lx,olg = ng [d( Xy |dx; Ndz;)] g + [dgij N (Xg]dx; A dxy)|g = [0]a.

i<j
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As a corollary of the above facts we obtain that the germ of a vector

field tangent to T of non trivial action on algebraic restriction of closed 2-

forms to 77 may be described as a linear combination germs of vector fields:

X1 =FE, Xo =a3F, X3 =uxF, Xy =1 F, X5 = x%E, X = x%E where B
is the Euler vector field F = 3x,0/0x1 + 2x20/0xo + 2x30/0x3.

Proposition 6.14. The infinitesimal action of germs of quasi-homogeneous
vector fields tangent to N on the basis of the vector space of algebraic re-
strictions of closed 2-forms to N is presented in Table 15.

Lx;,[0)] [01] [02] [05] | [0a | [65] | [66] | [07]

X1 =FE | 46:] | 5[0 | 5[0s] | 7[0a] | T6s] | 7[06] | 9[67]
Xo=a3E | [0] 7[04] | 3[06] | 9[07] | [0] (0] | [0]
Xg=uaoE | [0] | —3[06] | 7[65] | [0] | —9[67] | [0] | [O]
Xy=mFE | —4[6s] | [0] [0] [0] [0] 0] | [0]
Xs=a3E | [0] [0] | —9[67] | [0] [0] (0] | [0]
Xe=a3E | [0] 9[67] [0] [0] [0] 0] | [0]

Table 15: Infinitesimal actions on algebraic restrictions of closed 2-forms to T%.
E = 3:(}18/({').%'1 + 2.%'28/6%2 + 21:38/81:3

Let ./4 = [0101 + 6202 + 0393 + 0494 + C5€5 + 66‘96 + C707]T7 be the algebraic
restriction of a symplectic form w.
The first statement of Theorem 6.4 follows from the following lemmas.

Lemma 6.15. If c¢;-co-c3# 0 then the algebraic restriction
A = [c160) + 205 + 303 + 404 + 505 + 66 + c707)1. can be reduced by a
symmetry of T; to an algebraic restriction [0y + Co6s + 3037 .

Proof of Lemma 6.15.

We use the homotopy method to prove that A is diffeomorphic to [0; +
5202 + 5393]7“7.

Let By = [c101 + cofa + c303 + (1 —t)cafy + (1 — t)es05 + (1 —t)cgls + (1 —
t)C707]T7 for t € [0, 1] Then B() = A and Bl = [0191 + 0292 -+ 0303]T7. We
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prove that there exists a family ®; € Symm(T%), t € [0;1] such that
O:B, = By, B, = id. (10)

Let V; be a vector field defined by % = Vi(®;). Then differentiating (10)
we obtain

E%Bt = 6494 + 0595 + 0696 + 6797. (11)

We are looking for V; in the form V; = (bywy + boxs + b3l + byw2 + bsxy) E
where by, by, b3, by, bs € R. Then by Proposition 6.14 equation (11) has a
form

_ b, _

0 4co 0 0 0 b C4

2
7 0 0 0 0

- by | =] (12)
—362 303 0 0 —461 b Cg
—9¢5 9c4 —9c3 9cy 0 ! Cr

= b5 -

If ¢ -cy-c3 # 0 we can solve (12) and ®; may be obtained as a flow of
vector field V;. The family &, preserves T%, because V; is tangent to 7%
and ®;B; = A. Using the homotopy arguments we have A diffeomorphic to
By = [c101 + 202+ 3031, By the condition ¢; # 0 we have a diffeomorphism
U € Symm(T7) of the form

_3 _1 _1
U (21,29, 23) = (Je1| 21, 1] 229, |e1] 203) (13)
and we obtain

1 5 ~ ~
U (By) = [|c_1|01 + 02|C1|_%92 + c3|er|T10s], = [£61 + Caby + C305] T,

By the following symmetry of T7: (xy, x9,x3) — (71,23, %2), we have that
[91 + 5292 + 5303]T7 and [—91 + 5392 + 5293]T7 are diﬁeomorphic. O

Lemma 6.16. If ¢y -c3 =0 and co + c3 # 0 then the algebraic restriction
of the form [c101 + cobs + 303 + c40y + c505 + ce0s + c707)1, can be reduced
by a symmetry of Tr to an algebraic restriction [¢101 + 02 + ¢505]r, .
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Proof of Lemma 6.16. We use similar methods as above to prove that
if ¢y c3=0and ¢y + c3 # 0 then A is diffeomorphic to [¢10; + 02 + ¢505]7..
If C3 = 0 then Co 7£ 0 and ./4 = [6191 + 0292 + 0494 + 0595 + 0606 + C797]T7 Let
B, = [c101 + by + (1 —t)cafy + c505 + (1 —t)cgls + (1 — t)er07] 7, for t € [0;1].
Then By = A and By = [c161 + 20 + c505]7,. We prove that there exists a
family ®, € Symm/(T7), t € [0;1] such that

B, = By, By = id. (14)

Let V; be a vector field defined by 2t = V;(®,). Then differentiating (14)
we obtain
*CVtBt = 6494 + 0696 + 6707. (15)

We are looking for V; in the form V; = (bjxy + boxs + byx3 + bsxy) E where
b1, by, by, b5 € R. Then by Proposition 6.14 equation (15) has a form

b1
0 4dey O 0 b Cyq
3¢, 0 0 —d¢ b2 = | ¢ (16)
—905 964 902 0 ! Cr
bs

If ¢y # 0 we can solve (16) and ®; may be obtained as a flow of vector field
Vi. The family ®; preserves 7%, because V; is tangent to 77 and ®;B; = A.
Using the homotopy arguments we have that A is diffeomorphic to By =
[c101 + c20s + c505]7.. By the condition ¢y # 0 we have a diffeomorphism
U e Symm(T7) of the form

_3 _2 _2
W (21,29, 23) = (€ ° 1, ¢y ° T2, ¢ ° 13) (17)

and we obtain
_4 _z " -
\I’*(Bl> = [0162 591 + ‘92 + C5Coy 595]T7 = [0191 + 92 + C595]T7.

If ¢ = 0 then ¢3 # 0 and by the diffeomorphism © € Symm(77) of the form:
(1, T2, x3) — (21,23, x2), We obtain ©*[c101 + c305 + c404 + c505 + cbs +
cr07)r, = [—c16h + 302 + b5 + 504 — c60s — c707]7, and we may use the
homotopy method now. [
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Lemma 6.17. If ¢; #0 and (cq,c5) # (0,0) then the algebraic restriction
of the form [c161 + c404 + c505 + cebs + c707] 7 can be reduced by a symmetry
of Tr to an algebraic restriction [0y + 404 + C505)r, .

Proof of Lemma 6.17.
We prove that if (cg,c3) = (0,0), ¢; # 0 and (cq,¢5) # (0,0) then
A = [¢101 4 404+ 505 + c606 + c707] 1, is diffeomorphic to [0 + 404 + 5057, -
Let By = [c101 + c404 + 505 + (1 — t)cgbls + (1 — t)c707]7, for t € [0;1]. Then
By = A and By = [c161 + c40s + c505]7,. We must find a vector field V,
satisfying equation
EVtBt = 0696 + 0707. (18)

This vector field V; has the form V; = (byxs +boxs +bsx1) E where by, by, bs €
R. Then by Proposition 6.14 equation (18) has a form

0 0 -4 b

=] (19)

—905 964 0 Cr
bs

If ¢; # 0 and ¢4 or ¢5 is not equal 0 we can solve (19). Then for family @,
obtained as a flow of vector field V; we have ®;B; = A. Using the homotopy
arguments we have that A is diffeomorphic to By = [¢161 + c202+ ¢505]7,. By
the condition ¢; # 0 we have a diffeomorphism ¥ € Symm(T7) of the form

3 1 1
U (21, 22,23) — (|Cl|_49€1, |Cl| 229, |01| 213) (20)
and we obtain

c 7 _7 - -
U™ (By) = [|c_1|01 + C4|C1|_194 + C5|Cl| Z93]T7 = [i91 + c404 + 0565]T7-

By the following symmetry of T7: (x1, 22, x3) — (z1,x3,22), we have that
[91 + ’5404 + E5HS]T7 is diffeomorphic to [—01 + 5405 + 5594]]}. ]

Lemma 6.18. If ¢; # 0 then the algebraic restriction of the form [c101 +
cels + c707)7. can be reduced by a symmetry of Tr to an algebraic restriction

[91 + E797]T7 .
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Proof of Lemma 6.18.

We prove now that if (e, c3,¢4,¢5) = (0,0,0,0), ¢; # 0 then A =
[c101 + c606 + c707] 1, is diffeomorphic to [0y + ¢707]r..
Let B, = [c16h + (1 — t)cgbs + c707]7, for t € [0;1]. Then By = A and
By = [c161 + ¢707])7,. We must find a vector field V; satisfying equation

EVtBt = col. (21>

By Proposition 6.14 we have L., pB; = —4c16s so we can use V; = ZTCfxlE
and for family ®; obtained as a flow of vector field V; we have ®;B;, = A. So
A is diffeomorphic to By = [¢16; + ¢707])7.. By the condition ¢; # 0 we have
a diffeomorphism ¥ € Symm(T7) of the form

_3 _1 _1
U (21,29, 23) — (|a1] 221, [a1] " 220, [e1] " 223) (22)

and we obtain
c 9 -
\II*(Bl) = [ﬁ@l + C7|Cl‘_297]T7 = [i@l + C797]T7.
1

By the following symmetry of T7: (x1, 22, x3) — (z1,x3,22), we have that
[01 + 5707]1“7 is diffeomorphic to [—81 — 5767]1“7. O
Lemma 6.19. If (cy,c5) # (0,0) then the algebraic restriction of the form
[c404+ 505+ 606+ 7071, can be reduced by a symmetry of Ty to an algebraic
restriction [0y + ¢505 + 6061 -

Proof of Lemma 6.19.

We prove that if ¢; = ¢; = ¢3 = 0 and (¢y,¢5) # (0,0) then A =
[6494 + 0595 + 0696 + C797]T7 is diffeomorphic to [94 + 5505 + 5696]T7'

By Proposition 6.14 Lo, g[04] = 9[07]. If cs # 0 we may use V; = goa3F
and reduce A to By = [c404 + 505 + c60s]T.. By the condition ¢4 # 0 we have
a diffeomorphism ¥ € Symm(T%;) of the form

_3 _2 _2
U (21,29, 23) > (¢y TT1,¢4 T2, ¢4 TT3) (23)
and we obtain

c c - ~
U*(By) = [04 + 6—595 + 6_696]T7 = [04 + 505 + C606) 1y
4 4
If ¢4 = 0 then ¢5 # 0 and using the diffeomorphism © € Symm(7T7) of the

form: (1,29, 23) — (21, 23, 22), we obtain O*[c40y + 505 + 60 + c707|1. =
[c504 + 405 — 665 — c707]7, and we may use previous method. O
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Lemma 6.20. If cg # 0 then the algebraic restriction A = [cels + c707)1-
can be reduced by a symmetry of Ty to an algebraic restriction [0 + 7077 .

Proof of Lemma 6.20. Because ¢g # 0 we may use a diffeomorphism
U € Symm(T7) of the form

3 2 2

U (2q, 29, 23) — (cg T21,¢5 T2, Cq " X3) (24)
and we obtain
U(A) = [0+ creg Oz, = (06 + Gl
]

Lemma 6.21. If c¢; # 0 then the algebraic restriction [c;0]r, can be
reduced by a symmetry of Tr to an algebraic restriction [07]r..

Proof of Lemma 6.21. Because ¢g # 0 we may use a diffeomorphism
U € Symm(T7) of the form

3 2 2

W (21,29, 23) = (¢7 °1,¢p P20, ¢4 3) (25)

and we obtain
V*([er07]7;) = [07] 7,

O

Statement (i7) of Theorem 6.4 follows from conditions in the proof of
part (i) and (i7i) follows from Theorem 6.10 which was proved in section
6.4.

Now we prove that the parameters c,c,c; are moduli in the normal
forms. The proofs are very similar in all cases. We consider as an example the
normal form with two parameters [c1601 + 02 + c205]r.. From Table 15 we see
that the tangent space to the orbit of [¢101 4 0y + c20s] 7. at [c1601 + 602+ o031,
is spanned by the linearly independent algebraic restrictions [4c¢16; + 5605 +
5¢a0s) 1, [04) T, [05] T, [O6] T, [07] 7 - Hence the algebraic restrictions [64]r, and
[05] 7, do not belong to it. Therefore the parameters ¢; and ¢, are independent
moduli in the normal form [c160; + 02 + c205] 7. O
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Differential structures on natural bundles connected
with a differential space
Diana Dziewa-Dawidczyk, Zbigniew Pasternak- Winiarski 1

Abstract

For a given differential space differential structures on tangent and
cotangent space are described and investigated. It is proved that: (i)
for any point the tangent space to a differential subspace is closed in
the whole tangent space; (ii) any co-vector is a differential of a smooth
function.

Key words and phrases: differential space, differential structure.
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1 Introduction

This article is the first of a series of papers concerning integration of dif-
ferential forms and densities on differential spaces. We describe natural
differential structures defined on tangent and cotangent spaces by a given
differential structure on the basic space. We also investigate properties of so
obtained differential spaces.

Section 2 of the paper contains basic definitions and the description of
preliminary facts concerning the theory of differential spaces. In Section 3
we describe the standard differential structure on the space tangent to a
given differential space and show new results about topological properties
of this structure (Theorems 3.1, 3.2 and 3.3). Section 4 is devoted to the
investigation of the space cotangent to a given differential space. We prove
that any co-vector is a differential of some smooth function (Proposition
4.4 and Theorem 4.3). We also propose the quite new definition of the
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differential structure on the cotangent space (remarks after Theorem 4.3)
and give some basic properties of this differential structure (Proposition 4.5
and 4.6). Without any other explanation we use the following symbols:
N-the set of natural numbers; R-the set of reals.

2 Differential spaces

Let M be a nonempty set and let C be a family of real valued functions
on M. Denote by 7¢ the weakest topology on M with respect to which all
functions of C are continuous.

A basis of the topology 7¢ consists of sets:

(ala s 7057L)71(P> = m{m eEM: a; < al(m) < bz}v
i=1
where n € N, ay,...,a,,b1,...,0, € R, a; < b;, a1,...,a, € C, P =
{(z1,...,2,) E R a; < x; < bjyi=1,...,n}.

Definition 2.1 A function f : M — R is called a local C-function on M
if for every m € M there is a neighbourhood V' of m and a € C such that
Jiv = ayv. The set of all local C-functions on M is denoted by Cy;.

Note that any function f € C,; is continuous with respect to the topology
7e. In fact, if {V;}ier is such an open (with respect to 7¢) covering of M
that for any ¢ € I there exists o; € C satisfying fjy, = ayy;, and U is an open

subset of R then
F1U) = Jlaaw) M (0).
i€l

Since (ay)v;) 1 (U) is open in V; and V; € 7¢ we obtain (ayy;) 1 (U) € 7¢ for
any 7 € I. Hence f~'(U) € 7¢. Bearing in mind that U is an arbitrary open
set in R we obtain that f is continuous with respect to 7¢.

We have C C Cp; which implies 7 C 7¢,,. On the other hand any ele-
ment of Cy is a function continuous with respect to 7c. Then 7¢,, C 7¢ and
consequently 7¢,, = 7¢.
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Definition 2.2 A function f: M — R is called a C-smooth function on
M if there exist n € N, w € C*°(R") and «y, ..., a, € C such that

f=wol(ag,...,ap).

The set of all C-smooth functions on M is denoted by scC.

We have C C scC, which implies 70 C 74¢c. On the other hand any
superposition w o (ayq, ..., ay,) is continuous with respect to 7¢, which gives
Tsee C Te. Consequently 7, = 7e.

Definition 2.3 A set C of real functions on M is said to be a (Siko-
rski’s) differential structure if: (1) C is closed with respect to localization i.e.
C = Cy; (ii) C is closed with respect to superposition with smooth functions

i.e. C =scC.

In this case the pair (M, C) is said to be a (Sikorski’s) differential space
(see [2]). Any element of C is called a smooth function on M (with respect

to C).

Proposition 2.1 The intersection of differential structures defined on a
set M # () is a differential structure on M.

Proof. Let {C;}ie; be a family of differential structures defined on a
set M and let C := (,.;C;. Then C is a nonempty family of real-valued
functions on M (it contains all constant functions). If n € N, w € C>*(R")
and aq,...,a, € C then for any 7 € I ay,...,q, € C; and consequently
wo(ag,...,a,) € C;. Hence wo(ay, ..., a,) € C, which means that scC = C.

Since C C C; for any ¢ € I we have 7z C 7¢,. It means that any subset of
M open with respect to 7¢ is open with respect to 7¢, for ¢ € I.

Let 8 € Cys. Choose for any m € M a set U, € 7¢ and a function «,, € C
such that m € U, and Byy,, = amu,,. Since a,, € C; and U,, € 7¢, we obtain
B € (Ci)y =C; for any i € I. Then § € C and consequently Cp; = C.

Equalities Cj; = C = scC mean that C is a differential structure on M.[J

Let F be a set of real functions on M. Then, by Proposition 2.1, the
intersection C of all differential structures on M containing F is a differential
structure on M. It is the smallest differential structure on M containing F.
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One can easily prove that C = (scF)y (see [3]). This structure is called the
differential structure generated by F. Functions of F are called generators of
the differential structure C. We also have 7(s.r),, = Tser = TF (see remarks
after Definitions 2.1 and 2.2).

Let (M,C) and (N, D) be differential spaces. A map F': M — N is said
to be smooth if for any S € D the superposition o F' € C. We will denote
the fact that F is smooth writing

F:(M,C)— (N,D).

If F:(M,C)— (N,D) is a bijection and F~!: (N,D) — (M,C) then F is
called a diffeomorphism

If A is a nonempty subset of M and C is a differential structure on M
then C4 denotes the differential structure on A generated by the family of
restrictions {a4 : @ € C}. The differential space (A,C,) is called a differ-
ential subspace of (M,C). One can easily prove the following

Proposition 2.2 Let (M,C) and (N,D) be differential spaces and let
F:M — N. Then F: (M,C) — (N,D) iff F : (M,C) — (F(M), F(M)p).

If the map F' : (M,C) — (F(M), F(M)p) is a diffecomorphism then we
say that F': M — N is a diffeomorphism onto its range (in (N, D)). In par-
ticular the natural embedding A 3 m — i(m) := m € M is a diffeomorphism
of (A,Cy4) onto its range in (M,C).

If {(M;,C;)}ier is an arbitrary family of differential spaces then we con-
sider the Cartesian product [[ M; as a differential space with the differential
i€l
structure QC; generated by the family of functions F := {a; o pr; : i €
i€l
I,a; € C;}, where [[M; 5 (m;) — pri((m;)) =: m; € M; for any j € I.
i€l
The topology T&e, coincides with the standard product topology on [ M;.
iel ! i€l
We will denote the differential structure @C>*(R) on R by C*(Rf). In
el
the case when I is an n-element finite set the differential structure C*°(R/)
coincides with the ordinary differential structure C*°(R") of all real-valued
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functions on R™ which possess partial derivatives of any order (see [3]).
In any case a function o : R’ — R is an element of C*(R') iff for any

a = (a;) € R! there are n € N, elements iy,4y,...,i, € I, a set U open in

R"™ and a function w € C*(R") such that a € Uliy,is,...,i,) = {(z;) €

R’ : (w4, %y, ..., 1;,) € U} and for any x = (x;) € Uliy, 4a, . . ., i,] we have
a(x) = w(xy, Tiy,y ..., T;,)).

Let M be a group (a ring, a field, a vector space over the field K).
A differential structure C on M is said to be a group (ring, field, vector
space) differential structure if the suitable group (ring, field, vector space)
operations are smooth with respect to C, C®C and Ck, where Ck is a field
differential structure on K. In this case the pair (M, C) is called a differential
group (ring field, vector space). If K =R or K = C we take Cx = C*(K)
as a standard field differential structure (see [1]).

Proposition 2.3 Let V' be a vector space over R and let F be a family of
constant functions and linear functionals defined on V. Then the differential
structure C generated by F on V is a vector space differential structure.

Proof. 1t is enough to show that for any a € F there exist functions
B eF, veC®R)and wy,ws € C*°(R?) such that for any v,w € V and
teR
a(v+w) = wi(B(v), B(w)), a(tv) =wy((t), B(v)).

If &« = a = const then

a(v+w)=av) =a, altv)=alv)=a
and we can take f = «a, v =1 = const,

wi(r,y) =, wr,y)=y, (z.y)€R™
If o is a linear functional on V' we have

a(v+w) =av) +alw), altv) =ta(v).

Then we put 8 = a, v =idr, wi(z,y) =z +y, wy(z,y) = 2y, (z,y) € R*.
0
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Note that if C is a vector space differential structure on a vector space V'
then V' endowed with the topology 7¢ is a topological vector space.

Let F be a family of generators of a differential structure C on a set M.
The generator embedding of the differential space (M, C) into the Cartesian
space defined by F is a mapping ¢ : (M,C) — (R7,C°(R”)) given by the
formula

¢r(m) = (a(m))acr

(for example if F = {ay, aq, a3} then ¢z(m) = (a;(m), az(m),az(m)) €
R? = R”). If F separates points of M, the generator embedding is a dif-
feomorphism onto its image. On that image we consider the differential
structure of a subspace of (R*, C®(R”)).

3 The differential structure on the tangent space

Definition 3.1 By a tangent vector to a differential space (M,C) at a point

m € M we mean an R-linear mapping v : C — R satisfying the Leibnitz

condition: v(a- 8)(m) = a(m)v(B) + f(m)v(«) for any «, f € C. We denote

by T,,, M the set of all vectors tangent to (M, C) at the point m € M and call

it the tangent space to (M,C) at the point m. The union TM = |J T,,M
meM

is called the tangent space to (M,C).

The set T'M can be endowed with a differential structure in the following
standard way. We define the projection m : TM — M such that for any
m € M and any v € T,,M

(v) = m.

For any a € C we define the differential (or the exterior derivative) of av as
the map da : TM — R given by the following formula

da(v) == v(a), veTM.

Then we define 7TC as the differential structure on T'M generated by the
family of functions 7Cy := {aom:a € C}U{da : o € C}. From now on we
will consider T'M as a differential space with the differential structure 7C.
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For any m € M we will denote by da,, the restriction dayr,, 5. It is clear
that da,, is a linear functional on 7,,M.

We also have that 7 : (T'M,TC) — (M,C). Then 7 is continuous and for
any U € 1¢ the set TU := |J T,,M = 7 *(U) is open in TM (TU € 77¢).

meU
It can be proved that TU is a tangent space to the differential space (U, Cy ).

Theorem 3.1 If (M,C) is a differential space then for any m € M the
pair (T, M, TCr, ar) is a differential vector space and T,,M is a Hausdorff
space (with respect to the topology induced by TCr, v ).

Proof. The differential structure 7Cr,, y is generated by the family of
functions TCor,,ar := {Bram : B € TCo}. If B = aom, where a € C,
then S5, v = a(m) = const. In the opposite case Bip, m(v) = don,(v) is
a linear functional on T, M. Hence by Proposition 2.3 TCr, s is a vector
space differential structure.

If vi,v9 € T, M and for any o € C equalities vi(a) = da,(v1) =
dovy, (v2) = ve(a) hold then vy = vy (vy and vy are linear functionals on C).
It means that the family 7Cr,,» separates points in 75, M. Consequently
the topology defined by this family is a Hausdorff topology. O

Let us consider the differential space (Rf,C*°(R!)). The differential
structure C®(R/) is generated by the family of projections F := {m; }icr,
where

(@) =2 (z)e€RL, el

For any x = (1;), v = (v;) € R! the functional ¥ : C*°(R!) — R given by

the formula 5

5a) = g

() = Z v; o ()

iel

is well defined (in some neighbourhood of x the function « depends on a
finite number of variables z;) and is a vector tangent to R’ at x. On the
other hand, if u € T,R! and for any i € I we denote v; := u(m;), then for
any a € C°°(R') we have v(a) = u(a). Then we identify the set T,R! with
{z} x RL. Consequently we identify the set TR! with R? x R!. In this case

the differential structure 7C>®(R!) is generated by the family of functions
Tf = {7Ti o) 71'}1‘6[ U {dﬂ-i}ieb where

m(x,v) = x, (z,v) € R" x R
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Hence for any j € I
mjom((x:), (vi)) = ;. and dm;((z:), (vi)) = v;.

It means that TC>®(R!) = C*(R! x R!) and consequently for any z €
R’ the differential structure 7TC®(R!);, gs is generated by the family of
projections {r} : {x} x R — R}, where

mi(z, (vi)) = v;.
Then we can identify TC®(R!)p, gr with C®(R/).

Let ¢ : (M,C) — (R7,C>°(R7)) be the generator embedding of the
differential Hausdorff space (M, C) defined by some family of generators F.
Then we can identify differential spaces (M,C) and (¢x(M), C=(R%)4,(m))
(¢ is a diffeomorphism). We also identify the tangent spaces T,,M and
Tsrmyd7(M) using the tangent map Toz (for any o € C°(RF) . an)).-

Theorem 3.2 Let I be an arbitrary nonempty set and let X be a nonempty
subset of the Cartesian space RI. Then for any x = (x;) € X the space T, X
tangent to the differential space (X,C>®°(R)x) at the point x is a closed
subspace of the space T,R! tangent to the differential space (Rf,C*(RI))

at x.

Proof. Let z = (v;) € X and let (v™) = ((Uz(n))) be a sequence of
elements of T, X convergent in T,R! to a vector v(® = (vl@). Then for any
¢ € I we have

(n) 0)

lim v, = v;
n—oo

Suppose that o € C°(R!)x. Then there exist: a number n € N, elements
i1,19,...,1i, € I, a nonempty set U open in R" and a function w € C*°(R")
such that for any y € Uliy, ia, . ..,i,] N X we have a(y) = w(Yiy, Yigs - - - » Yi,,)
(see remarks after Proposition 2.2). Moreover

n 8&
Z fja Ty T ) (1)

This implies that

“ 0
lim v ZUZ(O) - (Tiy, Tigy -+ -5 Tiy)-

n—so0 axlj

J=1
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Then the left hand side of this equality does not depend on the choice of w
whereas the right hand side is a functional which can be identified with v(®.

O

Remark 3.1 Using similar arguments as in the proof of Theorem 3.2
(formula (1) and the limit in R? x R) one can show that if X is a nonempty
closed subset of the Cartesian space R’ then the space TX tangent to the
differential space (X, C°°(R!)x) is a closed subspace of the space TR/.

Theorem 3.3 Let (M,C) be a differential Hausdorff space and let A be
a nonempty subset of M. Then for any m € A the space T,,A tangent to
the differential space (A,C4) at the point m is a closed subspace of the space
T M tangent (M,C) at m.

Proof. Let ¢¢ : (M,C) — (RS, C°(RC)) be the generator embedding
of (M,C) defined by the family of generators C and let ¢, : (A,Ca) —
(RS, C=°(RF)) be the generator embedding of (A4,C,) defined by the family
of generators {aqatacc. Then ¢c , = (¢c)ja and we can identify: (i) (M,C)
and (6e(M), C=(RE)oe(an); (i) (4, Ca) and (é(A), C(RE)ge(a)). For any
m € A we also identify: (i) tangent spaces T,,,M and Ty, (m)pc(M); (ii)
tangent spaces T, A and Ty, (m)Pc(A). Since by Theorem 2.2 Ty, () Pc(A) is
a closed subspace of Ty (mRC and Ty, (mydc(A) C Tyeimyde(M) C Ty RE
we obtain that Ty, m)de(A) is a closed subspace of Ty, pe(M). It means
that T,,A is a closed subspace of T, M. O

Remark 3.2 Using Remark 2.1 and similar arguments as in the proof of
Theorem 2.3 one can prove that if (M,C) is a differential space and A is a
nonempty closed subset of M then the space T'A tangent to A (in the sense
of differential space (A,C4)) is a closed subset of the space T'M tangent to
M.

Definition 3.2 A map X : M — TM such that for any m € M the
value X(m) € T,,M is called a vector field on M. A vector field X on M is
smooth if X : (M,C) — (TM,TC).
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4 The differential structure on the cotangent
space

For a map f : M — N we denote by f*: RY — RM the map given by the
formula: f*(8) =po f.

Theorem 4.1 If {(M;,C;)}icr is a family of differential spaces, then
for any family of mappings F = {f;}icr, where f; : M; — N, the pair
(N, Nier (F)71(Cy)) is a differential space and the set (N,c;(f7)7'(C;) is the
greatest of differential structures D such that for any i € I the map f; :
(M;, C;) — (N, D).

Proof. 1t is proved in [3] that for any ¢ € [ the family of functions
(f7)74C;) is the greatest differential structure on N for which f; is a smooth
map. Then by Proposition 2.1 the family (.., (f7)~(C;) is a differential
structure on N.

Let 8 € (Nie;(ff)1(C;). Then for any i € I we have 5 € (fF)7'(C)),
which means that f(8) = fo f; € C;. Hence f; : (M;,C;) — ﬂiel(fi*)*l(ci).

Let D be such a differential structure on N that for any ¢« € I the map
fi © M; — N is smooth with respect to C; and D. Let v € D. Then for
any ¢ € I we have ff(y) = vo fi € C;so v € (ff)~'(C;). It means that

v € Mies(fF)7H(C;). Since ~ is an arbitrary element of D we obtain that
D C (i, (f7)7H(C). O

Definition 4.1 The differential structure (,c;(f)~*(C;) on the set N
described in Theorem 2.2 is said to be co-induced by the family F and the

family {C;}ier-

il

Theorem 4.2 Let D be a differential structure on a set N co-induced by
the family of mappings F = {fi : M; — N },e;r and the family of differential
structures {C; }ier. Let (P,G) be a differential space. Then the map g : N —
P is smooth with respect to D and G iff for any i € I the map go f; is smooth
with respect to C; and G.

Proof. (=) It follows from the fact that for any ¢ € I the map f; is
smooth and the superposition of smooth maps is a smooth map.
(<) It was proved in [3] that if go f; is a smooth map with respect to C; and
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G then f; is smooth with respect to (f7)~!(C;) and G, where i € I. Hence

7

for any ¢ € I and any o € G we have a o g € (f)"1(C;). Consequently

7

aog € Ve, (ff)71(C;) = D, which means that g is smooth. O

Definition 4.2 The cotangent space T M to (M,C) at a point m € M
is the dual space to the tangent space T, M (it is the space of all continuous

linear functionals defined on 7}, M). The union T*M := |J T} M is called
meM
the cotangent space to (M,C).

Proposition 4.1 If « is a smooth function on a differential space (M,C)
and m € M then the differential do,, is an element of the cotangent space
Tx M.

Proof. Since the linear functional day, is an element of the set TCor,, 1
of generators of differential structure 7Cr, y on T,,,M we obtain that do,
is continuous (see Theorem 2.1). O

If I is a nonempty set and z = (2;) = (;)ics is an element of R’ then
we identify the tangent space T,R! with {zr} x Rl = R! endowed with
the standard product topology. Then the cotangent space TR/ should be
identified with the dual space (R’)*. For any j € I we denote by e; the
element (z, (v;)) of T,R! such that v; = 0 for i # j and v; = 1 for i = j.
Any functional p € T*R! defines the element (p;) € R! by the following
formula

pi = plei), el (2)

Proposition 4.2 For any v € R! and any p € T;R! there exists n € N
and elements iy, iz, ...,i, € I such that p; = 0 fori € I\ {iy,ia,...,in},
where numbers p; are given by the formula (2).

Proof. Suppose that the statement is not true. Then there exists an

infinite sequence (i1, is, . . .) of different elements of I such that for any n € N
we have p;, # 0. Let the element (z, (v;)) € T,R! be such that for any n € N

and v; = 0 for¢ € I'\{i, : n € N}. Let (z, (v-"))) be the sequence of elements

)

(
of T, R such that UZ(:) = v;, for k < n and vz(") =0forie I'\{i1, iz, ..., in}
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Then the sequence converges to (z,(v;)) in T,R!. On the other hand we
have

(@, (™) = vies,,
k=1

which implies that

" n n 1

p(z, (i) =D viple) =D —pi, =n
k=1 k=1 "%
Hence
p((, (v))) = lim p(r, (o)) = oc,

which is a contradiction. O

Proposition 4.3 For any v € R! and any p € T;R! there exists n € N
and elements iy, s, . .., i, € I such that for any v = (x, (v;)) € T,R!

p(U) = Zpikvikﬂ (3)

where numbers p; are given by the formula (2).

Proof. Let n € N and 41,19, ...,%, € I be such as in Proposition 4.2. For
any nonempty set J C I denote by V; the vector space consisting of such

v=(z,(v;)) € T,R! that
v;=0 for iel\.J (4)

If J is finite, say J = {j1, ja, .- ., jm} for some m € N, and v = (x, (v;)) € V;

then (z, (v;)) = > vj,ej,. Hence
k=1

p(z, (v;)) = Zvjkp(ejk) = Zvjkpjk = Zpikvik’
k=1 k=1 k=1

which means that the equality (3) holds.

Let us consider the family 27 of all subsets of the set I as a set which is
ordered by the ordinary inclusion. If J is such a linearly ordered subfamily
of 2! (for any J;,J, € J we have J; C Jy or J, C J; and consequently
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Vy, C Vy, or V;, C V) that for any J € J and any v = (x, (v;)) € V; the

equality (3) holds then this equality holds for any v € span( |J V). Since
JeJ
any element u of V{7 is a limit of some (generalized) sequence of elements

of span( |J Vj) and p is a continuous functional we obtain that (3) holds
Jeg
for v = u. Hence, by Kuratowski-Zorn lemma, in the family P of all subsets

J of I for which all elements v of V; fulfil (3) there exists some maximal
element Jj.

Suppose that Jy # I and that ig € I\ Jy. Then J; = Jo U {ip} # Jo and
any element v € J; is of the form v = vy 4 v;,€;,, where vy € Jy and v;, € R.
Since p(v) = p(vy) + p(viyei,) = P(vo) + viypi, and both vy and v;,e;, fulfil
(3) then v also fulfils (3). This leads to the contradiction. O

Proposition 4.4 For any * € R and any p € T;R! there exists a
function o € C*(R') such that p = do,.

Proof. For x € R! and p € T/R! choose n € N and iy,iy,...,i, € [
such as in Proposition 4.3. Then it is enough to take

o(yidier) = Y _Piubin:  (Wi)ier € RV
K=1

OJ

Theorem 4.3 Let (M, C) be a differential Hausdorff space. Then for any
m € M and any p € T M there exists a function w € C such that p = dw,,.

Proof. Let ¢7 : (M,C) — (R7,C°°(R7)) be the generator embedding of
(M,C) defined by the family of generators F (we can take F = C). Then
we can identify (M,C) and (¢r(M), C°(R7) 4, (). Hence we assume that
M C R” and for any m € M the tangent space T}, M is a closed subspace of
the topological vector space T,,R” = {m} x R” = R” (see Theorem 3.2).
The topology of o € F is defined by a family {p, }acr of semi-norms such
that

pa((zp)per) = |Tal, € F.

Hence the topology of T,,M is defined by restriction of semi-norms p, to
T,,M.

Let p € T M. Then there exists f € F and C' > 0 such that for any
v=(m,(vy)) € T,,M

[p(v)| < Cps(v) = |vgl.
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(see [4], 1.6, Theorem 1). By the famous Hahn-Banach extension theorem

the functional p can be extended to such a continuous linear functional pg
on T,,R” that
Ipo(v)| < Cps(v), veT,R”.

(see [4], IV.5, Theorem 1). Using now Proposition 3.4 we obtain that py =
dry, where v € C*°(R7). Then p = pojr,,m = dvz,,m = dw, where w 1= 7).
O

We endow the cotangent space T*M with the differential structure 7*C
co-induced by the family of maps {f, : R x M — T*M},cc, where

fa(t,m) := tdayy, (t,m)e R x M
and R x M is considered as a differential space with the differential structure

C>*(R)&C.
Let @ : T*M — M be a map such that for any m € M and any p € 1)) M

We call 7 the natural projection of the cotangent space T*M onto its base
M.

Proposition 4.5 The natural projection 7 : T*M — M is a smooth
map.

Proof. For any a € C we have
7o fo(t,m) = w(tda,,) = m, (t,m) e R x M.

Hence 7 o f, is a natural projection of R x M onto M which is a smooth
map. It now follows from Theorem 4.2 that 7 is a smooth map. [

Proposition 4.6 For any smooth vector field X on M the function
T*M > pw— Bx(p) :=p(X(p)) € R is smooth on T*M.

Proof. 1t is enough to show that for any o € C the superposition Sxo f, €
C>®(R)®C (see Theorem 4.2). We have

Bx o fa(t,z) = Bx(tda,) = tda(X () = tX(z)a, (t,z) € R x M.
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Since X is smooth we obtain that the function M > = — X(z)a € R is
smooth on M. Then

Bx o fo(t,z) = w(t, X (z)a), (t,x) eRXx M

for

w(t,s) = ts, (t,s) € R?,
which means that Sx o f, is smooth on R x M. O
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Integrability of Hamiltonian systems on varieties
Takuo Fukuda *, Stanislaw Janeczko ?

1 Introduction

Let (R*,w) be a symplectic manifold. Then the tangent bundle TR>" is
isomorphic to the cotangent bundle 7*R?". The isomorphism is established
by vector bundle morphism 8 : TR?*" 3 u + w(u,-) € T*R*". Thus the
tangent bundle TR?" is endowed with the canonical symplectic structure
w = B*df where 0 is a Liouville form on T*R?". Let C be a submanifold
of R* and H : ¢ — R a smooth function on C. The usual notion of
Hamiltonian system (generalized after P.A.M. Dirac [1]) is defined as a sub-
bundle of TR?" over C, being a Lagrangian submanifold of (TR**, w),(cf.

71)
Ly ={ve TR :w,u) = —dH(u) VYeerc}. (1)

If C is an open domain of R?" then Ly is a smooth section of 7 : TR** —
R?" and its local integrability is a characteristic property, i.e. at each point
v € Ly there is a smooth curve a : (—¢, €) — R?" such that («(0),&(0)) = v
and (a(t),a(t)) € Ly for every t € (—¢,€). The curve « is called an integral
curve of Ly with initial value v and v is called an integrable point of L.
Since Ly is introduced to describe dynamics (of mechanical, biological, etc.
systems) the existence of such « for Ly should not be an exceptional property
and that for each v € Ly there should exist a neighborhood U of v in Ly
and € > 0 such that the mapping U X (—¢€,€) 3 (0,t) — az(t), az(o) = v
is defined and at least continuous. The general Hamiltonian system (1) is
called integrable if it consists only of integrable points (cf. [1, 3, 4, 6, 9]). It
is called smoothly integrable if moreover it consists of smoothly integrable

!'Department of Mathematics, College of Humanities and Sciences Sakurajousui 3-25-
40, Setagaya-ku, Tokyo, Japan

2Institute of Mathematics, Polish Academy of Sciences, ul. Sniadeckich 8, Warszawa,
Poland and Faculty of Mathematics and Information Science, Plac Politechniki 1, 00-661
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points, i.e. around each v € Ly there exists a smooth family o : U X (—¢,€) 2
(v,t) — R* of solutions of Ly such that (a;(0), d5(0)) = v.
In local Darboux coordinates w = >, dy; A dx; and

n

=1

The generalized Hamiltonian system (1) can be written by a generalized
Hamiltonian function F : R*" x R¥ — R,

oF

.fti = a—yi(x,y,)\),izl,...,n (2)
F

Ui = —g—gji(:p,y,)\),izl,...,n (3)

0 = agz,y),l=1,....,k, NERF (4)

where F(z,y,\) = b(x,y) + ZL Meag(z,y), C is defined as a zero-level set
of the mapping (z,y) — (a1(z,y),...,ax(z,y)) and b(z,y) is an arbitrary
smooth extension of the function H : C' — R.

The aim of this paper is to investigate integrability of Hamiltonian sys-
tems on varieties. We find conditions that Lg is smoothly integrable for
various properties of C' and a general function on C.

2 Formulation of results

Throughout this paper, unless otherwise stated, we consider only implicit
Hamiltonian systems Lp C TR?" generated by Morse families ' : R?" x
R* — R of the form

WE

F<:C7y>)‘) = a@(xyy))\€+b(xay)7

(=1

where F satisfies the rank condition:

O2F O*F
rank (m(ﬂf,y, )\>, a/\—ay<x7y7 A)) =k
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at every point (x,y, A) of the critical manifold

OF ) = o).

Cr = {(z,y,)\) € R* x R* g)\

of F.

2.1 The problem

Concerning the integrability of the implicit Hamiltonian system Lpg, we al-
ready have the following result proved in [3].

Theorem 1. (/3]) An implicit Hamiltonian system Lp C TR®" generated
by a Morse family

k
F:R™x R' - R, F(z,y,\ Zagwy)\g—l—bxy)
=1

1s smoothly integrable if and only if
{a;,a;} =0 and {b,a;} =0, 1<il<Kk,
on C={(z,y) e R |a;(z,y) =0, 1<i<k}
where {f, g} denotes the Poisson bracket of f and g.
In what follows we investigate the following problem:

Problem 1. In the case if Lr is not smoothly integrable, which part of
L s integrable?

2.2 Results

Let 7 : TR*™ — R?* and 7 : R*™ x R*¥ — R?" denote the canonical
projections respectively,

m(x,y, &,9) = (2,y),  7(z,y,A) = (2,9).
Let ¢ : Cr — L denote the map defined by

oF oF

QZS([L’,y, )‘) = (l'aya 8_y($ay7)\)7 _%(xaya )‘))7 (xaya )‘) € CF‘
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Since

) = (),
setting
C={(z,y) e R" | ar(x,y) = --- = ax(w,y) = 0},
we have
CF =(Cx Rk

Then the implicit Hamiltonian system Ly C TR?" generated by F is given
by

Lp = ¢(Cr)
oF oF
- {(l’,y, a_y('rayv /\)7 _%(xvya )‘) € TR2n | (xayv)‘) € CF =(C x Rk}
- OF OF o
_{(way7a_y(xaya)‘)7_%(x>ya>\) €TR ’
ay(z,y) = - = ap(z,y) = 0, € R*}.

In this paper we find conditions for a submanifold of Lz to be smoothly
integrable in the case where the Morse family does not satisfy the condition
in Theorem 1, i.e. {a;,ay} =0 and {b,ay} =0 on C, 1<i/l<kE.

Consider the k x k skew-symmetric matrix ({ag, a,, }(x,y)) and the linear
equation

A1 A {bu CLl}((E, y)
A(SC,y) = ({ag,am}(:c,y)) =
Ak Ak {b7 ak}(‘r7 y)
Set

B A1 {b7 a1}<m7y)
SF = (l’,y, )‘) € CF | ({aﬁvam}(xay)) = 5
Ak {0, a}(x,y)

Sp = ¢(Sp) C Lp.

First we have the following basic result.
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Theorem 2. 1) If a submanifold M of Lr is an integrable submanifold
of the implicit Hamiltonian system Lg, then it is an integrable submanifold
of the tangent bundle TC of C.

2) If the linear equation

)\1 {ba &1}($, y)
(ac, am}(z,y) | + | = :
)\k: {67 CLk}(l’, y)
has a smooth solution (A (z,y), -, \e(z,y)) defined on C, then the image
Gy = ¢(G))

by ¢ of the graph of the solution

G = {(z.y. M(2.y), - Ml y) | (2,y) € C)
1s a smoothly integrable submanifold of L.

Remark 1.  From Theorem 2. 1), in order to check that M is smoothly
integrable, it 1s enough to check that
1) M s a submanifold of TC

and that
2) M is smoothly integrable as an implicit differential system,
to which we can apply the results in [3].

Theorem 2. 1) is a direct consequence of Lemmas 2 and 3 given in the
next section.
A situation diametrically opposite to the Theorem 1 is in the case if

det ({ag, am}(z,y)) # 0.

Under this condition we have

Theorem 3.  Let Ly C TR?" be an implicit Hamiltonian system generated
by a Morse family

k
F:R™xRF 5 R, F(x,y, A Zaga:y)\g—l—bxy)
=1
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Suppose that
k s even and  det ({ag, an}(z,y)) # 0.

Then Sg is a smoothly integrable submanifold of Ly and it is the maximal
integrable submanifold of Lg in the sense that any other smoothly integrable
submanifold of Ly is a submanifold of Sp. Moreover, the projection mg,, :
Sr — C'is a diffeomorphism and has no singular points. Consequently, Sr
is a unique smoothly integrable submanifold of Lg such that w(Sg) = C.

When £ is odd we have det A(x,y) = 0 everywhere. As a result corre-
sponding to Theorem 3, we have

Theorem 4. Let Ly C TR?*" be an implicit Hamiltonian system generated
by a Morse family

B

F:R™xRF 5 R, F(z,y,\) = ap(z,y)Ae + bz, y).

(=1

Suppose that k is odd and the rank of ({as, an}(x,y)) is constant and equal
to k — 1.
Suppose also that the linear equation

)\1 )\1 {ba &1}($,y>
Alw,y) | 1 | ={apan}(@ ) | 0 | = :
Ak Ak {b7ak}(xvy)

has a smooth solution A(z,y) = (Ai(z,y),..., \i(z,y)) on C. Then

1) Sr is a smoothly integrable submanifold of Ly and it is the maxi-
mal integrable submanifold in the sense that any other smoothly integrable
submanifold of Lr is a submanifold of Sr.

2)  Moreover, Sp is a line bundle over C' with the projection map ms, :
Srp — C and the projection map s, : Sy — C' has no singular points.

The maximality of Sg, both in Theorems 3 and 4, follows from Lemma
3 given in the next section.

Theorem 4. 1) is a direct consequence of Theorem 4. 2), Lemma 3 and
the following more general theorem.
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Theorem 5.  Let Ly C TR be an implicit Hamiltonian system generated
by a Morse family

F:R™ xR’ - R, F(z,y, A a;(x,y)\; + bz, y).

Mw

=1

Let M be a submanifold of Ly such that the projection my : M — C is a
submersion.
Then M is smoothly integrable if and only if M C Sg.

As a direct corollary of Theorem 5, we have the following theorem which
is a generalization of Theorem 4.

Theorem 6.  Let Lp C TR be an implicit Hamiltonian system generated
by a Morse family

k
FZRQnXRk_}R7 F(ZL’,y,/\) :Zaz(xuy)/\z+b(x7y)
i=1
Suppose that the linear equation
)\1 {b7 CLl}(.T, y)
(ai, a5} (@, y)) | ¢+ | = :
)\k {b7 ak}(xu y)

has a smooth solution \(z,y) = (M(x,y),..., \e(z,y)) on C. Suppose also
that the kernel set

Kp =ker ({a;, a;}) = {(z,y,\) € C x R* | ({as, a;}(z,y)) A = 0}

contains an m dimensional smooth vector subbundle K of the vector bundle
C x R* over C. Then

S = (o G @ Mw9) 2, =G A ) + ) | o 3) € R)

is a (2n — k +m) dimensional smoothly integrable submanifold of L.
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The condition in Theorem 6 that the kernel set & r contains an m dimen-
sional smooth vector subbundle is not a generic condition if m > 0 for £k even,
and if m > 1 for k odd. Because in general if & is even, det ({as, a,, }(z,y)) #
0 almost everywhere, and if k is odd, rank ({as, a,,}(z,y)) = k — 1 almost
everywhere. For k even we define

Creg = {(z,y) € R™ | det ({ar, am}(z,y)) # 0},
for £ odd we have
Ckfl = {(m,y) € RQn | rank ({G(,&m}(l’,y)) =k— 1}
In the generic situation, we have

Theorem 7. Suppose that k is even. Suppose also that
det ({ar, am}(z,y)) # 0

almost everywhere but
det ({ag, a,, }(0,0)) = 0.

Then Lp N7 (Chey) is smoothly integrable implicit differential system of
TClreq. Moreover there exists a smoothly integrable differential system M
such that 7(M) = C' if and only if the linear equation

A {ba 04}(37, y)
{ag, amb(@.y)) | ¢ | = :
Ak {b7 ak}(x7 y)
has a smooth solution. Such a smoothly integrable differential system M 1is

unique and it has the properties that M N7 (Chrey) = Lr N7 1 (Chey) and
that wpr - M — C' is a diffeomorphism.

Remark 2. A necessary and sufficient condition for the linear equation
)\l {ba al}($7y)
{ae, amb(z,y)) | ¢+ | = :
)\k {b7 ak}(xvy)

to have a smooth solution is already investigated in [3]. For k even we can
apply this condition to the linear equation and we can have a corollary of
Theorem 7 translating the condition in terms of a;(x,y)’s and b(z,y).
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Remark 3. In the case where k is odd we can have a similar result.
However, when k is odd the rank of the matriz ({a;,a;}(0,0)) is less than
k—1,

1) There is a question, in a generic situation, whether the kernel set

Kp = ker ({ai,a;}) = {(.5, ) € O x R* | ({ai, a5} (. y)) A = 0}

contains or not a smooth line bundle over C appeared in Theorem 6.

2)  Moreover when k is odd, we can not apply our condition for the
linear equation to have a smooth solution. Since det({a;,a;}(z,y)) =0, the
product of the matriz ({a;,a;}(z,y)) and its cofactor matriz is always the
zero matriz. Thus we can not apply our method.

Theorems 3, 4, 5 and 6 are obtained by reducing the fibers of the bundle
7w : Lr — C. Reducing the base space C', we obtain

Theorem 8.  Suppose that L is not smoothly integrable. Let
Gi,...,0s R > R

be smooth functions such that the Jacobian matriz of the map (a,g9) =
(ar, ..y g1y -5 gs) : R*™ — RFYS has the maximal rank k+s. Let Cy, C C
be a submanifold defined by

Cy={(z,y) € C | ga(,y) = --- = gs(z,y) = 0}.
Then ¢(C, x R¥)(C Lr) is smoothly integrable if and only if
{ag,an,} = {b,an} =0,{as, g} = {b,9:} =0 on Cy,

1<im<k, 1<t<s.

3 Basic lemmas

The implicit Hamiltonian system Lpr we consider in this paper, generated
by a Morse family of the form

F<$7y>)\) = a@(xay))\€+b(x>y)a

o~
Il x>
—
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is of a special kind in the sense that the projection map 7 | Lp : Lyp — R*"
has no regular points, while the regular points are dense in generic implicit
Hamiltonian system.

We can easu to see that the following three properties still hold in the
present irregular case.

Lemma 1. 1) L is a Lagrangian submanifold of TR*".

2) ¢ :Cp — Lp is a diffeomorphism.

3) A submanifold M of Lp is integrable if and only if there exists a
smooth vector field & tangent to M such that

o .0 .0
dﬂ-(g(x7yax7y)) _x% +y8_y7

equivalently if and only there exists a smooth vector field E tangent to M=
¢~Y(M) such that

~ oF 0 OF 0

Consider the k x k skew-symmetric matrix ({as, a,, }(z,y)) and the linear
equation

A1 A {ba al}(xv y)
Alz.y) |+ | ={aan}(@y) | @ | =
Ak Ak {b7 ak}(xa y)
Set

~ A1 {b> a1}<x7 y)
Sp =19 (@52 € Cr| ({anan}(z,y) | | = : ,
Ak {b, ar}(z,y)
Sp = ¢(Sp) C L.
Lemma 2. 1) For a point (x,y,\) € Cp, the vector

_OF 0 or 0
dw(a_y(may7)‘)% - %(xa?ﬁ A)8_y>
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is tangent to C' if and only if

A {b,a1}(z,y)
Ha, am}(z,y)) | | = :
Ak {b, ax}(z,y)

2)  Equivalently, for a point (v,y,%,y) € Lp, the vector jsa% + g)% is
tangent to C at (x,y) if and only if (x,y,%,y) € Sk.
3)  Consequently Sg is contained in TC: Sp=TCN Lp.

Lemma 3.  Let (xo, Yo, To,Y0) € Lr and let
(0, Yo, Xo) = &~ (20, Yo, To, o) € Ch.

If (zo, Yo, To,Yo) is an integrable point of Lg, then Ao = (Ao1,- .., \ok) @S @
solution of the linear equation

A1 {b> al}(an?JO)
({ai, a;}(xo,90)) : = : ;
Ak {0, ax}(xo, yo)

which means that
(20,10, X0) € Spand (w0, Yo, To, Yo) € Sp.

Consequently any integrable submanifold of Lr is a subset of Sp = TCN L.

3.1 Proof of Lemma 2

Since C' is defined by the equations ai(x,y) = as(z,y) = -+ - = ax(z,y) =0,
_, OF 0 OF 0
dﬂ-(a_y($a Y, )‘)% - %(1’” Y, )‘)a_y)
is tangent to C' if and only if
_,OF o OF 0
— B =) (ay =0, i=1,...
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which holds if and only if

oOF 0 OF 0
- = =1,...
(81/ (xvya )\) ax ax (':C?yu A) ay)(aj('x y)) O, .] ) 7k7

which holds if and only if
{F,a;}z,y,\) =0 j=1,... k.

Since

F(z,y,\ a;(z,y)\; + b(z,y),

HM@T'

the last equality holds if and only 1f

k
Z{aivaj}(may>>\i + {b7 aj}($7y) = 07 ] = 17 ce '7k'
i=1

which holds if and only if

A1 {ba al}(x7 y) 0
t({ahaj}(xuy)) + - )
Ak {b, ar}(z,y) 0
which holds if and only if

A {b,a1}(z,y)
(ai,a;}(z,y) [ 2 | = :
Ak {b, ax}(z,y)

Here recall that the matrix ({a;, a;}(z,y)) is skewsymmetric. This completes
the proof of Lemma 2. O

3.2 Proof of Lemma 3

Since (xg, Yo, To, Yo) € L is an integrable point of Ly, there exists a smooth
curve
y(t) = (2(t),y(t)) e R, —e<t<e
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such that p p
Z Y
(0, u(0), S5 (0, L) € Ly, —e<t<e

and
(2(0),5(0), 5 0), “(0)) = (20, 0, 60).

Let 7 : (¢,€¢) — Cp be the curve defined by

dx @

(1) = o (t),y(0), 7 (1), L 0)).

Denote A’y/(t) = (I’(t),y(t),)\(t)) Since (:L‘vaO;)\O) = ¢71($07y071"0ay())7 we
see that A(0) = Ag

Since Y(t) € Cp, —e <t <€, we see that

dy .0 .0 di, 0

%(0) = Tog + yoa—y + %(0)8_)\

is tangent to Lp. Since L is defined by a;i(z,y) = 0,...,ax(z,y) = 0, we

have o 0 dn. 0
(08_+y08_ E( )5)( J)_Oa J=1 7k
Thus 5 9
_ 0o Oy
OF 0 OF oa;
= S (0,50, 20) 52 (0) = S0 30 ) 52 (0) = {F 0} (0,30, Mo
Since
k
F({E,y, >‘) = Zaz(xvy))\z + b(xay)a
i=1
we have
k
Z{aia%}(%ayo)/\m +{b,a;}(z0,90) =0, j=1,... k.
i=1
Hence
)\1 {b7 al}(I07y0) 0
"({ai, a;} (20, y0)) : + : =\ :
A {b, ax (o, Yo) 0
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Thus A\g = (Ao1,- - -, Aok) is a solution of the linear equation

At {b, a1} (o, vo)
({ai, a;}(xo,y0)) : = :
Ak {57 ak}(x()ay())

Here recall that the matrix ({a;, a;}(xo,v0)) is skewsymmetric. This com-
pletes the proof of Lemma 3. 0

4 Proofs of Theorems

4.1 Proof of Theorem 2

Theorem 2. 1) is immediate from Lemma 3.
Proof of Theorem 2. 2) Suppose that the linear equation

M {b,a1}(z,y)
Hag, am}(z,y)) | ¢ | = :
Ak {b, ax}(z,y)

has a smooth solution A(z,y) = (Ai(z,y),..., \(z,y)) defined on C. Con-
sider the image

Gy = ¢(G))
by ¢ of the graph

éA = {(ZL‘,y, )\1({L‘,y), .- 7/\k:(x7y)) | (I,y) € C}

of the solution (A1 (z,v),..., \(z,v)).
Since A(x,y) is a solution of the linear equation, from Lemma 2, we see
that the vector

_,OF 0 OoF 0
dT‘-(a_y(ma Y, )\(l‘, y))a_a: - 8_x<x7 Y, )‘(xv y))a_y)
is tangent to C. Since A(z,y) is smooth, the vector
_,OF 0 OF 0
dﬂ—(a_y(aja Y, )\(ZII, y))% - %([II, Y, )\(ZIZ’, y))a_y)
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depends smoothly on (z,y). Since 7 |z, : G — C'is a diffeomorphism then
there exists a smooth vector field 5 tangent to G A such that

~ OF 0 OF 0
dm A = — A - A .
(€M@ 0) = G o Mo ) 5 = G M) 5
Then, from Lemma 1. 3), the image G\ = gzﬁ(éx) is a smoothly integrable
submanifold of L. This completes the proof of Theorem 2. O

4.2 Proof of Theorem 3
Consider the k x k matrix ({a¢, an, }(z,y)) and the linear equation

A {b,a1}(,y)
Hae, am}(z,y)) | ¢ | = :
Ak {b7ak}(x>y)

and set

{b,a1}(,y)
{(z,y,A) e R x R" | ({ag, am}(z,y)) : ).
{b,ar}(z,y)

Since det ({ag, am }(z,y)) # 0 on C, the linear equation

{b, al} (x,y)
({a&am}(x y
{b ak}

has a unique smooth solution A(z,y) = (A (z, z,y)) on C. Then
we have

S ={(z,y,\) € R" x R¥ | A = \(z,y), (z,y) € C}.

Thus Sr is the graph of the map A : C' — R*. Therefore the projection
map T |§F: Sp — C'is a submersion and so is mg, : Sp — C. Moreover,
from Lemma 2, Sg is an implicit differential system as a submanifold of T'C'.
Thus Sp is an smoothly integrable implicit differential system and it is a
smoothly i integrable submanifold of L.

Now the maximality of S follows from Lemma 4. This completes the
proof of Theorem 3. 0
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4.3 Proof of Theorem 4 by using Theorem 5

Let Lr C TR be an implicit Hamiltonian system generated by a Morse
family

W

F:R™xR' =R,  Flz,y,A\) = > az,y)h +b(z,y)

(=1

Suppose that
k is odd and the rank of ({a;,a;}(x,y)) is constantly k — 1.

Suppose also that the linear equation
/\1 )‘1 {b7 al}(‘ra y)
Al,y) |+ | ={aat )| ¢ | = :
Ak Ak {6, art(z, y)

has a smooth solution \(z,y) = (A (x,y),..., A\ (x,y)) on C.
Since the matrix ({a;, a;}(z,y)) depends smoothly on (z,y) € C and has
a constant rank k& — 1, the kernel set

Kr={(z,y,\) € Cp | ({as,a;}(z,y)) A = 0}
is a smooth line bundle over C' and we see that
§F = {(xvya )\(.T,y) + )‘) ‘ (x,y) S Ca (l’,y, >‘) € [?F}

Therefore Sy is also a line bundle over C' and so is Sp = ¢(§F) Thus,
Sr is a smooth manifold and the projection w : Sp — C'is a submersion.
From Theorem 5, Sp = ¢(SF) is a smoothly integrable submanifold of L.
The maximality of Sg follows from Lemma 3. This completes the proof of
Theorem 3. [

4.4 Proof of Theorem 5 and Theorem 6

Let Lr C TR be an implicit Hamiltonian system generated by a Morse
family

k
F:R™ x R* - R, F(x,y,\ Zalxy)\—irbxy)
=1
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Suppose that M is a submanifold of Lz such that the projection 7 |p: M —
C' is a submersion.
If M is smoothly integrable, then, from Lemma 3, we have M C Sg.
Conversely, suppose that M C Sg. Let

(20, Yo, 0, Yo) € M and (g, Yo, No) = ¢~ (0, Yo, o, Yo)-
Since B
(%0, Y0, T0,Yo) € Sk and  (zo, Yo, Ao) € SF,

from the definition of Sr and from Lemma 2, the vector

.0 .0 OF o OF 9
oy + yoé)_y = a—y(xo,ym AO)(’)_x - a—x(xo,yo,)\o)a—y

is tangent to C' at (zo,yo) and smoothly depends on (zo,yo, %0, %) € M.
Since 7 |p: M — C' is a submersion, there exists a smooth vector field &
tangent to M such that

.. .0 .0 ..
dﬁ(ﬁ(xmyo,xo,yo)) = Ioa—x + yoa—y, V(xoayo,xmyo) €EM.

Thus, from Lemma 1, M is smoothly integrable. This completes the proof
of Theorem 5. 0
Now Theorem 6 is a direct corollary of Theorem 5.

4.5 Proof of Theorem 7

The fact that Ly N7 1(Cye,y) is a smoothly integrable implicit differential
system of T'C,.4 is a direct corollary of Theorem 3.
Now suppose that the linear equation

M {b,a1}(z,y)
Hag, am}(z,y)) | ¢ | = :
Ak {b,ar}(z,y)

has a smooth solution (A1(2,y), ..., Ak(2,y)). Then, by Theorem 2. 2), the
image G = ¢(G,) of the graph G of the solution

()\1($,y), SRR Ak(xay))
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is a smoothly integrable submanifold of Lp. Take G as M we seek. Then,
by Theorem 3, MNTC,ey = GANTC,eq and SpNTC,., must coincide. Since
Cleg is dense in C, the uniqueness of such M follows.

Conversely suppose that there exists a smoothly integrable differentiable
system M such that m(M) = C. Then, again by Theorem 3, M N TC,,,

must coincide with Sp NT'C,¢,. Consider the inverse image M = oY M) C
Cr C C x R*. Since, by Theorem 3, Sg N (C., x R¥) is the graph of a
smooth solution A : Cyey — R of the linear equation

Ay {b,a1}(z,y)
({ag,am}(x,y)) - ) (I7y) € Orega
Ak {bv ak}(x7 y)

Mn (Cyeg x R¥) must coincide with the graph of this smooth solution A(z, y),
(x,y) € Crey. Since Ciey is dense in C' and M is a smooth submanifold such

that 7(M) = C, M(x,y) can be extended to a smooth solution of the linear
equation. Thus the linear equation has a smooth solution. This completes
the proof of Theorem 7. O

4.6 Proof of Theorem 8

Theorem 8 can be proved in the same way as Theorem 1. We repeat it
below.
Let

F(x,y,\) = ag(z,y)Ae + b(z,y)

E

=1
be a Morse family. Then we have

oF
a_)\z<x7y7 )\) = ag(x,y).

Set
C:{(a:,y)ERQ"]al(m,y):...:ak(:c,y):()},
Og:{(x7y)60’gl(xay)::gs(mvy):()}v
OF oF
_ 2n k| 27 — = — —
Cr={(z,y,A) e R"" xR aAl(ﬂc,y,A) a)\k(ﬂc,y,A) 0}

97



= {<I7y7)‘) < R2n X Rk | al(m,y) == ak(x7y) = 0} =C X Rka
Crg={(z,y,A) € Cr | g1(z,y) = -+ = gs(w,y) = 0} = C x R*,

Now Lp, = ¢(Cp,) is smoothly integrable if and only if there exists a
smooth tangent vector filed £ on Lg, = ¢(Cp,) such that

0
dr(&(w,y, #,9)) Zx + i

Z y’L

where 7 : TR?" — R?" is the projection of the tangent bundle
<= there exist smooth functions W(x, y,A\),{ =1,... k, such that

N OF 0 OF 0
the vector field \) = A A
e vector fie §(x,y, ) a (a: G )8{[Z ox; (x,y, )0yi+

(9
+Zuz x,y,\) = is tangent to Cp, = Cy X R”

<~
OF 0 OF o
< dy, ——(z,, )\>8x - %(m‘,y,A)a—y is tangent to  Cr
<~
oF 0 OF 0
= 1<i6<k
Z ayz axl 0331 6?./1)@[ 0 on CRg? </< ,
OF 0 O0F 0
- 1<t<
Z Oy; Ox; O, 8yl)gt 0 on Cpy 1<t<s
—

k
{F,a,} = Z{ai,ag})\i +{b,as} =0 on Cp, 1<(¢<E.

i=1

k
{F, 9} = Z{aiagt})\i +{b,g:} =0 on Cp, 1<t<s.

i=1
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Differentiating the equalities with respect to \;, we have
{a;,a} = {a;, 0} =0, and then {b,a;} ={b,g:} =0,
on Cpg, 1<0<Ek1<t<s.
Conversely, if
{a;,a} = {a;, 9.} =0, and then {b,a,} ={b,g:} =0,

on Cpg, 1<0<Ek1<t< s,

ten trivially we have

k
{F,a,} = Z{ai,ag})\i +{b,ae} =0 on Cp, 1<l<Ek.

i=1

k
{Fog} = {ang}hi+{bg}=0 on Cp, 1<t<s,

=1

and Lp, = ¢(Cp,) is smoothly integrable. This completes the proof of
Theorem 8. u

4.7 Example for Theorem 8

Example 1.  Consider the following function.

]~

F(I,y,A = az<x’y))‘z+b(xay>

=1

= Zajz)\z + bl(yb v 7yk)b2($k+17 v axm)a

E+1<m<mn, b(0)=0b(0)=0, by,by arenot constantly 0.

Then
{ag,an} = {xp, 2} =0, 1<l,m<k.

However 9%
{ag, b} = {x4,b} = ——1 by # 0
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on C={a1=-=a,=0}={z;=--+=u1z, =0}

Thus L itself is not smoothly integrable.
Now consider the functions

g1(x,y) = Tpa1, .o 9s(T,Y) = Tprs = Ty,  where s =m — k,

and set

S ={(e.,y) e R”"|

Gl(l’,y) == (l]g(l',y) = gl(xuy) == gs<x7y) = O} .
Then 5%
{ag, b} = —a—ysz(%H, ) =0,

{aJ@agt} = {xfakart} = 07 {ba gt} = {ba kart} = Oa
1<i<Ek, 1<t<s=m-—k,

on S={a=-=ay=qg=--=gs =0}
Then, by Theorem 8, Lr N (S x R*) is smoothly integrable.
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Properties of reachable sets
in sub-Lorentzian geometry
Marek Grochowski ' 2

Abstract

The aim of this paper is to present basic facts concerning future
timelike, nonspacelike and null reachable sets from a given point ¢g in
the sub-Lorentzian geometry. In particular we prove that the three
sets have identical interiors and boundaries. Further, among other
things, we show that for Lorentzian metrics on contact distributions
on R?"*1 n > 1, the boundary of reachable sets from ¢y is made
up of null future directed curves starting from gg. Every such curve
has only a finite number of non-smooth points; smooth pieces of ev-
ery such curve are Hamiltonian geodesics. For general sub-Lorentzian
structures, contrary to the Lorentzian case, timelike curves may ap-
pear on the boundary. It turns out that such curves are always Goh
curves. We also generalize the classical result on null geodesics: every
null future directed Hamiltonian geodesic initiating at gg is contained
in the boundary of the reachable set from ¢g. At the end, in the ap-
pendix, reachable sets for the sub-Lorentzian Martinet flat structure
are computed.

Keywords: sub-Lorentzian manifolds, geodesics, reachable sets, ge-
ometric optimality

Introduction

1.1 Motivation

Suppose that (M, g) is a time-oriented Lorentzian manifold (all definitions
may be found in Section 2). Take a point ¢y € M and fix its neighbourhood
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of Polish government from funds for years 2007-2009.
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U. Denote by I (go,U) (resp. J(qo,U)) the chronological (resp. causal)
future of a point go. In the sequel I (qo,U) (resp. J*(qo,U)) will be called
the future timelike (resp. nonspacelike) reachable set from gy. It can be
proved (see [11], [2]) that if U is a normal neighbourhood of ¢y, then

I (qo, U) = exp,, ({v € TyeM = g(v,v) <0, g(v, X(q0)) <0})NU, (1)

J+(QU7 U) = EXPyg, ({U = quM . g(v,v) <0, g(v,X(qo)) < O}) nu, <2>

where exp, is the (Lorentzian) exponential mapping with the pole at g, and
X is a time orientation of (M, g) defined on U. In particular, I*(qo,U) is
open, J7(qo,U) is closed relative to U, and both sets have identical interiors
and boundaries. Moreover,

0J " (qo, U)\OU =

= expy, ({v € Ty, M = g(v,v) =0, g(v, X(q)) <0})NU, (3)

from which it is seen that the boundary 0.J" (g, U)\OU is formed by max-
imizing null future directed geodesics starting from ¢o. More precisely, if
20, 2!, ..., 2™ are exponential coordinates on U centered at gy with a time

orientation %, then
X

(o, U) = {—(2")* + (")’ + ...+ (2")* < 0,2° > 0},

JHqo,U) = {=(2")* + (") + ...+ (2")* <0,2° > 0},

and
O (qo, UNOU = {—(2°)° + (') + ... + (z")* =0, 2° > 0} .

Let ®(2°,...,2") = —(2°)? + (z1)? + ... + (z")?; the gradient V®, computed
with respect to g, is a null vector field when restricted to 9.7 (qo, U)\(OU U
{qv}). It follows that the latter set is smooth and each tangent space to it
contains a single nonspacelike direction, namely the one of V® - c¢f. Lemma
5.1.

The aim of this paper is to establish some partial results of above-men-
tioned type for reachable sets in the sub-Lorentzian geometry.
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1.2 Organization of the paper

Section 2 contains a review of basic notions and facts on the sub-Lorentzian
geometry. The reader familiar with these notions can omit this section.
Proposition 2.1 is new; it gives necessary and sufficient conditions for exis-
tence of Lorentzian metrics on distributions.

In Section 3 we summarize all what we know about reachable sets from
a point for general sub-Lorentzian structures. In particular we prove that
null, timelike and nonspacelike reachable sets have identical interiors and
boundaries - Theorems 3.1, 3.2. At the end of Section 3 some examples of
reachable sets are given.

In Section 4 we present a notion of geometric optimality and recall the
Pontryagin maximum principle in the geometric version.

Section 5 presents a generalization of a classical result concerning local
optimality of null Lorentzian geodesics. Namely we prove that sub-Loren-
tzian null future directed Hamiltonian geodesics are geometrically optimal.
Moreover, they are also locally optimal with respect to a given sub-Loren-
tzian metric - Theorem 5.1.

In Section 6 we study the boundary of reachable sets. Among other things
we prove that timelike curves contained in 9J%(qo, U)\OU, qo being a point
and U its normal neighbourhood, are so-called Goh curves (Lemma 6.1) so,
for instance, they do not exist for sub-Lorentzian metrics (H, g), where rank
H > 3 and H is generic. In such cases timelike reachable sets I7(qo, U) are
open. Moreover, if we strengthen assumptions imposed on H, we can ensure
that the boundary 0.J" (g, U)\OU is made up of null future directed curves,
and that the sub-Lorentzian distance, f[U], from ¢q is continuous at every
point ¢ € dJ7(qo, U)\OU. Further, we also prove that if (H,g) is a sub-
Lorentzian structure on R*"*! such that H is contact, then dJ" (qo, U)\OU
consists of piecewise smooth null future directed curves starting from qo;
smooth pieces of each such curve are Hamiltonian geodesics - Theorem 6.2.
We also give some partial results in rank-two case: Propositions 6.2, 6.3,
6.4.

Finally, in Section 7 we compute reachable sets in the Martinet flat case.

Note that, as is explained in Section 6, all above results concerning reach-
able sets can be applied to control affine systems with controls taking values
in the unit closed ball centered at zero.
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2 Review of Basic Notions in the sub-Loren-
tzian Geometry

All proofs of the results presented in this section may be found in [6], [9].

2.1 Horizontal curves

Let M be asmooth (i.e. of class C*°) connected (n+1)-dimensional manifold.
Let H be a smooth distribution on M of constant rank k + 1. For a point
g € M and a positive integer i let us define Hé to be the vector space
generated by all vectors of the form

[Xla [X27 [Xk—la Xk] H (Q), (4)

where X, ..., X}, are local sections of H defined near g and 1 < k <1i. H is
said to be bracket generating, if for every ¢ € M there is an i = i(q) € N
such that Hé(Q) =T,M. H is said to be 2-generating if Hq2 = T, M for each
q in M. In the sequel we suppose H to be bracket generating.

The geometry of the couple (M, H) is determined by horizontal or ad-
missible curves, that is such curves 7 : [a,b] — M that (i) v is absolutely
continuous, (ii) ¥(t) € Hyy a.e. on [a,b], (iii) the derivative 4 is square
integrable relative to some Riemannian metric on M. Denote by Qg the set
of all horizontal curves v : [0,T7] — M starting from v(0) = ¢ and consider
the endpoint mapping

endngg—>M, v — (7).

It turns out that Q! is a Hilbert manifold and end] is smooth (see for
instance [3]). Notice that, since H is bracket generating, end} (Q]') = M for
every ¢ € M - it is the classical Chow-Rashevski theorem.

A curve v € QqT is said to be abnormal (or singular) if the differential
dvenqu 2T VQZ — TryM is not surjective. In case H = T'M the differen-
tial dvendg is surjective for every v € QqT, so abnormal curves do not exist.
In case of a contact distribution dwenqu degenerates only for constant curves
~(t) = g, so in this case non-trivial abnormal curves do not exist. Let us note
here that the formula for the differential of enqu yields: v € QqT is abnormal
if and only if there exists an absolutely continuous curve A : [0,7] — T*M
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such that A(¢) € 17, M\{0} annihilates H., for every ¢. It follows that
any sub-arc of an abnormal curve is abnormal.

At the end let us state one more definition: a horizontal curve ~ :
[0,7] — M will be called a Goh curve if it is abnormal and has an ab-
solutely continuous lift A : [0, 7] — T*M\{0} such that for every ¢t € [0, T

(A, [X, YT (v(1))) = 0,

where X, Y are arbitrary horizontal vector fields defined around ~([0, 7).
For simplicity we adopt the following convention:

all curves, vectors and vector fields are supposed to be horizontal.

2.2 Sub-Lorentzian metrics

Let g be a Lorentzian metric on H, i.e. ¢ is a global section of the vector
bundle H* ® H* — M such that g, : H, x H, — R is a nondegenerate
symmetric bilinear form of index one for every ¢ € M. For v,w € H, we shall
write g(v, w) instead of g,(v,w). The couple (H, g) is called a sub-Lorentzian
metric on M, and the triple (M, H, g) - a sub-Lorentzian manifold.

As in the Lorentzian geometry we say that a vector v € H, is timelike,
if g(v,v) < 0, is nonspacelike, if g(v,v) < 0 and v # 0, is null if g(v,v) =0
and v # 0, and finally is spacelike if g(v,v) > 0 or v = 0.

Define a time orientation of (M, H, g) to be a continuous timelike vector
field X on M. We say that a sub-Lorentzian metric (H, g) is time-orientable
if (M, H,g) admits a time orientation. Using similar arguments as in [19]
and [18] one can prove the following

Proposition 2.1. Let M be a smooth manifold and H a smooth distribution
on M of constant rank. Then H admits a metric of signature l, if and only
if H possesses an l-dimensional subdistribution. In particular, forl =1, the
following conditions are equivalent:

(i) H admits a Lorentzian metric;

(11) H admits a Lorentzian metric which is time-oriented;

(111) H possesses a 1-dimensional subdistribution.

As an example consider S°, a 5-dimensional sphere. Let X be a non-
vanishing vector field on S°, and take w to be a 1-form satisfying (w, X) = 1
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everywhere on S°. Now if we define H = kerw, then H is a distribution
of rank 4 on S°. We will show that H does not admit Lorentzian metrics.
Indeed, suppose the converse. Then by Proposition 2.1 there exists a non-
vanishing vector field Y with (w,Y’) = 0 everywhere. Thus Span{X,Y} is
a distribution of rank 2 on S® which is impossible (cf. [19]).

From now on we suppose our (M, H, g) to be time-oriented by a vector
field X. A nonspacelike v € H, is said to be future-directed (resp. past-
directed) if g(v, X(q)) < 0 (resp. g(v, X(q)) > 0). Now a curve v : [a,b] —>
M is timelike (resp. timelike future directed, nonspacelike, nonspacelike
future directed, null, null future directed) if so is ¥(¢) a.e. on [a, b].

We will use the following abbreviations: "t.” for "timelike”, "nspc.” for
"nonspacelike”, and "f.d.” for "future directed”. So for instance a t.f.d. curve
is a (horizontal) curve which is timelike future directed.

2.3 Normal neighbourhoods. Convergence of sequences
of curves

Up to the end of this section (M, H, g) is a fixed sub-Lorentzian time-oriented
manifold.

We will introduce a concept of so-called normal neighbourhoods. Take
a point qg € M and let U be its arbitrary neighbourhood. Replacing U
with possibly smaller open set containing gy we can assume that the clo-
sure U is compact and that there exists an orthonormal frame Xy, ..., X}, of
H defined on U; here X, is a time orientation. Extend this frame to the
basis Xo, ..., Xk, ..., X, of TM again defined on U. Now we can define a
time-oriented Lorentzian metric h on U by assuming the basis X, ..., X,
to be orthonormal relative to h with a time orientation X,. Next, possibly
shrinking U again, we suppose that U is a normal convex neighbourhood
relative to h and its closure U is contained in some bigger normal convex
(relative to h) set. Such a U just obtained is called a normal neighbour-
hood of qy. Obviously, each point of M possesses arbitrarily small normal
neighbourhoods.

Normal neighbourhoods are very useful, particularly because they have
good properties according to convergence of sequences of nspc. curves. To
be more precise, let 7,7, : [a,b] — M, v = 1,2, ..., be curves in M. We say
that {7,} is convergent to v in the C° topology on curves, if v,(a) — ~(a),
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7, (b) — 7(b) as v — oo, and for every open set V' containing ~ ([a, b])
there is an integer A such that +, ([a,b]) C V for all v > A. Suppose now
that U is a normal neighbourhood of a point go; let 7, : [0,7] — U be
a nspc.f.d. curve starting from ~,(0) = qo, v = 1,2,... If 7,(T") — ¢ for
a ¢ € U, then one can prove that, after passing to a subsequence, {v,}
converges in the C° topology on curves to a nspe.f.d. v : [0,T] — U; of

course Y(0) = qo, Y(T') = ¢.

2.4 Sub-Lorentzian geodesics, reachable sets and local
distance functions

Let v : [a,b] — M be a nspc. curve; we define its length in the usual
manner to be

Ly) = / 904 (8),4(6)] 2.

The operation L is upper semicontinuous in the following sense: if {~,} is a
sequence of nspc.f.d. curves which converges in the C° topology on curves
to a (nspc.f.d.) curve 7 then limsup, ,  L(v,) < L(7).

If U is an open subset of M and 7 : [a,b] — M is a nspc.f.d. curve
contained in U, then 7 is called a U-mazimizer if it is longest curve among
all nspc.f.d. curves contained in U and joining 7y(a) to (b). Curves in U
which are locally U-maximizers are called U-geodesics.

For a given point ¢y and its neighbourhood U we defined the future
timelike reachable set from qo to be the set I (go, U) of all points in U that
can be reached from ¢o by a t.f.d. curve contained in U. Analogously we
define the future nonspacelike reachable set from gy to be the set J* (g, U)
of all points in U that can be reached from ¢y by a nspc.f.d. curve contained
inU.

For qo,q € U let Qp*P2(U) be the set of all nspc.f.d. curves in U joining
qo to q. We define

flU] : U — R,

the(local) sub-Lorentzian distance from qo relative to the set U, by formula

i = { PO GO} < g€ )
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Now suppose that U is a normal neighbourhood of ¢q. It turns out that
if g € J™(qo, U), then U-maximizers connecting gy to ¢ exist. As a corollary
one can prove that f[U] is upper semicontinuous, and that it is continuous
along smooth timelike U-maximizers contained in int It (g, U).

2.5 Horizontal gradient

Let U C M be an open subset and let ¢ : U — R be a smooth function. By
the horizontal gradient of  we mean the vector field V g which is defined
by condition (0,¢)(¢) = 9(Vae(q),v) for every ¢ € U and v € H,. It can
be proved that if Vg is a timelike past directed vector field on U such
that ¢(Vge, Vip) = const on U, then trajectories of —Vyp are unique
U-maximizers.

2.6 Hamiltonian geodesics and the exponential
mapping

To every sub-Lorentzian metric (H,g) on M we can canonically associate
the vector bundle morphism G : T*M — H covering identity, such that
Im G = H and g(v,w) = (£,Gn) = (n,GE) for every £ € G (v) and
n € G~'(w). This permits us to define the so-called geodesic Hamiltonian
H:T"M — R,

HO) = % ey

If Xy, X1, ..., Xy is an orthonormal basis of H defined on an open set U with
Xo timelike, then on T* My we have

(p, X;(q))*.

N | —

H(q,p) = —% (p, Xo(q))* +

k
]:
_)

By H we denote the Hamiltonian vector field corresponding to it and by &,
its (local) flow on T*M. Now a curve v : [a,b] — M is called ai[amz’ltom’an
geodesic if there is a T' : [a,b] — T*M such that I'(t) = H(I'(t)) and
~v(t) = mox(t), on [a,b], 7 : T*M — M being the canonical projection.
Note that Hamiltonian geodesics preserve their causal character.

109



To state our last definition, for a ¢ € M, denote by D, the set of all
A € Ty M such that the curve ¢ — ®4()) is defined on [0, 1]. The mapping

exp, : Dg — M, exp,(\) =70 ®(N)

is called ezponential mapping (with the pole at q). Of course D, is open
and exp, is smooth. Contrary to the Lorentzian geometry exp, is not a
diffeomorphism at 0; moreover, at least for rank 2 distributions, it is not
‘onto’ a neighbourhood of ¢.

3 Reachable Sets in the sub-Lorentzian Geom-
etry

3.1 Basic properties

This section is devoted to the study of reachable sets for general sub-Lo-
rentzian structures. Lemma 3.1 was already obtained in [9]. However, for
completeness of the exposition, we recall all the proofs.

Let (M, H, g) be a fixed sub-Lorentzian time-oriented manifold. We start
with the remark concerning smooth t.f.d. approximations to nspc.f.d. curves
(the existence of such approximations to t.f.d. curves is clear). So let 7 :
[a,b] — M be a nspc.f.d. curve, i.e. 4(t) = Z(t,~(t)), where

k k

Z(t.0) = 3 ua(®Xala), —uot) + 3 uilt)’ <0, wo(t) >0,

a=0 =1

a.e. on [a,b], (ug,...,ur) € L*([a,b], R¥1), and Xj, ..., X}, is a smooth or-
thonormal basis of H defined in a neighbourhood of v with a time orientation
Xo (if such a basis do not exist, we divide v into a finite number of smaller
pieces). Now take a sequence a, such that 0 < a, 1 and write

k
Zy(t,q) = uo(t) Xo(q) + a Z u; (1) Xi(y(1))-
i=1
Let v, be a solution to the following Cauchy problem
YWw(t) = Zu(t, (1), wl(a)=(a),
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which is defined on the whole [a, b], provided v is sufficiently large. Of course
each ~, is timelike and, since

(g, aytiy, ..., ayug) — (Ug, U, ..., Ug)

in L?([a, b], R*1) as v — o0, 7, —> 7 uniformly on [a, b] (cf. [6]). At the
end it suffices to notice that each 7, can be approximated by a smooth t.f.d.
curve.

Now let us fix a point gy € M and its normal neighbourhood U. Recall
that in Section 2.4 we defined two sets 7 (qo, U) and J(qo, U). Introduce
two other sets, namely let I (g0, U) (resp. Jg (qo,U)) be the reachable set
from g for a family of all smooth t.f.d. (resp. nspc.f.d.) vector fields on U.
Properties of reachable sets of this type are summarized for instance in [13].

Let Xo, X1, ..., X} be an orthonormal frame for H defined on U. Consider
the control system

() = ua(t)Xa(q(t), t€[0,T). (5)
Moreover let us define two sets:

k
Cy = {(uo, o) € RFFL 42 +Zuf <0, ug > O}

i=1
and

k
C= {(uo,...,uk) c R :—u%—i—Zu?SO, u0>0}. (6)
i=1
Then the set I (qy, U) (resp. J(qo,U)) corresponds to enpoints of trajecto-
ries of (5) starting from go, where the set of admissible controls is the set of
square integrable mappings u : [0, T(u)] — Cy (resp. u : [0,T(u)] — C),
where final time T'(u) > 0 depends on a control, while I (g, U) (resp.
Jy (qo,U)) is generated by piecewise smooth controls u : [0, T (u)] — Co
(resp. w: [0,T(u)] — C); here T'(u) > 0 again depends on a control.
First of all let us note the following

Lemma 3.1. J*(qo,U) is closed with respect to U.
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Proof. Let q, € J*(qo,U) be such that ¢, — ¢ with ¢ € U. Let v, be
a nspe.f.d. curve connecting ¢y to g,. From Section 2.3 we know that, after
passing to a subsequence, v, — v in the C topology on curves, where
is nspe.f.d. and joins gy with ¢. Thus ¢ € J™(qo, U). O
As a corollary
ClU(I(—)‘r(qm U)) - J+(QO7 U)>

where cly stands for the closure with respect to U. Moreover from the
remark at the beginning of this section,

I (90, U) C clu (I (90, 1)),
from which it follows that
I (g0, U) = clu (I (90, U)) = cly (I (qo, U)).
Next, Krener’s theorem [14] yields
Iy (0, U) C cly(intly (90, U)),
which in turn gives
I (g0, U) = cly(int Iy (g0, U)) = cly(int I*(go, U)). (7)

As the next step we will prove

Lemma 3.2. int J(qo,U) = int 17 (q,U).

Proof. Obviously int 17 (qy,U) C int J™(qo,U). Take a point q €
intJ"(qo,U) and fix an open V such that ¢ € V C int J*(qo,U). Con-
sider the family F of all smooth timelike past directed vector fields on V.
Clearly F is bracket generating, so its reachable set Ax(q) from ¢ has a
non-empty interior. Now, because of (7), there is a point ¢; € int Ax(q)Nint
I*(qo,U)NV. In this way we have established the existence of t.f.d. curves
01, 09 in U, such that oy joins ¢ to ¢1, and o5 joins ¢; to q. The curve ;U
09 joins ¢g to ¢ and is contained in int 17 (g, U). This last statement follows
from a standard fact from control theory: any curve starting from ¢y which
enters the interior of the reachable set from ¢y cannot leave this interior. [

We sum up our considerations as follows.
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Theorem 3.1. For every qo and every normal neighbourhood U of qq
(a) cly(intI™(qo,U)) = J"(qo,U);

(b) int I*(qo,U) = int J*(qo,U);

(c) 01" (qo,U) = 9J " (qo, U),

where OA is a boundary of a set A relative to U.

Next we will investigate some properties of the set N*(qy, U) which is
defined to be the set of all points that can be reached from ¢¢ by a null f.d.
curve contained in U. N7 (qo,U) is called a (future) null reachable set from
qo- Our aim is to prove

Theorem 3.2. For every qo and every normal neighbourhood U of qq
(a) cly(intN*(qo,U)) = J(qo,U);

(b) intN*(qo,U) = intJ*(qo, U);

(¢) ONT(qo,U) = 0J(qo,U).

Proof. Let v : [0,T] — U be a smooth t.f.d. curve, v(0) = go. Assuming
that ~ is parameterized by arc length we can find an orthonormal frame
Zy, ..., Zy, for H defined on U such that ¥ = Z;. Using for instance [1]
or [12] we know that v can be approximated by a sequence of null curves
Y [0,T] — U such that 7,(0) = go and 4, (t) = Y;,(7,(t)), where Y;, is
a non-autonomous vector field satistying Y, € {Zy+ 21, Zy — Z, } for every
t and v. One can assume that every 7, is piecewise smooth. If we denote
by Ny (qo,U) the reachable set from ¢y for the family of all smooth null f.d.
vector fields on U, then in view of the presented argument and the remark
from the begining of this section

cly(Ng (g0, U)) = (g0, U).

Next let us notice that if X, ..., X} is any orthonormal basis for H|;; which
is bracket generating, then so is the family

{)(0:‘:)(Z = 1,,]{3}

(resp. {—Xo+ X;: i=1,...,k}) of smooth null future (resp. past) directed
vector fields on U. Thus int N*(qy,U) # () by Krener’s theorem, and the
rest of the proof is similar to the proof of Theorem 3.1. 0

At the end let us notice that, unlike the classical Lorentzian geometry,

in general N*(qo,U) # J*(qo,U) - see 3.2.3.
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3.2 Examples of reachable sets
3.2.1 The Heisenberg case
Suppose that M = R? and let
L0100 10
or 270z oy 270z

We define a rank-two distribution H = Span{X,Y} and a Lorentzian metric
g on it by declaring the basis X, Y to be orthonormal with a time orientation
X. It can be computed (see [9]) that

ITO,R?) = {(z,y,2) : —2®+y*+4]2| <0, 2> 0}

and J7(0,R?) is the closure of IT(0,R?). Next, if U is any normal neigh-
bourhood of 0 then

I(0,U0)=1%0,RNU, J'0,U)=J"(0,R*)NU.

Note that the set dJ(0,U) N {z # 0} is smooth, and if ¢ is its arbitrary
point, then }
T,(077(0,U) N{z # 0}) N H, (8)

is a 1-dimensional subspace generated by a null direction.

3.2.2 (Generalization

The above example can be generalized as follows. Let ¢ = p(z,y,2), ¥ =
¥(2) be smooth functions defined near 0 in R?, 1/(0) = 0. Let us define

X =g +yp(r.y,2) (g +a5) + 3y(1+(2) 3

z

(cf. [7]). Suppose that H = Span{X,Y} and that g is the Lorentzian metric
on H determined by the condition that X, Y is an orthonormal frame and
X is a time orientation. In [10] reachable sets for such a structure (H,g)
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and JT(0,U) = clyI*(0,U), where U is a sufficiently small normal neigh-
bourhood of 0. Again all spaces of the form (8) are 1-dimensional and are
generated by a null direction. Moreover N*(0,U) = J*(0,U) as it can be
seen from [10].

3.2.3 The Martinet case
Again M = R3; let us set

o 1,0 o 1 0

We define H = Span{X,Y}. Obviously H is not contact. As above we
define a Lorentzian metric ¢ on H by supposing the family X,Y to be
orthonormal with respect to g with a time orientation X. There occurs a
new phenomenon here, as compared to the previous cases, namely there is
a timelike curve on the boundary a.J *(q,U) for certain ¢’s. To see this let
y(t) = (¢,0,0), t; <t < t,. Suppose that n : [a, 8] — R3 is a nspc.f.d.
curve such that n(«) = v(t1), n(8) = v(t2). Notice that H = ker w with

1
w=dz— §y(ydx — zdy). (10)

NOW7 if n= (7717 12, 773)7 then

0= m(8) =mla) + 5 [ ylyds - ady).

n

Using n3(a) = 0 and d(y*dz — zydy) = —%ydas A dy one can see that n3(3)
is strictly positive unless 79(t) = 0. But then (10) implies that n3(¢) = 0
so n is a reparameterization of . It means that the set of all nspc.f.d.
curves joining (¢1,0,0) to (t2,0,0) is made up of a single, up to a change of
parameter, curve . In view of Theorem 3.2, v([t1,t5]) € 0t (y(t),U) for
every t; < ts and every normal neighbourhood U of (¢;). Remark moreover
that v is a Goh curve - cf. Lemma 6.1 below.

The explicit formulas for reachable sets in the Martinet case are com-
puted in the appendix, at the end of this paper.

Let us notice that in all above examples, unlike classical Lorentzian ge-
ometry, J(0,U) is not the image under exponential mapping exp.
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4 Geometric optimality

Notions and facts presented in this section may be found for instance in [1].
Let M be a smooth manifold and let X (-, u) be a family of vector fields
X(,u) : M — TM on M, where u € B, B being an arbitrary subset of
R™. We assume X to be smooth with respect to (¢,u) on M x B. Consider
a control system
(1) = X(q(t), u(t), (1)
where controls are supposed to be measurable and bounded with values in
B. The set of all such controls is denoted by B.

Fix a point qo. If u(-) € B, u : [0,t;] — B (final time is not fixed),
then by ¢, : [0,t;] — B we denote the trajectory of the system (11) corre-
sponding to the control u(-) and starting from ¢o. The set of endpoints of all
trajectories of the system (11) corresponding to controls from B and starting
from gy will be denoted by A(qo). A(qo) is called reachable (or accessible)
set from qq.

A control u : [0,t;] — B from B (resp. the trajectory ¢, : [0,¢;] —
M corresponding to it) is called geometrically optimal if q,(t1) € 0.A(qo).
Clearly, if q,(t1) € 0A(qo) then q,(t) € 0A(qo) for any t € [0,¢;] (this last
remark follows from the known fact saying that if ¢,(to) € int.A(q) for a
certain ty then ¢, (t) € intA(qo) for any t > ¢y belonging to the domain of
Qu)-

Necessary conditions for a control to be geometrically optimal are given
by the well-known Pontryagin maximum principle (PMP for short) which we
are going to formulate now. To this end we need to introduce a parameter-
dependent Hamiltonian

hy :T"M — M, h,(q,p) = (p,X(q,u)), g€ M,pecTyM.

%
As usual h,, stands for the Hamiltonian vector field on 7*M determined by
Py

Theorem 4.1 (PMP). Consider the control system (11) and letu : [0,t,] —
B be a control. The necessary condition for u(-) to be geometrically optimal
(i.e. a necessary condition for q,(t1) € 0.A(qo)) is the existence of an abso-
lutely continuous curve A : [0,t1] — T*M such that the following conditions
are satisfied:
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(i) \(t) € T* (t M and A(t) # 0 on [0,ty];

(i1) )\( ) = ) y(A(t)) a.e. on [0,t4];
(40i) Py (A(2)

(t ﬁz vaxh (A1) a.e. on [0,t1];
(iv) max hy(A(t)) =

everywhere on [0, t1].

A curve A : [0,t;] — T*M described by PMP will be called a biextremal
covering q,. Remark at the and of this section that geometric optimality
of a curve is invariant under changes of parameterization. The analogous
statement for optimal problems with costs is in general not true.

5 Geometrical optimality of null Hamiltonian
geodesics

In this section we mearly prove that null f.d. Hamiltonian geodesics starting
from a point gy are geometrically optimal, and are unique U-maximizers,
provided U is a sufficiently small neighbourhood of ¢.

If V is a vector space with a scalar product «, then for a subspace W by
W< we denote the orthogonal complement of W with respect to a:

={veV: a(v,w) =0 for everyw € W}.

Lemma 5.1. Let ¢ be a smooth function defined on a sub-Lorentzian ma-
nifold (M, H, g). Let N = {¢ = 0} be nonempty and suppose that Vge # 0
on N. Then the following conditions are equivalent:

(a) Vg is a null field on N;

(b) T,N N (H, NT,N)? # {0} for every ¢ € N (i.e. g is degenerate on
T,NN(H,NT,N)?, and hence the dimension of the latter space is 1).

Proof. (a)==(b) Clearly Vyo(q) € (H,NT,N)J for any ¢ € N, and
since V go(q) is null, we also have Vyo(q) € H,NT,N.

(b)==(a) Take a point ¢ € N. By assumption there exists a v € (H, N
T,N)Nn (H,NT,N)?, v # 0. Of course g(v,v) = 0 for such a v. Let
v : (—e,6) — N be such that y(0) = ¢, ¥(0) = v. Differentiating the
equality o(v(t)) = 0 we get g(v, Vge(q)) = 0. Using elementary linear
Lorentzian geometry we deduce that Vyp(q) is either null or spacelike.
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Suppose V go(q) is spacelike. Assume that following formula
H,NT,N = (Span{Vue(q)})’ (12)

true. Then (H, NT,N)? = Vge(q), and since Vyp(q) is spacelike, T,N N
(H,NT,N)? = {0} which is a contradiction with (b).

Thus, to end the proof, it is enough to check (12) under assumption
that Vgo(q) is spacelike. Let X, ..., X, be a frame for TMy such that
Xo, ..., X}, is an orthonormal basis of Hy; with a time orientation Xy, where
U is a suitably small neighbourhood of ¢g. Let g be a Lorentzian metric on U
defined by assuming the basis Xj, ..., X, to be orthonormal with respect to

g with a time orientation Xj. Let Vi denote the gradient of ¢ with respect
to g. Evidently

9(v, Vap(q)) = dgp(v) = §(v, Vio(q))
for every v € H,. Next it is clear that since Vyp(q) is spacelike, Ve(q) is
spacelike too. It implies that T, N = (Span{@gp(q)})g, and to finish the

proof of (12) we observe that H, N <Span{@g0(q)}>g = (Span{Vup(q)})?.
U

Lemma 5.2. Suppose that ¢ : U — R is such a smooth function defined
on an open set U C M, that the horizontal gradient V g is everywhere null
past directed on U. Denote by v : [0,T] — U an arbitrary trajectory of
—Vue. Then y([0,T]) € dJT(y(0),U) (i.e. v is geometrically optimal) and
v 15 a unique U-maximizer.

Proof. Take any nspc.f.d. curve n : [a, 5] — U such that n(a) = v(0),
n(B) = y(T). Then

B .
0=(y(T)) — p(v(0)) = pn(B)) — p(n(a)) = / (p(n(t))dt (13)

B8
- / g(i(t), Vip(n(®))dt > 0. (14)

(13) means that 7(t) and —Vgp(n(t)) are parallel a.e. on [a, 5]. Thus 7 is
a reparameterization of v and the assertion is proven by Theorems 3.1 and
3.2. OJ
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Theorem 5.1. Suppose that v : [0,T] — M, T > 0, is a null f.d. Hamil-
tonian geodesic starting from v(0) = qo, and let U be a neighbourhood of qq.
Then, provided T and U are sufficiently small, v([0,T]) C dJ " (qo, U) and ~
18 a unique U-mazimizer between its endpoints.

Proof. The proof below is modelled, to some extent, on the proof in [16]
of local optimality of sub-Riemannian Hamiltonian geodesics. During the
whole proof we assume that U is a neighbourhood of gy which is as small as
we need.

Let T'(t) = (v(t),A(t)), 0 < ¢t < T, be a Hamiltonian lift of ~, i.e.
I(t) = H(I(t)). Assume that Xj is a unit t.f.d. vector field on U. Let
moreover Yi,...,Y,_1 be an involutive family of vector fields (Y;’s are not
supposed to be horizontal) such that §(0), Y1(q0), ..., Yn—1(q0), Xo(qo) form a
basis of T, M, and Yi(qo), ..., Yn—1(q0) € ker A(0). Now we will construct a
1-form A on U with the following properties:

(1) Ago) = X(0);

(2) <)\(q),Y~(q)> =0onU,j=1,..,n—1;

(3) (Ma),Xo(q)) # 0 on U;

(4) H(g: A(g)) =0on U.

This can be done, for instance, by use of the implicit function theorem.
Let ¢ = (A(0), Xo(qo)); obviously ¢ # 0. Introduce some local Darboux

coordinates (¢,w) = (¢*, ..., ¢", wo, ...,w,) on T*M; and write

F(Qa('U) = (H(Q7w)7 <w7 }/1(61» (AR} <W7 YN—1<Q)> ’ <W7 XO(Q)> - C)'
Direct computation shows that F'(gy, A(0)) = 0 and

A(F°, ..., F™)

det
¢ O(wo, -+e, Wn)

(qoa )‘(0)) = deth/(o)a le(QO)a ) Ynfl(Q[)), XO(QO)] 7é O
Thus, if we = wa(q), @ = 0,...,n, is a solution of F(q,w) = 0 satisfying
wa(go) = Aa(0) for every «, then A =37 _ w,dg® has properties (1), (2),
(3), (4).

Next, let ¢' : U — M, |t| < &, € > 0, be the flow of Xy. By L; let
us denote the integral manifold of the family {Y3,...,Y,,_1} passing through

g'qo, and set L = U‘t| <« Lt; L is a smooth hypersurface (X is transverse to
cach L;) and gy € L. For any ¢ € Llet I'y = (74, A\y) : (—e,6) — T*M be a
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curve defined by T'y(0) = (¢, Mq)), I'y(t) = H (Ty(#)). In particular T = T',.
Introduce further a smooth null f.d. vector field X defined by condition

X (34(1)) = dryy B (Ty(1)) = A(0):

Similarly as in [16] one shows that ﬁX(Fq(t)) = ﬁ(f‘q(t)) for every q € L
and ¢, |[t| < e, where by Hx we mean the function Hx : T*"M — R,
Hx(q,p) = (p, X(q)). Denote by h* the flow of X, again defined for |s| < .

It is well-known that the flow of ﬁ x has the form
_\T
(¢, \) — (B*q, ((dgh*) 1) N). (15)

As the next step we define a function ¢ : U — R by formula ¢(h®q) =t
whenever ¢ € L;. Clearly, ¢ is smooth and (9x,¢)(q0) # 0 on U which
means that Vgp(go) # 0 on U.

To finish the proof let Ny = {¢p =t}. Let ¢ = h®G € Ny, ¢ € Ly; we have

TyNy = dgh* (T3 Ly) © Span{X(q)}.
Let w € d;h*(T;L:) N Hy. Then w = dzh*(v), v € T;L,. Now
9(X(q), w) = g(3q(s), w) = (Ag(s), dgh*(v)) = (M(@),v) =0
by (15) and property (2) above. We have just proved that
X(q) € T,N:N (T,;N: N H,)?

which by Lemma 5.1 shows that Vgp(q) is a null vector. However ¢ € U
was arbitrary, therefore Vi is a null field on U. Since (0x,%)(q) = 1, so
Ox,p > 0 on U, and Vg is past directed. Finally, since g(Vge, X) =0 on
U, the fields Vg and X must be colinear. We conclude that, after a change
of parameterization, v is a trajectory of —Vp, and the result follows from
Lemma 5.2. 0

In [6], Proposition 4.1, we proved that t.f.d. Hamiltonian geodesics are
locally maximizing. As a corollary of Theorem 5.1 we state a stronger version
of this proposition.

Proposition 5.1. Let 7y : [a,b] — M be a nspe.f.d. Hamiltonian geodesic.
Then for every t € (a,b) there exists an open set U > ~(t) such that y N U
18 a unique U-mazimizer.
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6 The boundary 9.J% (g, U)

Consider a time-oriented sub-Lorentzian manifold (M, H, g). In this section
we attempt to describe nspc.f.d. curves that start from ¢q and are contained
(at least to some moment of time) in the boundary dI* (qo, U) = dJ " (qo, U),
qo being a point in M and U its sufficiently small normal neighbourhood.
For instance in the Lorentzian geometry, i.e. for H = T'M, it is known that
a.J *(qo, U) is formed by null f.d. geodesics emanating from ¢o, and these are
the only nspe.f.d. curves starting from ¢y and contained in 9.J% (g, U); in
particular 9.J *(qo, U) contains no timelike curves, and the local Lorentzian
distance from ¢y vanishes on 9.J% (go, U).

6.1 Preliminary remarks

Everywhere in this section ¢ is a fixed point in M and U denotes its nor-
mal neighbourhood. Let Xy, X1, ..., X} be an orthonormal frame for (H, g)
defined on U with a time orientation Xj.

Recall that all nspc.f.d. curves in U starting from ¢y can be recovered
via the control system (5) with the set of control parameters equal to C'. Let
us observe, however, that instead of (5) it is sometimes more convenient to
work with the control affine system

i) = Xola() + 3 wi(t)X; (a(t) (16)

with square integrable controls u : [0,7(u)] — B(0,1), where final time
T(u) > 0 depends on a control and By (0,1) = {(uy, ..., uz) € R¥ : S2F 2 <
< 1} is the unit closed ball centered at zero.

Indeed, every trajectory of the system (16) is at the same time a tra-
jectory of (5). Take a trajectory v : [0,7] — U of (5). Then ¢(t) =
> or_o ta(t)Xa(g(t)), where

D ul(t) <ud(t), uo(t) >0 (17)

j=1

a.e. on [0,7], and uyg, ..., u) are square integrable. Let us define a real
number 77 and a function o : [0,7] — [0,71] by 71 = fo up(s)ds and
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o(t) = fot up(s)ds. Since 6(t) > 0 a.e. and o is absolutely continuous,
o is increasing. Let 7 : [0,71] — [0,7] be the inverse function. Then
7(t) = m a.e. Now let ¢, : [0,T1] — U, ¢1(t) = q(7(t)). Clearly

u; (7(1))

Jj=1

Xi(qu(t))

which by (17) implies that ¢;(¢) is a trajectory of (16). Also, by remark
at the end of Section 4, both systems (5) and (16) have the same (up to
a change of parameter) geometrically optimal extremals. In this way the
dimension of the space of control parameters drops by one, while a drift
term appears.

Now we will prove two lemmas which we will use below. To avoid possible
misunderstandings let us emphasize that by a smooth curve we mean a 1-
dimensional embedded submanifold. Such a notion of smoothness of a curve
is invariant with respect to changes of parameter.

Lemma 6.1. Let v : [0,T] — U, v(0) = qo, be a nspc.f.d. geometri-
cally optimal curve, i.e. v([0,T]) C dJ " (qo,U). Suppose that there exists a
biextremal \(t) = (y(t),p(t)) such that

((p(t), Xo(v(2))) , -, (p(t), Xk ((1)))) # (0,...,0), ¢ €[0,T]. (18)
Then ~ 1s null f.d. and smooth.

Proof. Without loss of generality we may assume that ~ is parameterized
as in (16), so let

Y(t) = Xo(v(t)) + Z ui(t) Xi(v(1))-

Suppose that k = 1. By PMP (Theorem 4.1)

(p(1), Xo(v(1))) + u(t) (p(t), X1 (7(1))) = (p(t), Xo(7(1))) +

+maxu (p(t), X1(v(1))) = 0 (19)

lul<1
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(the first equality in (19) holding a.c.). Therefore, by (18) and (19)
(p(t), X1(~(t))) vanishes nowhere. Thus u(t) = sgn (p(t), X1(7(t))) which
ends the proof for k£ = 1.

Suppose now that k > 2, u(-) € L*([0,T], Bx(0,1)). The PMP Hamilto-
nian is

hu(pu Q) p7X0 +Zuz p: ’

and the maximum condition of PMP may be rewritten as

{ S wilt) (p(t), Xa(y(1))) = maxjyer 37 wi (p(t), Xi(v(t))) ace,
(p(1), Xo(v(1))) + Xy wilt) (p(t), Xa(y(t)) =0 on [0,77. 20
By assumption (18) the maximum in the first equation in (20) is, for almost
every t, attained at u(t) € 0Bk (0,1). Using (18) and (20) it follows that there
exists a neighbourhood 2 of A([0,77]) in T*M such that for (¢,p) € Q the
function By(0,1) 3 (ug,...,ur) — (p, Xo(q)) + Sor, u;i (p, Xi(q)) attains
its maximum at a point u = u(q,p) € 0Bk(0,1). Applying Lagrange’s
multipliers rule we find a function a = a(q, p) such that

(21) gives
k
a*(q.p) =Y _ (p, Xi(q))*,
i=1
hence a(q,p) # 0 on 2. Now, the maximized Hamiltonian (cf. [1])
k
h(q,P) = hutap)(2.9) = (0. Xo(@)) + 1| D _ (p, Xi(q))”
i=1
is smooth on Q. Evidently () = ﬁ()\(t)), and the proof is over. O

Having proved Lemma 6.1, we can draw one more conclusion from (18).

Lemma 6.2. Let v : [0,7] — U, v(0) = qo, be a nspc.f.d. geometrically
optimal curve admitting a biextremal lift X(t) = (y(t),p(t)) satisfying the
condition (18). Then, up to a change of parameterization, v is a null f.d.
Hamiltonian geodesic.
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Proof. The PMP Hamiltonian applied to the system (5) is equal to

ha(g,0) = Y ua (9, Xal9)), (22)
and the maximum condition reads
S al0) (p(1). Xa(3(0))) = max g (1), Xo(0)) =0, (29)

where by Lemma 6.1 we can suppose that the control u(t) generating -~ is
smooth. By assumption (18) the maximum in (23) is attained on 0C'N{ug >
0}. Using Lagrange’s multipliers rule there exists a function a(t) such that

—a(t)uo(t) = (p(t), Xo(y(®))) . a(®u(t) = (p(t), X;(v(D)) . 4 = 1, s .

a(t) is smooth and does not vanish on [0,7]. Let A(q,p) be a smooth
non-vanishing function defined on a neighbourhood of A(]0,7), such that
A(N()) = a(t). Let

(p, Xo(q))
A(g,p) ’

We find that in a neighbourhood of A([0,77)

ui(q,p) = Ap)

to(q,p) = = =1,k

2
h(q,p) = haggp (¢, p) = rﬂ(q,p),

¢, D)

where H is the geodesic Hamiltonian defined in Section 2.6. Because of (23)

H(~1(1), p(t)) = 0 for all t. Evidently (v(£),p(t)) = T (v(t), p(t)). Rewriting

this in some local Darboux coordinates (¢°, ..., ¢", po, ..., pn) We have

and the proof is finished. O
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6.2 Generic rank > 3 case
We start with the following lemma.

Lemma 6.3. Let v : [0,T] — M be a nspc.f.d. curve such that v(0) = qo
and ([0,T]) C 0J"(qo,U). Suppose in addition that Y, 1., [t1,t2] C [0,T7,
is a timelike curve. Then Y|, 1,) is a Goh curve.

Proof. Again the PMP Hamiltonian is of the form

k
ha(,p) =Y ta (0, Xalq)), €U, peT;M,ueC.

a=0

Let i
Y(t) = Z ua (1) Xa(v(1)),

and let A = (v,p) : [0,7] — T*M be a biextremal covering 7. Clearly
(Ajftr£2]> Y[t t]) enters the maximum condition of PMP

> ult)a (p(): Xa(y(t))) = max y va (p(t), Xa(y(1)))

a=0 a=0

a.e. on [t,ts

|. Since u(t) € Cy for almost every t € [tq, 5], this maximum
condition reads

(p(t), Xa(y(t)) =0, te€lt,ts],a=0,..k, (24)

which is equivalent to saying that 7y, +,) is abnormal (cf. remark at the end
of Section 2.1).

Remark moreover that v is geometrically optimal also relative to the set
Cp of control parameters. Since Cy is open and A, 4, is totally singular,
Aljt1,t2) €nters the Goh condition (cf. [1])

(p(t), [Xa, X5l (v(1)) =0, a,f=0,...k, t € [tr, 15].

[

Now we suppose that (M, H, g) is a sub-Lorentzian manifold, where rank

H > 3. Tt turns out that if H is generic then nontrivial Goh curves do

not exist - see [5]. Using this and Lemma 6.3 one obtains the following
proposition.

125



Proposition 6.1. Let H be a generic (in sense of [5]) distribution of rank
> 3, and let g be a Lorentzian metric on H. Then for every qo € M and
every normal neighbourhood U of qo the set I (qo,U) is open.

Proof. Suppose q € 5J+(qo,U) N I*(qo,U). Then there exists a t.f.d.
curve 7 joining gy to gq. By Section 4 7 is contained in dJ%(go,U), so by
Lemma 6.3 v is a Goh curve. In this way we obtain a contradiction. 0J

6.3 Further assumptions

Here we are interested in conditions guaranteeing that f[U ]|5J+(qo,U) = 0,
f[U] being the sub-Lorentzian distance from ¢o. Unfortunately the absence
of Goh curves, as in the previous subsection, does not exclude possibility
of the existence of points ¢ € 0J%(go,U) such that f[U](g) > 0. This is
because there exist nspc.f.d. curves that have no timelike pieces but have
positive length. It is easy to construct such curves. Take an interval [0, 77,
T > 0. Let A C [0,7] be an arbitrary nowhere dense subset of positive
measure. Now let ug(t) = 1 for t € [0, 7], and

wi(t) = ... = up(t) :{ G :tt:A[O’T]\A .

Clearly, if §(t) = ZI;:O o (t) Xa(7(t)), 7(0) = qo, then the restriction 7y, 4]
is not a timelike curve for any subinterval [t1, to] C [0, T'], nevertheless L(y) >
0. Our aim is to find a condition that excludes such curves from among the
extremals.

So in this subsection we make the following assumption (cf. [4]):

(i) if rank H is even, we suppose that for any q € U and any non-zero
covector p € Ty M, the matriz ({p, [Xa, X](q))) 4 o, i invertible;

(i1) if rank H is odd, we suppose H is a 2-generating distribution.

Theorem 6.1. Let qo € M and let U be a normal neighbourhood of qo.
Under the above assumptions made on H, the set dJ " (qo, U) is made up of
null f.d. curves starting from qo. Consequently, I*(qo,U) is open. Moreover,

FlUL6.+(go.ry = 0 and f[U] is continuous at points of 0J*(qo,U).

Proof. Suppose that v : [0,T] — U, 7(0) = qo, is an arbitrary geomet-
rically optimal nspc.f.d. curve, u : [0,7] — C'is a control generating -,
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and A = (v,p) : [0,T] — T*U is a biextremal covering . Let
A=A{te[0,T]: g((t),¥(t)) <0}.

We will show that A is of measure zero which will mean that ~ is a null
curve. For almost every ¢t € A, the maximum condition of PMP gives

(p(1), Xo(v(t))) = ... = (p(1), X (7(?))) = 0.

By absolute continuity of the mapping t — (p(t), Xo(7(¢))), the set

{t € 10,77 (plt). Xar (1) = 0. % (p(t). X (1(1)) # o}

has measure zero for every a = 0, ..., k, so it suffices to show that

Ay =

{t € 0.17: 60 X.00) = 0.5 60 Xa00) = 0.0 = 0.0,

has measure zero. In view of our assumptions made on H, this last statement
becomes clear if we recall that

jt< (®), X Z“B ); [Xa, Xp](v(1)),a = 0, ... k.

It remains to show that f[U] is continuous at points of d.J% (go, U). To
this end take a ¢ € 9J T(q0,U). As we know there exists a U-maximizer
~ joining gy to q. By Section 4 such a ~ is contained in 5J+(QO, U). Con-
sequently, by the first part of the proof, v is null f.d. and f[U](q) = 0.
Take any sequence {q,} C J*(qo,U) such that ¢, — ¢, and let ~, be
a U-maximizer connecting gy to ¢,. After passing to a subsequence, {v,}
converges in the C° topology on curves to a nspc.f.d. curve 7 joining g
to ¢q. Again, 4 must be contained in 5J+(QO7 U), thus 74 is null. By upper
semicontinuity of sub-Lorentzian arc length

0 < limsup f[U](g,) = limsup L(y,) < L(7) =0

as v — oo, which finally gives lim, __ f[U](¢,) = fIU](q). O

Unfortunately, we are not able to state any general theorem concerning
regularity properties of geometrically optimal curves described by Theorem
6.1. Remark also that the example in 3.2.3 shows that f[U] needs not be
continuous at points of d.J7(qo, U) in the general case.
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6.4 Contact case

Let M be a (2n 4 1)-dimensional manifold and suppose that (H,g) is a
contact sub-Lorentzian structure on M, i.e. H is a contact distribution.
Again U will stand for a normal neighbourhood of a point go. We will prove
a theorem which generalizes in some sense results obtained in [17] and [15].

Theorem 6.2. Let v : [0,T] — U, v(0) = qo, be a geometrically optimal
curve. Then, if U is a normal neighbourhood of qo, v is a null f.d. curve
with a finite number of nmon-smooth points. Smooth pieces of v are null
Hamiltonian geodesics.

Proof. Let A(t) = (7(t), p(t)) be a corresponding biextremal, and let u(t)
be a geometrically optimal control generating . After modification of u on
the set of measure zero we can assume that u(t) is defined and non-zero
everywhere. Define a set Z by

{t €0, 7] : ((p(t), Xo(v(1))) , -, (p(t), Xon-1(7(1)))) = 0,7(t) € U},

where X, ..., Xo,_1 is an orthonormal basis of H defined on U. By Lemmas
6.1, 6.2 it is enough to prove that Z is finite.
Denote by X; the non-autonomous vector field

k
Xi(g) =Y ta(t)Xa(q),

As is known (see for instance [16]) X(q), ¢ € U, is a so-called strong bracket
generator. In our particular situation it means that

TqM = Span{XO(Q)’ ) XQn—l(q)a [Xt’ XO](Q)’ ) [Xt7 X2n—1](Q)}

for every ¢ € U. Suppose now that s;, s; + s, € Z, s5 > 0. Let ¢* be
the flow of X; computed from time s;, that is to say ¢°(q) = n(s), where
n(t) = X¢(n(t)), n(s1) = q. From the proof of PMP (cf. [1]) it is known that

p(s1+s9) = ((dv(sl)gﬂ“?)_1>Tp(51). Finally we have
0= (p(s1+ s2), Xin(y(s1 + 52))) =

(p(s1), (dong™ ) ™ Xn(r(t +5))) =
sz (p(s1), [ X, Xin] (v(51))) + O(s3)

for every m = 0, ..., k, which is impossible for arbitrarily small ss. 0
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6.5 The case rankH =2

In this case (16) becomes a control system

q(t) = Xo(q(t)) + u(t)X1(q(?)), ¢(0) = qo,

with a scalar input u, |u| < 1. Evidently, there are exactly two (up to a
change of parameter) smooth null f.d. curves 7,,~_ starting from qo; first
corresponding to u(t) = 1, and the second corresponding to u(t) = —1. At
the same time there are exactly two null f.d. Hamiltonian geodesics initiating
in qo, so they coincide with v, ,~v_. In particular, in rank 2 case, every null
f.d. smooth curve is geometrically optimal.

Using above considerations and [21] one can obtain many partial results
concerning the boundary of reachable sets for sub-Lorentzian metrics on
rank 2 distributions. Here are two examples. The first one is a strengthened
version of Theorem 6.2.

Proposition 6.2. Let H be a generic germ at the origin of a rank 2 dis-
tribution on R3, and let g be a Lorentzian metric on H. Then, for every
qo sufficiently close to the origin, and for every sufficiently small normal
neighbourhood U of qq, the set dJ % (qo, U) is made up of null f.d. curves
starting from qo. If v+ and v_ stand for the two null f.d. Hamiltonian
geodesics starting from qo, then for every q € dJ " (qo, U)\{V4,7-} a unique
nspc.f.d. curve joining qo to q is a null curve with exactly one non-smooth
point. Moreover Nt (qo,U) = J*(qo,U).

Proof. In fact, only uniqueness of geometrically optimal curves and a
number of non-smooth points need to be clarified. We will use results from
[17] and [15], where generic control affine systems on R? were studied (we
can also use Theorem 6.2).

Take a point gy and its normal neighbourhood U. We assume that U is
so small that the theorem on normal forms from [7] can be applied to it. So
suppose that there are coordinates x,y, z on U such that z(q) = y(q) =
2(qo) = 0 and (H,g) possesses an orthonormal frame on U in the normal
form 2 \.0 o 41 0

X =1 +y’0) g +aypy, + 391+ )7

Y = —ayp + (1 - 2%0) % — ju(1+¢) %
with a time orientation X; here ¢, ¥ are smooth functions on U satifying
©(0,0,2) =¢(0,0,2) = g—ﬁ(0,0,z) = ‘3—7’5(0,0,2) = 0. Now, for U sufficiently

(25)
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small, the horizontal gradient of the function (x,y, z) — z is timelike past
directed. Tt follows that for every nspc.f.d. curve v : [a,b] — U, the
function t — x(~(¢)) is increasing on [a, b].

Consider now the control affine system on U

§g=X+uY, Ju <L (26)

Denote by A(qo,t,U) its accesible set from gy at time ¢ in U, and let A(qo,
<T,U) = Upcycr Alqo, t,U). T v [0,T] — U is an arbitrary trajectory
of (26) starting from v(0) = gy, then z-coordinate of v satisfies

x(t) =t + /Ot(y —uzx)ypds, (27)

0<t<T. Now |z| <d, |5 <e |yl <l|z|in J"(q,U), where d = d(U)
and € = ¢(U) are positive constants that can be taken as small as we wish
by shrinking U. Take U so as to have 2d”c < 3. For such a U, J*(qo,U) C
A(go, < T,U), where by (27) 0 < T < =& Again shrinking U we obtain
T > 0 small enough to apply [15] or [17]. O

Proposition 6.3. Let H be a germ at the origin of a rank 2 distribution
on R3. Suppose that H is generic in the class of all distributions admitting
abnormal curves, and let g be a Lorentzian metric on H. Then there exists
a germ (at the origin) of a hypersurface S such that for every qo sufficiently
close to the origin, and for every sufficiently small normal neighbourhood U
of qo : ~

(1) if go & S then 0J " (qo, U) is described by Proposition 6.2;

(ii) if qo € S then dJ(qo,U) may additionally contain curves of positive
length.

As suggested in [15] we apply [20] to prove one more result, this time in
R", n > 3. Introduce the following notation: (ad’)Y =Y, (ad**'X)Y =
X, (ad* X)Y], k= 1,2, ...

Proposition 6.4. Let H be an analytic rank 2 distribution on R™ defined
i a neighbourhood U of 0. Suppose that g is such a Lorentzian metric on
H that there exists an analytic orthonormal frame X,Y on U, X is a time
orientation, with the following property:
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for every positive integer m there exist analytic functions Oé(()m),- . ,a%n ), (m)

defined on U, such that || < 1 and

Y, (ad™X)Y] = i o™ (ad’ X)Y + B (ad™ ' X)Y . (28)

1=0

Then, possibly shrinking U, for every q € (’5J+(qo,U) a nspc.f.d. curve
joining 0 to q is null and has a finite number of non-smooth points.

Proof. Let us notice that under the condition (28) the Lie algebra gener-
ated by X and Y is equal to L = Span{X, (ad'X)Y,i=0,1,...}. Indeed, to
see this it is enough to prove that for every positive integer k the following
condition is fulfilled

[(ad*X)Y, (ad™X)Y] € L, m=0,1, ... (29)

A proof is by induction. For k& = 0 it is just the condition (28). Suppose
(29) true for positive integers < k. Then

[(ad"™ X)Y, (ad™X)Y] =

= (adX)[(ad*X)Y, (ad™X)Y] — [(ad*X)Y, (ad™ ' X)Y]

and the inductive hypothesis gives [(ad**1 X)Y, (ad™X)Y] € L.

Now suppose that v : [0,7] — U is geometrically optimal. We repa-
rameterize v as in (16), i.e. Y(t) = X(y(¢)) + u(t)Y (7(t)), where u(-) is a
corresponding geometrically optimal control. Let A(t) = (v(t), p(t)) satisfy
PMP.

Suppose that |u(t)|] < 1 for t € A, A being an interval contained in
[0, 7. By maximum condition of PMP - the PMP Hamiltonian is h,(q,p) =
(p, X(q)) +u(p,Y(q)) - we have

(p(1), X(v(1)) = (p(1), Y (7(1))) = 0, t €A, (30)

Differentiation of (30) with respect to t gives (p(t), (adX)Y (v(t))) = 0 on
A. Now let us assume that

(p(t), (ad’X)Y (v())) = 0, i =1, ...k, t € A. (31)
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Differentiating (31) with respect to ¢ for i = k gives
(p(t), (ad" ' X)Y (v(1))) + u(t) (p(t), [Y, (ad"X)Y] (7(t))) = 0
which, using (28), (31) reduces to

(1+ (£)) (p(t), (ad" X)Y (7(£))) = 0.

Recalling that |3 k)| < 1 we see that <p ), (ad*X)Y (4(t))) = 0 on A for
every k = 1,2,.... But then p(t) = 0 by the first part of the proof which
contradicts PMP. Thus the fuction ¢ — (p(t), Y ((¢))) cannot vanish on
any interval, so by [20], Lemma 3, it has only a finite number of zeros. In
this way v is a null f.d. curve with a finite number of switching times. [J

6.6 One remark about the image under exponential
mapping

Let us mention here that for purely dimensional reasons formulas of type (2)
do not hold in the sub-Lorentzian geometry. More precisely

0T (g0, U) # exp,, ({N € Ti M+ H(qo, A) =0, (N X(g0)) <0})NT

((X\, X(q0)) = g(GX, X(qo)), so this expression must be negative (cf. Section
2.6)). At the same time formulas of type (1) do hold, at least in some cases
- cf. [9].

7 Appendix. Reachable sets in the Martinet
flat case

Let X, Y, H, w and g be defined as in Section 3.2.3. The structure (H, g)
will be referred to as the sub-Lorentzian Martinet flat structure. To simplify
the notation we will write I7(0) for I7(0, R?) and JT(0) for J7(0, R?). We
are going to prove the following

Proposition 7.1. If I7(0), J*(0) are reachable sets determined by the sub-
Lorentzian Martinet flat structure (H,g), then

17(0) = { (- + o) < 2 < 16(a = o + 30y, 2 > 0
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U{(z,0,0): =z >0}
and
1

16

70 = { 3ot <2 <

<ﬁ—y%u+3w»xzo}. (32)

Moreover, if U is a normal neighbourhood of the zero, then
IY0,U0)=170)nU, J0,U)=JY0)NU. (33)
Proof. Let us start from the observation that
JHO)N{y=0}n{z <0} =0, (34)
which follows from Section 3.2.3. Next, for I' = {|y| < z,x > 0}, we have
IT0O)Nn{z=0}={lyl <z, z>0}Nn{z=0}. (35)

To see (35) it is enough to notice that for every a € (—1,1) the curve
t — (t,at,0) is t.f.d. It is also obvious that

It(0) CT, (36)

which is easy when we look at the formulas defining the fields X, Y.
In order to prove Proposition 7.1 we need to consider two families of
functions, namely

0olr,y,2) = —2y* + aly|® — 4z
and
o (2,7, 2) = —2° — 3az®|y| + (1420 — 202)zy* + a(2a+ 1) |y> + 4(1 + )z,
0 < a < 1. One easily verifies that

Vs = 39> X + 3a(sign y)y*Y

and
Vrd, =
=3(z — [y (= + 2o+ 1)[y[) X — 3a(sign y)(z — [y|)(z + 2o + 1)[y|)Y

from which it follows that on the set I' N {y # 0} the gradient Vyp, (resp.
Vu®,)is t.f.d for 0 < o < 1, and is null f.d. for a = 1. We will prove three
lemmas.
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Lemma 7.1.
IT0)N{z#0} C{(z,y,2): ¢i(z,y,2) <0, ®1(z,y,2) <0, x> 0}.

Proof. Let qo = (o,%0,20) € 17(0) N {z # 0}. There exists a t.f.d.
curve 7 : [0,1] — R? such that v(0) = 0, v(1) = . The two functions
t — p1(y(t)),t — P1(y(t)) are increasing on every connected component
of the set {t € [0,1] : ~v(t) € {y # 0}}. On the other hand, if v(¢) € {y =0}
for ¢ € [t1,t2] C [0,1] then, using (10), Y, 1) satisfies 2 = sy(yi — zy) =0,
thus is of the form t — (x(t),0, 2(t1)), t1 < t < t5. Since z(t) increases,
t — ®y(y(t)) increases and ¢ —> ¢1((t)) is constant. Recalling that
2o # 0, the proof is finished in view of (34). O

Lemma 7.2.
{(z,y,2): ¢o1(z,y,2) <0, x>0,2<0} CIT(0)N{z<0}.

Proof. Take a qo = (20, Y0, 20) € {1 <0, 2 > 0, z < 0} with, say, yo > 0;
the case yo < 0 is treated analogously. Since ¢i(q) < 0, we can find
an a € (0,1) so as to have ¢y/4(qo) < 0. Fix such an a; in particular
axg — Yo > 0. Write out the equations for trajectories of Vy,:

i = 3y?
U = 3ay? ) (37)
¢ =3y — ax)
In the set {y > 0} we can reparameterize (37) to obtain
r=1
Y=o
¢=5yly — ox)

The solution curve 7y starting from (xg, y020) at t = 0 has the form

x(t) = xo + 1
y(t) = yo + at .
2(t) = 20 + 3Yo(yo — awo)t + Ta(yo — avwo)t?

Let t = —% < 0. One easily checks that x(t) > 0, y(t) > 0, and 2(t) —
ly(t)| > 0 for t € (t,0); by the way we know that v does not leave I' for
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t € (t,0), so Vi 18 t.£.d. Finally () = —1¢1/a(go) > 0. This means that
there exists a to € (£,0) with 2(ty) = 0, i.e. (o) € I*(0) by (35). Thus also
go € I (0) and the proof is finished. O

Lemma 7.3.
{(z,y,2) : ®y(x,y,2) <0, 2>0,2>0}CIt(0)n{z>0}.

Proof. Let qo = (x0,y0,20) € {®1 <0, x>0,z >0} At first we in-
vestigate the case yp = 0. Fix a number u € (—1,1) and let o(t) =
—(X +uY)(o(t)), 0(0) = qo. Clearly, o is timelike past directed and if
t > 0 is sufficiently small then o(t) € {®; <0,z >0,z >0} N {y # 0}.
Thus it suffices to consider the case yoy # 0.

So suppose yo > 0 (the case yo < 0 is treated similarly). Take an o €
(0,1) such that ®/,(qo) < 0. For such an «, and after reparameterization
in the set {y > 0}, equations for trajectories of Vy®, take the form

z=1
y=—a
¢ = 5ylyd — )
Integrating with the initial condition (z,yo, 20) We obtain
x(t) =xg+1t
y(t) =yo — at _
2(t) = 20 + Lyo(yo + o)t — La(yo + amo)t?

Let t = Y20 < 0. Tt s easily seen that x(t) > 0, y(t) > 0, z(t) —y(t) > 0 for

t € (t,0). We also obtain z(f) = ﬁ‘bya(%) < 0 from which it follows
that there exists a ¢, € (£,0) with z(ty) = 0. As in the proof of the previous
lemma it means that v(ty) € 17(0). O

(35) and (36) together with Lemmas 7.1, 7.2, 7.3 prove (7.1) and (32).
Finally, to justify (33), see [9] for the proof of analogous statement in the
Heisenberg case. O
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Multidimensional formal Takens normal form
Ewa Strézyna ', Henryk Zotgdek ?
Abstract

We present a multidimensional analogue of the classical Takens
normal form for a nilpotent singularity of a vector field.

Recall the result of F. Takens.

Theorem 1 (|Ta|) Given an analytic germ of planar vector field of the
formV = x50,, + h.o.t. there exists a formal change of the coordinates x1, x5
reducing it to the form

VTakens — (x2 +a (xl))aﬂm +b (.731) 822

where a (r1) = ax? + ... and b(x1) = bayx? + ... are formal power series.

The Takens normal form is obtained by solving the homological equation

[{['Qawl, Z] = W

which is a linear approximation to the condition

(g%)* V= VTakens’

where ¢, is the formal flow generated by a formal vector field Z and V =
yTakens L 117 Tt means that the space 22C [[21]] 0, + 23Cs [[21]] D,, is com-
plementary to the space

adg,0, {C 71, 2]]59 O, + Cl[z1, 72]]55 Oy }, where C [[21]]-, is the space of
series with second order zero at x; = x5 = 0. This is the definition of the
Takens normal form.

Remark 1 The Takens normal form is not complete. A. Baider and J.
Sanders |[BS|, A. Algaba, E. Freire and E. Gamaro [AFG]| and H. Kokubu,

'Faculty of Mathematics and Information Science, Warsaw University of Technology,
Pl. Politechniki 1, 00-661 Warszawa, Poland, email: strozyna@mini.pw.edu.pl

2Institute of Mathematics, University of Warsaw, ul. Banacha 2, 02-097 Warszawa,
Poland. email: zoladek@mimuw.edu.pl
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H. Oka and D. Wang [KOW| showed that some terms in the power series
a(x1) and b(xy) can be cancelled. In some cases a complete normal form was
obtained, but many cases still remain unsolved.

Consider now germs of analytic vector fields in (C™,0) with nilpotent
linear part at the singular point x = 0. Assume firstly that there is only one
Jordan cell. Therefore we take

V=X+hot (1)
where

X =(n—1)220, +(n—2)x304, + ...+ 2,04, ;. (2)

(The coeflicients before x;,10,, can be chosen arbitrarily). Define the fol-
lowing additional vector fields

Y = 2104 +2090, + ...+ (n— 1)xy-10;,,, (3)
H = —(n—1)210;; — (n —3)230,, + ...+ (n — 1)x,0,,.

Lemma 1 The vector fields X,Y, H define an irreducible representation
o of the Lie algebra sl (2, C) such that

o(A)=X, o(B)=Y, o(C)=H,

0 1 0 0 1 0
where A = (O O)’ B = <1 0) and C = (0 _1)genemte

sl(2,C).

Proof. See the book of J.-P. Serre [Ser| and the papers [CS1], [CS2].
0

The vector field Y, treated as a differentiation of the ring
Clz| = Clxy,. .., z,),

is a so-called locally nilpotent derivation (see [Now]). It means that for any
polynomial f (z) € C|x] we have
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for some N > 0. (Of course, X is also a locally nilpotent derivation). With
any locally nilpotent derivation one associates its ring of constants, i.e.

Clz]" ={geClz]: Yg=0}.
Lemma 2 We have

Clz]" = C[Gy,Ga, ..., Gry][27] N Clx]

where G = Cy = z1 and G are homogeneous polynomials of degree j defined
inductively by

i—1
Gj = Cj'l’lj y

) 1 ) j—2
x X
o= (1)en () - (1) e (3)

Proof. The system of equations defining the vector field Y is following
j,’l:O, ZtQle, j33:2$2,...

Since x1(t) = C} = const and since we can shift the time ¢, we can assume
that zo(t) = x1t, or
t=xo/17.

The other equations are solved in the form

t
2ra(t) = Gy + ] / 2;(s)ds.

From this the formulas from the lemma follow. Also the homogeneity of the
polynomials G; follows from this.

On the other hand, the space of solutions is parametrized by the con-
stants of motion C;. Each C}, j > 2, depends linearly on ;. , with coefficient
being a power of z;; the same is true for G;, j > 2. Since any polynomial
first integral depends polynomially on z3, ..., x,, we can replace the latter
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variables by functions of G, ..., G,_1 and of x; and x5; moreover, the de-
pendence on x5 is polynomial. Thus our first integral becomes a polynomial

in x5 with coefficients depending on elementary first integrals Gy, ..., Gp_1.
As the latter polynomial represents a first integral of Y, it cannot contain
positive powers of xs. O

Remark 2 For n = 2 we get C[z]” = C[zy]. It is easy to prove that
for n = 3 we have C[z]" = C[Gy, Gy .

But for n = 4 the ring of constants of the derivation Y is not equal
to the polynomial ring of our three polynomials. We have Gy = 2123 — 23,
G3 = 2224 — 3111973+ 2235, However the following first integral G, = 33zl —
4x34 + 62107314 — 4x1x§ — 2222 cannot be expressed as a polynomial in
G1, G, G3. In fact, for n = 4 the ring C[z]" is a ring of regular functions on
the algebraic hypersurface in C* defined by 8x?u — y + 822 = 0 (see [Now]).
Also for greater dimensions the ring C[z]¥ is not equal to C[C"!].

By a theorem of Weitzenbdck [Wei| the ring C[z]Y is finitely generated,
but its structure for general n is not known. There exist examples of lo-
cally nilpotent derivations such that their rings of constants are not finitely
generated.

For more information we refer the reader to the habilitation thesis of A.
Nowicki [Now| and to the book of Freudenburg [Fre].

Among the first integrals for the vector field Y we distinguish those which
are also first integrals for the vector field X. It is easy to see that they are
altogether first integrals for the vector field H.

From the examples in Remark 2 we find that Gy = x 23 — 23 is also a
first integral for X when n = 3; it is invariant with respect to the change
(1,9, 23) — (23,79,21). Similarly, the integral Gy is a first integral for
sl(2,C) when n = 4.

The vector field H defines a quasi-homogeneous gradation degj in the
ring C [z], such that

degyr; =25 —n—1.

It follows that the first integrals F' for Y which are first integrals for si(2, C)
can be characterized by the property

degy F' =0,

i.e. that it contains only monomials of quasi-homogeneous degree 0.
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Note that the first integrals GG; defined in Lemma 2 have degy, G; < 0.
Generally any first integral of Y contains only terms of deg;; < 0. Denote by
C[z]"” = ker Y Nker X, respectively by C [z]""<" = ker Y © ker X, the ring
of polynomial first integrals for si(2, C), respectively the ring of polynomial
first integrals for Y which contain only terms of nonzero quasi-homogeneous
degree degy;.

Remark 3 The three vector fields X,Y, H define a distribution D C
TC", ie. a (singular) subbundle such that the fiber D, at a point z is
spanned by the vectors X (x),Y (z), H(z). If n > 4 then at a general point
the dimension of the space D, equals 3, but at some points this dimension
falls down. If n = 2,3 then typically dim D, = 2.

Since the vector fields generate a Lie algebra, the distribution is inte-
grable. By the Frobenius theorem there exists a foliation F with typical
leaves L of dimension 3 (for n > 4) or of dimension 2 (n = 3). In fact, the
leaves are orbits of the action of the Lie group SL(2,C). Since the phase
flows g% and ¢} are polynomial (as X and Y are locally nilpotent deriva-
tions) and since (gi)*z; = e"9°8n%ig; arises from an algebraic action of
C*, the leaves L are algebraic varietes. So there should exist algebraic first
integrals for the foliation F.

Existence of polynomial first integrals for F follows also from the Clebsch—-
Gordan formula.

We can now formulate the main result of this work. Denote by Clz]; and
C|[z]]>r (vespectively C[z]Y, C[[z])%,, Clz]y <%, C[[z]]%") the subspaces of

C|[z]] (respectively of Cl[z]]¥, C[[z]]¥*<°) consisting of homogeneous poly-
nomials of degree k and of series which have zero of order > k at the origin.

Theorem 2 Any germ of the form (1) can be reduced by means of a
formal change of variables x4, ..., x, to the following

VTakens — X + F]. (G) ax1 + N + Fn (G) ag:na (4)

where Fj (G) = F; (Gh,...,Gpn_1) are formal power series in G, . . .,

G_1 with coefficients being Laurent polynomials in G; = x1 and such that
Fjo G (z) € Cl[z]]s2 and F; € C[z]*"<° for j = 1,...,n — 1. Moreover, the
form (4) is unique in a sense that the space

Clla]]25” - 0y + ... + Cll2)}25" - 8s,, + Cla]%, - s,
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18 complementary to the space
adx {C[[z]]>2 0z, + ... + C[[z]]52 - Os, }-
Example 1 For n = 3 the Takens normal form is following
i1 = 229 + 1P (21, G2), B9 = 23 + 1Po(21, Ge), i3 = P3(x1,Go).
For n = 4 we have
Fi= 3 fu)eaGiG3G5GY,
ab,e,d>0

where a + 2b+ 3c+4d > 2, a = 0,1 if d > 0, and 3a + 2b + 3¢ > 0 for
j=1,23.

Proof of Theorem 2. Let Z = Z;(2)0y + ... + Z,(x) 0y, be a
homogeneous vector field of degree k. We have
adx”Z = X (Z,)0n
+ (X (Zn-1) — (n—1)Z,) Os,,_,

Theorem 2 follows from the following two lemmas.

Lemma 3 In the space C[z], of homogeneous polynomials we have

kerY @ ImX = Clz],,

ker X o kerY C ImX,
where ker X © kerY = C [x]kX’>O denotes the space of first integrals for X
which contain only terms with nonzero quasi-homogeneous degree degy; .

Proof. The vector fields X, Y, H define a representation of the Lie al-
gebra sl (2, C) in the space C [z], of homogeneous polynomials. It is known
that any finite dimensional representation is split into irreducible represen-
tations, so-called highest weight representations (see [Ser|). Therefore

Clz],=H1® ... 0 Hm,
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and any H; has a basis {ej,...,es} such that
Xe1 =0, Xeg =(d—1)eq,..., Xeqg=eq_1,

Yeir=eg,....Yes 1 =(d—1)eq, Yeg =0,
H(e) = (2 —d— ey

We see that ImX = span(ey,...,eq-1), ker X = span(e;), ker Y = span(ey).
Hence kerY @ ImX = H,.

If d > 1 then we see that ker X C ImX. I[f d=1then X =Y =H =0
and ker X ©kerY =0 C ImX.

Now the equalities from Lemma 3 hold when restricted to any subspace
;. Therefore they hold also in Cl[z]y. O

Lemma 4 The spacekerY &ker X-0,,+...+kerYeker X-0,, ,+kerY-
Oy, 1s complementary to the space adx Xy in the space Xy of homogeneous
vector fields of degree k.

Proof. From Lemma 3 we see that the last component of the action of
adx on Z equals X (Z,), i.e. lies in the image of X in C[z],. So the n-th
component of the normal form should be the kernel of Y|ka. Note that
the Z,, is not unique, when killing a suitable part in 0, ; we can add some
Z, € ker X to Z,,.

The (n — 1)~th component of the action adx equals X (Z,_1) — A\p—1Z,.
So all polynomials from ImX can be killed.

We can hope to make an additional cancellation using Z, from ker X.
Lemma 3 says that we can write Z, = Z<° + Z°, where

— 770 lies in ImX (and we gain nothing);

— Z9 belongs to ker Y Nker X (here we cancel terms from C [z])"°).

So, the (n — 1)~th component in the normal form is in ker Y & ker X.

Analogously we consider successively other components. O

Remark 4 We can generalize Theorem 2 to the case when X, the linear
part of V| has several nilpotent Jordan cells. For example, when X is given
by the matrix
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0
0 1 0
0
0 m—1 ... 0
0
0 0 1
0

Then X and the vector field Y, which is given by the matrix

0
1 0

n—1 0

m—1 0

define a representation of the Lie algebra sl(2, C). The normal form is

m-+n

VTakens = X + Z Fj (G) axj
j=1

where F;(Gy,...,Gn-1,GY, ..., G),_,) are formal series of polynomials G
v ooy Guoy , GYy o0 G with coefficients being Laurent polynomi-
als in G; = x; and G| = z,41. The polynomials G, G, ..., G, _, gen-
erate the field of constants of the part of Y associated with the variables
Tpil,- -+, Tnim- Lhe polynomials Fj, j # n,n + m, do not contain terms

with zero quasi-homogeneous degree.

Remark 5 Another question is whether the Takens form is analytic
(provided that the initial vector field is analytic near the origin). In the
two-dimensional case the analyticity was proved in [SZ] and [Lo|. Some
partial results in this direction were obtained also by V. Basov [Bal, Ba2|.
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We began to study this problem for n > 3, but it looks very difficult.
We think that when n > 3 the above normal form is not analytic in general.
We plan to continue investigations.

Remark 6 R. Cushman and J. Sanders [CS1, CS2| also studied the
normal form for the nilpotent singularities and also used the representa-
tion theory of the Lie algebra sl(2, C). However their normal form is more
complicated than ours. In fact, they applied the representation of this Lie
algebra directly in the space A}, of homogeneous vector fields using the op-
erator ady, ady and ady, while we are working in the space C[z]; of ho-
mogeneous polynomials. Moreover, they seem not to explore the property
ker X © kerY C ImX from Lemma 3.
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