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W. Domitrz The work of S. Janeczko



Publications
Symplectic singularities

Local symplectic algebra (V. I. Arnol’d,’99)

A2k : t 7→ (t2, t2k+1,0, · · · ,0)

Theorem (V. I. Arnold,1999)

A germ of the type A2k is symplectically equivalent to one and
only one of the following germs

A2k ,0 : t 7→ (t2, t2k+1,0, · · · ,0),
A2k ,r : t 7→ (t2, t2k+1+2r , t2k+1,0, · · · ,0) for r = 1, · · · ,2k ,

where (p1,q1, · · · ,pn,qn) is a coordinate system on C
2n and

ω =
∑n

i=1 dpi ∧ dqi .
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Algebraic restrictions

Let ω1, ω2 be germs of smooth differential k-forms on a smooth
manifold M. Let N be the germ of a subset of M.

Definition

ω1 and ω2 have the same algebraic restriction to N if there exist
the germ of a smooth diffential k-form α vanishing at points of
N and the germ of a smooth diffrential (k − 1)-form β vanishing
at points of N such that

ω1 − ω2 = α+ dβ.

The algebraic restriction of ω to N is denoted by [ω]N .
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The relative Darboux theorem for quasi-homogeneous
substes

Theorem (W.D., S. Janeczko, M. Zhitomirskii)

Germs of quasi-homogeneous subsets N1, N2 of a smooth
symplectic manifold (M, ω) are symplectomorphic if and only if
their algebraic restrictions [ω]N1

i [ω]N2
are diffeomorphic i.e.

there exists a diffeomorphism-germ Ψ : M → M such that
Ψ(N1) = N2 and [Ψ∗ω]N1

= [ω]N1
.
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Geometric interpretation of zero algebraic restriction

Theorem (W.D., S. Janeczko, M. Zhitomirskii)

The germ of a quasi-homogeneous subset N of a symplectic
space (R2n, ω) is contained in a non-singular Lagrangian
submanifold if and only if the germ of the symplectic form ω has
zero algebraic restriction to N.
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Discrete symplectic invariants.

Definition

Let N be the germ of a subset of a symplectic space (R2n, ω).
The isotropy index of N is the maximal order of vanishing of the
germs of 2-forms ω|TM over all non-singular submanifolds M
containing N.

Definition

Let N be the germ of a variety in a symplectic space (R2n, ω).
Let (N) be the orbit of N with respect to the group of local
diffeomorphisms and let (N)symp be the orbit of N with respect
to the group of local symplectomorphisms. The symplectic
multiplicity of N is the codimension of (N)symp in (N).
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Symplectic A − D singularities

N i =
{

H(p1, p2) = q1−

∫ p2

0
Fi(p1, t)dt = q≥2 = p≥3 = 0

}

⊂
(

R
2n, ω0

)

,

H(x1, x2) Fi(x1, x2) for i = 0, 1, . . . , µ

Ak : xk+1
1 − x2

2 , k ≥ 1 F0 = 1, Fi = x i
1 for i = 1, . . . , k −1, Fk = 0

Dk : x2
1 x2−xk−1

2 , k ≥ 4 F0 = 1, Fi = bx1 + x i
2 for i = 1, . . . , k − 4,

Fk−3 = (±1)k x1 + bxk−3
2 ,

Fk−2 = xk−3
2 , Fk−1 = xk−2

2 , Fk = 0
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symplectic E6 − E7 singularitia

N i =
{

H(p1, p2) = q1−

∫ p2

0
Fi(p1, t)dt = q≥2 = p≥3 = 0

}

⊂
(

R
2n, ω0

)

,

H(x1, x2) Fi(x1, x2), i = 0, 1, . . . , µ

E6 : x3
1 − x4

2 F0 = 1, F1 = ±x2 + bx1, F2 = x1 + bx2
2 ,

F3 = x2
2 + bx1x2, F4 = ±x1x2, F5 = x1x2

2 , F6 = 0

E7 : x3
1 −

x1x3
2

F0 = 1, F1 = x2 + bx1, F2 = ±x1 + bx2
2 ,

F3 = x2
2 + bx1x2, F4 = ±x1x2 + bx3

2 ,
F5 = x3

2 , F6 = x4
2 , F7 = 0
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Symplectic E8 singularity

N i =
{

H(p1, p2) = q1−

∫ p2

0
Fi(p1, t)dt = q≥2 = p≥3 = 0

}

⊂
(

R
2n, ω0

)

,

H(x1, x2) Fi(x1, x2), i = 0, 1, . . . , µ

E8 : x3
1 − x5

2 F0 = ±1, F1 = x2+bx1, F2 = x1+b1x2
2+b2x3

2 ,
F3 = ±x2

2 + bx1x2, F4 = ±x1x2 + bx3
2 ,

F5 = x3
2 + bx1x2

2 , F6 = x1x2
2 , F7 = ±x1x3

2 ,
F8 = 0
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Generic sigularities of symplectic and
quasi-symplectic immersions

(

M2n, ω,Sk
1 ∪ Sk

2

)

p, (1)

Definition
(

M2n, ω,Sk
1 ∪ Sk

2

)

p is equivalent to
(

M̃2n, ω̃, S̃k
1 ∪ S̃k

2

)

p̃ if there

exists a local diffeomorphism Φ : (M2n,p) → (M̃2n, p̃) which
brings ω̃ to ω and Sk

1 ∪ Sk
2 to S̃k

1 ∪ S̃k
2 .
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(

M2n, ω, Sk
1 ∪ Sk

2

)

p

(G1) ω|TpSk
i

has the maximal possible rank 2[k/2].

(G2) TpSk
1 ∩ TpSk

2 = {0} if k ≤ n and TpSk
1 + TpSk

2 = TpM2n if
k > n.
(G3)) If k ≤ n then the restriction of ω|TpSk

1+TpSk
2

has maximal
possible rank 2k . If k > n then ω|TpSk

1∩TpSk
2

has maximal
possible rank 2(k − n).
(G4) if k is odd then ω does not annihilate the 2-plane (ℓ1 + ℓ2),
where ℓi = kerω|TpSi

for i = 1,2.
(G5) (TpSk

1 )
ω is transversal to TpSk

2 in TpM2n.
(G6) The number of characteristic numbers is maximal
possible, i.e. s(k ,2n) = max{[k/2], [(2n − k)/2]}.
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Linearization

Definition

The linearization of
(

M2n, ω, Sk
1 ∪ Sk

2

)

p is the following tuple

(TpM2n, ω(p),TpSk
1 ∪ TpSk

2 ).
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Reduced linearization

k odd : ℓ1 = kerω|TpSk
1
, ℓ2 = kerω|TpSk

2

k even : W =

{

TpSk
1 + TpSk

2 if k ≤ n
(

TpSk
1 ∩ TpSk

2

)

ω if k > n;

k odd : W =

{

(

TpSk
1 + TpSk

2

)

∩ (ℓ1 + ℓ2)
ω if k ≤ n

(

TpSk
1 ∩ TpSk

2

)

ω
∩ (ℓ1 + ℓ2)

ω if k > n.

σ = ω|W , U1 = TpSk
1 ∩ W , U2 = TpSk

2 ∩ W .
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Reduced linearization

Definition

The tuple
(W , σ,U1 ∪ U2)

will be called the reduced linearization of the tuple
(

M2n, ω, Sk
1 ∪ Sk

2

)

p.
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The characteristic numbers

W = U1 ⊕ Uσ

1 , π1 : W → U1,

W = U2 ⊕ Uσ

2 , π2 : W → U2.

T1 : U1 → U1, T2 : U2 → U2

T1 = π1 ◦ (π2|U1
), T2 = π2 ◦ (π1|U2

)

Definition

The eigenvalues of the operator T1 will be called the
characteristic numbers of the tuple

(

M2n, ω, Sk
1 ∪ Sk

2

)

p.
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Theorem (W.D., S. Janeczko, M. Zhitomirskii)

Let 2 ≤ k ≤ n. In the problem of classifying germs of immersed
k-dimensional submanifolds of a symplectic 2n-manifold at a
double point satisfying (G1)-(G6) the tuple of characteristic
numbers is a complete invariant.
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Tne characteristic Hamiltonians

n < k ≤ 2n − 2

(Q, ω|Q) =
(

Sk
1 ∩ Sk

2 , ω|T (Sk
1∩Sk

2 )

)

(M2n, ω,Sk
1 ∪ Sk

2)q , q ∈ Q (2)

We obtain s = s(k ,2n) function germs:

Hi : (Q,p) → (R, λi), Hi(q) = λq,i , i = 1, ..., s = s(k ,2n),

where λq,i are the characteristic numbers of (2).

Definition

The constructed function germs Hi are called the
characteristic Hamiltonians.
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Theorem (W.D., S. Janeczko, M. Zhitomirskii)

Let n < k ≤ 2n − 2. In the problem of classifying germs of
immersed k-dimensional submanifolds of a symplectic
2n-manifold at a double point satisfying (G1)-(G6), a complete
invariant is the tuple of characteristic Hamiltonians on the
symplectic manifold Sk

1 ∩ Sk
2 defined up to a

symplectomorphism of this manifold.
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Happy birthday Staszek!
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