= d2pdu2[u_, v_] = G111[u, v] »dpdu[u, v] + G112[u, v] »dpdv[u, v] +1[u, V] xVvi[u, V]
ouf)= dpdu[u, v] < G111[u, v] +dpdv[u, v] - G112[u, v] +1[u, v] ~vi[u, V]

n2p= d2pdv2[u_, v_] = G221[u, v] »dpdu[u, v] + G222[u, V] »dpdv[u, V] +n[u, v] xvi[u, V]
oufz)= dpdu[u, v] ©G221[u, v] +dpdv[u, v] - G222[u, V] +n[u, v] ~vi[u, V]

3= d2pdudv[u_, v_] = G121[u, v] *dpdu[u, v] + G122[u, v] * dpdv[u, v] +m[u, v] xvi[u, V]
ouf3= dpdu[u, v] < G121[u, v] +dpdv[u, v] - G122[u, v] +m[u, v] ~vi[u, V]

4= dvidu[u_, v_] = all[u, v] *dpdufu, v] +a21[u, v] *»dpdv[u, V]

out4)= @ll[u, v] ~dpdufu, v] +a2l[u, v] ~dpdv[u, v]

= dvidv[u_, v_] = al2[u, v] *dpdufu, v] +a22[u, v] *dpdv[u, V]
outs)= @l2[u, v] ~dpdufu, v] +a22[u, v] ~dpdv[u, V]

ine= detIFF[u_, v_] = e[u, V] *g[u, v] - f[u, v]~2

outel= —f[u, v]2+e[u, v] < glu, V]

n7= allfu_, v_] = (m[u, v] = f[u, v] -1[u, v] *g[u, v]) / detIFF[u, V]

-g[u, v] < 1[u, v] +f[u, v] ~m[u, v]

Out[7]=
~flu, vi*+elu, v] glu, v]

ngr= al2[u_, v_] = (n[u, v] *f[u, vl -m[u, v] * g[u, v]) / detIFF[u, v]

-glu, vl -mfu, v] +f[u, v] nfu, v]

Oout[8]=
~flu, vi*+elu, v] glu, v]

nor= a21[u_, v_] = (1[u, v] *f[u, v] -m[u, v] *e[u, v]) / detIFF[u, v]

flu, vl 1[u, vl -efu, v] ~m[u, v]

Out[9]=
-flu, vi*+elu, v] glu, v]

o= a22[u_, v_] = (m[u, v] * f[u, v] -n[u, v] xe[u, v]) / detIFF[u, V]

flu, vl m[u, v] -efu, v] ~n[u, v]

Out[10]=
-flu, vi®+efu, v] glu, v]
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In[11]:=

podstaw = {D[dpdu[u, v], u] -» d2pdu2[u, v], D[dpdu[u, v], v] -» d2pdudv[u, V],
D[dpdv[u, V], u] -» d2pdudv[u, v], D[dpdv[u, v], v] -» d2pdv2][u, V],

D[vi[u, V], u] » dvidu[u, v], D[vi[u, v], v] -» dvidv[u, v]}

ou11]= {dpdu(l’e) [u, v] > dpdufu, v] - G111[u, v] +dpdv[u, v] - G112[u, v] +1[u, v] - vi[u, v],

dpdu®? [u, v] > dpdu[u, v] - G121[u, v] +dpdv[u, v] - G122[u, V] +m[u, v] - vi[u, v],

dpdv*® [u, v] > dpdu[u, v] - G121[u, v] +dpdv[u, v] - G122[u, V] +m[u, v] - vi[u, V],

dpdv<0’1) [u, V] > dpdufu, V] GZZl[u, v] +dpdv[u, v] «G222[u, V] +n[u, v] ~vi[u, v],
(f

dpdv [u, V] l{u, v] -e[u, v] ~m[u, v])
u, v] - +
-flu, v]2+e[u, vl glu, v]

vi(Bo

dpdu[u) V} (‘g[u) V] 1[“: V} +'F[U, V} m[u, V])

3

~flu, vi*+efu, v] glu, V]
deV[U; V} (‘F[U, V} m[u) V] _e[u) V] n[u) V])
u, v] - +
_f[u) V]2+E[U, V] g[u) VJ

vi®b

dpdufu, v] (-g[u, vl ~m[u, v] +f[u, v] n[u, V])}

~flu, vi*+efu, v] glu, V]

= Schpuuv[u_, v_] = FullSimplify[ (D[d2pdu2[u, v], v] - D[d2pdudv[u, V], u]) /. podstaw]

1
out13}=
flu, v]®-e[u, v] ~glu, V]
(dpdufu, v] (f[u, v] (m[u, v]?-1[u, v] ~n[u, v]) +f[u, v]® (-G121[u, v] G122[u, V] +
G112[u, v] -~ G221[u, v] +G111%Y [u, v] -6121%% [u, v]) +
efu, v] < g[u, V] (GlZl[u, v] < G122 [u, v] - G112 [u, v] - G221 [u, Vv] -
6111°Y [u, v] +6121% [u, v])) +
dpdv[u, v] (f[u, v]? ((G111[u, v] -G122[u, v]) G122[u, v] +
G112[u, v] (-G121[u, v] +G222[u, v]) +G112®" [u, v] -G1225% [u, v]) +
efu, v] (-mlu, v]?+1[u, v] ~n[u, v] +g[u, v] (-G111[u, v]  G122[u, v] +G122[u, v]Z+
G112[u, v] (G121[u, v] -G222[u, v]) - G112®"Y [u, v] + G122 [u, v]))) +
(flu, vi*-e[u, v] g[u, v]) vi[u, v] (-G121[u, v] 1[u, v] +
(6111 [u, v] - G122[u, v]) m[u, v] +G112[u, v] ~nlu, v] +1®Y [u, v] -m™®® [u, v]))
= puuvdpdv[u_, v_] = FullSimplify[Coefficient [Schpuuv[u, v], dpdv[u, v]]]
1
out14=

flu, v]®-e[u, v] ~glu, V]
(flu, v]? ((6111[u, v] -G122[u, v]) G122[u, v] +G112[u, V] (-G121[u, V] +G222[u, V]) +
6112%% [u, v] - 6122%% [u, v]) +
efu, v] (-m[u, v1®+1[u, v] nfu, v]+g[u, v] (-G111[u, v] ~G122[u, v] +G122[u, v]? +
G112[u, v] (G121[u, v] -G222[u, v]) -G112®" [u, v] +G122"% [u, v])))
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in(151= numpuuvdpdv [u_, v_] = FullSimplify[Numerator [puuvdpdv[u, v]]]

ou1s)= Fu, v}z ((Glll[u, v] - G122 [u, v]) G122[u, Vv] +
G112[u, v] (-G121[u, v] +G222[u, v]) +G112®Y [u, v] -G1225% [u, v]) +
efu, v] (-m[u, v]1®>+1[u, v] nlu, v] +g[u, v] (-G111[u, v]  G122[u, v] +G122[u, v]?+
G112[u, v] (G121[u, v] -G222[u, v]) - G112®" [u, v] +G122"% [u, v]))

In[16]:=

n171= FullSimplify [Coefficient [numpuuvdpdv[u, v], f[u, v] 2] +
Coefficient [numpuuvdpdv[u, v], e[u, V] *g[u, v]]]
ouj17= @
niig)= row[u_, v_] = Coefficient [numpuuvdpdv[u, v], f[u, v]~2] (f[u, viZ-e[u, v] xg[u, v]) +

efu, v] (-m[u, v1®+1[u, v] «n[u, v])

ouisr= e [u, v] (-m[u, vI2+1[u, vl n[u, v]) +
(flu, vi’-e[u, v] glu, v]) ((6111[u, v] - G122[u, v]) G122[u, V] +
G112[u, v] (-G121[u, v] +G222[u, v]) +G112®Y [u, v] - G1224? [u, v])

inpt9p= FullSimplify[row[u, v] - numpuuvdpdv[u, v]]

out[19]= @

inzop= frow[u_, v_] = FullSimplify[row[u, v] / Denominator [puuvdpdv[u, v]]] /.

{

ouo- (G111[u, v] - G122[u, v]) G122[u, v] +G112[u, v] (-G121[u, v] +G222[u, v]) -
efu, v] ~K[u, v] +G112®Y [y, v] - 61229 [u, v]

(m{u, v1%-1[u, v] < n[u, v])

- -K[u, v]}
-flu, vi*+e[u, v] ~g[u, v]

in21= FullSimplify[Solve[frow[u, v] == O, K[u, v]]]

1
oup21)= {{K[u, v] > ———— ((6111[u, v] - G122[u, v]) G122[u, V] +
efu, v]

G112[u, v] (-G121[u, v] +G222[u, v]) +G112®Y [u, v] - G122%:9) [y, v])}}



