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Symplectic S, Singularities

Wojciech Domitrz and Zaneta Trebska

ABSTRACT. We study the local symplectic algebra of the 1-dimensional iso-
lated complete intersection singularity of type S,. We use the method of
algebraic restrictions to classify symplectic S, singularities. We distinguish
these symplectic singularities by discrete symplectic invariants. We also give
their geometric description.

1. Introduction

In this paper we study the symplectic classification of the 1-dimensional com-
plete intersection singularity of type S, in the symplectic space (R?", w). We recall
that w is a symplectic form if w is a smooth nondegenerate closed 2-form, and
® : R?” — R?" is a symplectomorphism if ® is a diffeomorphism and ®*w = w.

DEFINITION 1.1. Let Ny, N2 be germs of subsets of symplectic space (R*",w).
Ny, Ny are symplectically equivalent if there exists a symplectomorphism-germ
® : (R*™, w) — (R?",w) such that ®(N;) = No.

The problem of symplectic classification of singular curves was introduced by
V. I Arnold in [A1]. Arnold proved that the Agy singularity of a planar curve (the
orbit with respect to the standard A-equivalence of parameterized curves) split
into exactly 2k 4+ 1 symplectic singularities (orbits with respect to the symplectic
equivalence of parameterized curves). He distinguished different symplectic singu-
larities by different orders of tangency of the parameterized curve to the nearest
smooth Lagrangian submanifold. Arnold posed a problem of expressing these new
symplectic invariants in terms of the local algebra’s interaction with the symplectic
structure and he proposed to call this interaction the local symplectic algebra.

In [IJ1] G. Ishikawa and S. Janeczko classified symplectic singularities of curves
in the 2-dimensional symplectic space. All simple curves in this classification are
quasi-homogeneous. A symplectic form on a 2-dimensional manifold is a special
case of a volume form on a smooth manifold. The generalization of results in
[LJ1] to volume-preserving classification of singular varieties and maps in arbitrary
dimensions was obtained in [DR]. The orbit of the action of all diffeomorphism-
germs agrees with the volume-preserving orbit or splits into two volume-preserving
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orbits (in the case K = R) for germs which satisfy a special weak form of quasi-
homogeneity e.g. the weak quasi-homogeneity of varieties is a quasi-homogeneity
with non-negative weights \; > 0 and ), \; > 0.

A symplectic singularity is stably simple if it is simple and remains simple if
the ambient symplectic space is symplectically embedded (i.e. as a symplectic sub-
manifold) into a larger symplectic space. In [K|] P. A. Kolgushkin classified stably
simple symplectic singularities of parameterized curves (in the C-analytic category).
All stably simple symplectic singularities of curves are quasi-homogeneous too.

In [DJZ2] new symplectic invariants of singular quasi-homogeneous subsets of a
symplectic space were explained by the algebraic restrictions of the symplectic form
to these subsets. The algebraic restriction is an equivalence class of the following
relation on the space of differential k-forms:

Differential k-forms w; and wy have the same algebraic restriction to a subset
N if wy —wy = a+df, where « is a k-form vanishing on N and 8 is a (k — 1)-form
vanishing on N.

In [DJZ2] a generalization of the Darboux-Givental theorem (JAG]) to germs
of arbitrary subsets of the symplectic space was obtained. This result reduces the
problem of symplectic classification of germs of quasi-homogeneous subsets to the
problem of classification of algebraic restrictions of symplectic forms to these sub-
sets. For non-quasi-homogeneous subsets there is one more cohomological invariant
apart of the algebraic restriction ([DJZ2], [DJZ1]). The dimension of the space of
algebraic restrictions of closed 2-forms to a 1-dimensional quasi-homogeneous iso-
lated complete intersection singularity C' is equal to the multiplicity of C' ([DJZ2]).
In [D] it was proved that the space of algebraic restrictions of closed 2-forms to a
1-dimensional (singular) analytic variety is finite-dimensional.

In [DJZ2] the method of algebraic restrictions was applied to various classifica-
tion problems in a symplectic space. In particular a complete symplectic classifica-
tion of the 1-dimensional S5 singularity was obtained. Most of different symplectic
singularity classes were distinguished by new discrete symplectic invariants: the
index of isotropy and the symplectic multiplicity.

In this paper we obtain the complete symplectic classification of the isolated
complete intersection singularities S,, for y > 5 using the method of algebraic re-
strictions (Theorem A.I). The S,,u > 5 are the first singularities appearing in
the classification of simple 1-dimensional isolated complete intersection singula-
rities in the space of dimension greater than 2 obtained by Giusti ([G], [AVGI).
Isolated complete intersection singularities were intensively studied by many au-
thors (e. g. see [L]), because of their interesting geometric, topological and alge-
braic properties. In this paper we study their symplectic invariants. The group
of symplectomorphism-germs is not a geometric subgroup in the sense of Damon.
Therefore symplectic classification problems are interesting and require new me-
thods. We calculate discrete symplectic invariants for symplectic S, singularities
(Theorems .6l and [4]) and we present their geometric descriptions (Theorem F.9]).

In [DT] following ideas from [A1] and [D] new discrete symplectic invariants -
the Lagrangian tangency orders were introduced and used to distinguish symplectic
singularities of simple planar curves of type A — D — E, symplectic S5 and 17
singularities.
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In this paper using Lagrangian tangency orders we are able to give detailed clas-
sification of the S, singularity for ;1 > 5 (Theorem [AG)) and to present a geometric
description of its symplectic orbits (Theorem [E.3]).

The paper is organized as follows. In Section [2lwe recall the method of algebraic
restrictions. In Section [B] we present discrete symplectic invariants. Symplectic
classification of the S, singularity is studied in Section 4l

2. The method of algebraic restrictions

In this section we present basic facts on the method of algebraic restrictions.
The proofs of all results of this section can be found in [DJZ2].

Given a germ of a non-singular manifold M denote by AP(M) the space of all
germs at 0 of differential p-forms on M. Given a subset N C M introduce the
following subspaces of AP(M):

AL (M) ={we AP(M): w(xz)=0for any z € N};
AP(N, M) ={a+dB: ae A (M), Be A (M)}

The relation w(x) = 0 means that the p-form w annihilates any p-tuple of vectors
in T, M, i.e. all coefficients of w in some (and then any) local coordinate system
vanish at the point x.

DEFINITION 2.1. Let N be the germ of a subset of M and let w € A?(M). The
algebraic restriction of w to N is the equivalence class of w in AP(M), where the
equivalence is as follows: w is equivalent to @ if w — @ € AJ(N, M).

Notation. The algebraic restriction of the germ of a p-form w on M to the germ
of a subset N C M will be denoted by [w]y. Writing [w]y = 0 (or saying that w
has zero algebraic restriction to N) we mean that [w]y = [0y, L.e. w € AJ(N, M).

Let M and M be non-singular equal-dimensional manifolds and let ® : M — M
be a local diffeomorphism. Let N be a subset of M. It is clear that ®* AJ(N, M) =
AP (@~H(N ),M ). Therefore the action of the group of diffeomorphisms can be
defined as follows: ®*([w]n) = [®*w]e-1(x), Where w is an arbitrary p-form on M.

DEFINITION 2.2. Two algebraic restrictions [w]y and [0]5 are called diffeo-
morphic if there exists the germ of a diffeomorphism ® : M — M such that

O(N) = N and &*([w]y) = [@]5.

REMARK 2.3. The above definition does not depend on the choice of w and
w since a local diffeomorphism maps forms with zero algebraic restriction to N
to forms with zero algebraic restrictions to N. If M = M and N = N then
the definition of diffeomorphic algebraic restrictions reduces to the following one:
two algebraic restrictions [w]y and [@]y are diffeomorphic if there exists a local
symmetry ® of N (i.e. a local diffeomorphism preserving N) such that [®*w]|y =
[w]n-

DEFINITION 2.4. A subset N of R™ is quasi-homogeneous if there exists a
coordinate system (z1,--- ,2,,) on R™ and positive numbers Ay, --- , A, such that

for any point (y1, - ,ym) € R™ and any ¢ > 0 if (y1,- - ,ym) belongs to N then
the point (t*1yy,--- ,t y,,) belongs to N.
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The method of algebraic restrictions applied to singular quasi-homogeneous
subsets is based on the following theorem.

THEOREM 2.5 (Theorem A in [DJZ2]). Let N be the germ of a quasi-homoge-
neous subset of R?™. Let wy,w, be germs of symplectic forms on R2™ with the same
algebraic restriction to N. There exists a local diffeomorphism ® such that ®(x) = x
for any x € N and ®*w; = wp.

Two germs of quasi-homogeneous subsets N1, No of a fixred symplectic space
(R?", w) are symplectomorphic if and only if the algebraic restrictions of the sym-
plectic form w to N1 and No are diffeomorphic.

Theorem reduces the problem of symplectic classification of germs of singu-
lar quasi-homogeneous subsets to the problem of diffeomorphic classification of the
algebraic restrictions of the germ of the symplectic form to the germs of singular
quasi-homogeneous subsets.

The geometric meaning of the zero algebraic restriction is explained by the
following theorem.

THEOREM 2.6 (Theorem B in [DJZ2]). The germ of a quasi-homogeneous
set N of a symplectic space (R*",w) is contained in a non-singular Lagrangian
submanifold if and only if the symplectic form w has zero algebraic restriction to
N.

PROPOSITION 2.7 (Lemma 2.20 in [DJZ2]). Let N C R™. Let W C ToR™ be
the tangent space to some (and then any) non-singular submanifold containing N
of minimal dimension within such submanifolds. If w is the germ of a p-form with
the zero algebraic restriction to N then w|w = 0.

The following result shows that the method of algebraic restrictions is a very
powerful tool in symplectic classification of singular curves.

THEOREM 2.8 (Theorem 2 in [D]). Let C be the germ of a K-analytic curve
(for K=R or K= C). Then the space of algebraic restrictions of germs of closed
2-forms to C' is a finite dimensional vector space.

By a K-analytic curve we understand a subset of K™ which is locally diffeo-
morphic to a 1-dimensional (possibly singular) K-analytic subvariety of K™. Germs
of C-analytic parameterized curves can be identified with germs of irreducible C-
analytic curves.

We now recall basic properties of algebraic restrictions which are useful for a
description of this subset ([DJZ2]).

First we can reduce the dimension of the manifold we consider due to the
following propositions.

If the germ of a set N C R is contained in a non-singular submanifold M C R™
then the classification of the algebraic restrictions to N of p-forms on R™ reduces
to the classification of the algebraic restrictions to N of p-forms on M. At first
note that the algebraic restrictions [w]y and [w|ras], can be identified:

PROPOSITION 2.9. Let N be the germ at 0 of a subset of R™ contained in
a non-singular submanifold M C R™ and let wi,ws be p-forms on R™. Then

[wiln = [woln if and only if [wilrar] y = [walrn] -

The following, less obvious statement, means that the orbits of the algebraic
restrictions [w]y and [w|ras], also can be identified.
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PRrROPOSITION 2.10. Let N1, Ny be germs of subsets of R™ contained in equal-
dimensional non-singular submanifolds My, Mo respectively. Let wy,ws be two germs
of p-forms. The algebraic restrictions [wi|n, and [we|n, are diffeomorphic if and

only if the algebraic restrictions [wl‘TMl]Nl and [w2|T1V[2]N2 are diffeomorphic.

To calculate the space of algebraic restrictions of 2-forms we will use the fol-
lowing obvious properties.

PROPOSITION 2.11. If w € AE(N,R?") then dw € AS™ (N,R*") and w A a €
A§+p(N, R2™) for any p-form o on R?™,

The next step of our calculation is the description of the subspace of algebraic
restrictions of closed 2-forms. The following proposition is very useful for this step.

PROPOSITION 2.12. Let aq,...,a; be a basis of the space of algebraic restric-
tions of 2-forms to N satisfying the following conditions
(1) da1 :---:daj :O,
(2) the algebraic restrictions dajy1,...,day are linearly independent.

Then a1, ...,a; is a basis of the space of algebraic restrictions of closed 2-forms to
N.

Then we need to determine which algebraic restrictions of closed 2-forms are
realizable by symplectic forms. This is possible due to the following fact.

PROPOSITION 2.13. Let N C R?". Let r be the minimal dimension of non-
singular submanifolds of R?™ containing N. Let M be one of such r-dimensional
submanifolds. The algebraic restriction [0]n of the germ of a closed 2-form 6 is
realizable by the germ of a symplectic form on R*™ if and only if rank(0|r,ar) >
2r — 2n.

Let us fix the following notations:

° [AQ(RQ")] n:  the vector space consisting of the algebraic restrictions of germs
of all 2-forms on R?" to the germ of a subset N C R?";

o [Z2(R*™)] ¢ the subspace of [A%(R?™)]  consisting of the algebraic restrictions
of germs of all closed 2-forms on R?™ to N;

e [Symp(R?*")] . the open set in [Z?(R?*")] . consisting of the algebraic restric-
tions of germs of all symplectic 2-forms on R?” to N.

3. Discrete symplectic invariants.

We can use some discrete symplectic invariants to characterize symplectic sin-
gularity classes. They show how far a curve N is from the closest non-singular
Lagrangian submanifold.

The first invariant is a symplectic multiplicity ([DJZ2]) introduced in [IJ1] as
a symplectic defect of a curve.

Let N be the germ of a subvariety of (R?",w).

DEFINITION 3.1. The symplectic multiplicity pisympi(IN) of N is the codi-
mension of the symplectic orbit of NV in the orbit of N with respect to the action
of the group of diffeomorphism-germs.
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To make the definition of the symplectic multiplicity precise we present some
explanations (see [DJZ2] for details). Throughout the paper by a variety in R®" we
mean the zero set of a k-generated ideal having the property of zeros, k > 1. Denote
by Var(k, 2n) the space of all germs at 0 of varieties described by k-generated ideals.
We associate with the germ N € Var(k, 2n) the map-germ H : (R?",0) — (R*,0)
whose k components are generators of the ideal of function-germs vanishing on N.
We denote by (V) the orbit of N with respect to the group of diffeomorphism-germs.
Then the orbit (N) can be identified with the V-orbit of H (see [AVGI). Recall
from [AVG] that the V-equivalence of two map germs H, H : (R?",0) — (R¥,0)
means the existence of a diffeomorphism-germ ® and a germ M of a map from
R2" to the manifold of non-singular k x k matrices such that H = M - H (®). The
symplectic V-equivalence is defined in the same way as the V-equivalence; the only
difference is that we require that ® is a symplectomorphism-germ. The symplectic
orbit of N can be identified with the symplectic V-orbit of H.

The codimension of the symplectic orbit of N in (N) is the codimension of the
symplectic V-orbit of H in the V-orbit of H.

The second invariant is the index of isotropy [DJZ2].

DEFINITION 3.2. The index of isotropy ¢(N) of N is the maximal order of
vanishing of the 2-forms w|7ps over all smooth submanifolds M containing N.

They can be described in terms of algebraic restrictions.

PropoSITION 3.3 (IDJZ2]). The symplectic multiplicity of the germ of a quasi-
homogeneous variety N in a symplectic space is equal to the codimension of the orbit
of the algebraic restriction [w]n with respect to the group of local diffeomorphisms
preserving N in the space of the algebraic restrictions of closed 2-forms to N.

PropoSITION 3.4 ([DJZ2]). The index of isotropy of the germ of a quasi-
homogeneous variety N in a symplectic space (R*",w) is equal to the mazimal order
of vanishing of closed 2-forms representing the algebraic restriction [w]y.

One more discrete symplectic invariant was introduced in [D] following ideas
from [A1]. Tt is defined specifically for a parameterized curve. This is the maximal
tangency order of a curve f : R — M with a smooth Lagrangian submanifold. If
H, = ... = H, = 0 define a smooth submanifold L in the symplectic space then
the tangency order of a curve f : R — M to L is the minimum of the orders of
vanishing at 0 of functions Hy o f,--- , H, o f. We denote the tangency order of f
with L by ¢(f, L).

DEFINITION 3.5. The Lagrangian tangency order Li(f) of a curve f is the
maximum of ¢(f, L) over all smooth Lagrangian submanifolds L of the symplectic
space.

The Lagrangian tangency order of a quasi-homogeneous curve in a symplectic
space can also be expressed in terms of the algebraic restrictions.

PROPOSITION 3.6 ([D]). Let f be the germ of a quasi-homogeneous curve such
that the algebraic restriction of a symplectic form to it can be represented by a
closed 2-form vanishing at 0. Then the Lagrangian tangency order of the germ of
a quasi-homogeneous curve f is the mazimum of the order of vanishing on f over
all 1-forms o such that [w]y = [day.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SYMPLECTIC S,, SINGULARITIES 51

In [DT] the above invariant was generalized for germs of curves and multi-germs
of curves which may be parameterized analytically since the Lagrangian tangency
order is the same for every 'good’ analytic parameterization of a curve.

Consider a multi-germ (f;);eq1,... »} of analytically parameterized curves f;. We
have r-tuples (¢(f1, L), - ,t(fr, L)) for any smooth submanifold L in the symplectic
space.

DEFINITION 3.7. For any I C {1,---,r} we define the tangency order of
the multi-germ (f;);ecs to L:

t{(fi)ie 1, L] = %ir}t(fi,L).

DEFINITION 3.8. The Lagrangian tangency order Lt((f;):c 1) of a multi-
germ (f;)ier is the maximum of ¢[(f;)ie 1, L] over all smooth Lagrangian subman-
ifolds L of the symplectic space.

For multi-germs one can also define relative invariants according to selected
branches or collections of branches [DT].

DEFINITION 3.9. For fixed j € I the Lagrangian tangency order related
to f; of a multi-germ (f;);cr denoted by Lt[(fi)icr : f;] is the maximum of
t[(fi)ien g3, L] over all smooth Lagrangian submanifolds L of the symplectic space
for which t(f;, L) = Lt(f;).

These invariants have geometric interpretation. If a branch f; is contained in
a smooth Lagrangian submanifold then Lt(f;) = oo. If all curves f; for i € I are
contained in the same non-singular Lagrangian submanifold then Lt((f;):c 1) = oc.
(In the analytic category ”if” can be replaced by ”if and only if”).

We may use these invariants for distinguishing symplectic singularities.

4. Symplectic S,-singularities

Denote by (5,) (for p > 5) the class of varieties in a fixed symplectic space
"
(R?", w) which are diffeomorphic to

(4.1) S, ={xeR™2* 22 — 2 — 2h™% = poxy = w54 = 0}.

The S, © > 5 are simple 1-dimensional isolated complete intersection sin-
gularities in the space of dimension greater than 2 ([G]). Let N € (S,). Then
N is the union of two 1-dimensional components invariant under the action of
local diffeomorphisms preserving N: Cj — diffeomorphic to the A; singularity
and C — diffeomorphic to the A,_4 singularity. Here N is quasi-homogeneous
with weights w(z1) = w(ze) = p — 3, w(zrs) = 2 when p is an even number, or
w(z1) = w(xe) = (u—3)/2, w(xz) =1 when p is an odd number. In our paper we
often use the notation r = p — 3.

We will use the method of algebraic restrictions to obtain a complete classifi-
cation of symplectic singularities in (S,,) presented in the following theorem.

THEOREM 4.1. Any submanifold of the symplectic space (R*™, 3" | dp; A dg;)
which is diffeomorphic to S, is symplectically equivalent to one and only one of the
normal forms S};7, S,
moduli.

SS90 pi—p3—qi =0, pai =0, g2=c1q1 —Cap1, Pzs=q>3=0;

listed below. The parameters c¢; of the normal forms are
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k,0
Spa(1<k<p—5):p3—pl—qf =0, prqa =0, g2 = csp1 + T4,

P>3 = q>3 =0, ca1p #0;
—4,0

S s =P —ql =0, pig1 =0, g2 = c3p1 + £qf, p>s = >3 =0, cac, = 0;
SO <k<p—6):pl—qf —¢5 =0, qig2 =0, p2 = p1a5(carr + C511G2),

P>3=¢q>3=0, cayp #0;
S;L74,O. 2 _ g2 _gr =0 =0 _ r—2 _ =0:

wr +P1—4 —42 =Y, q1q2 =Y, P2 = Cu—1P14s ; P>3 = (G>3 = U;
S31:pt—p3 —p5 =0, paps =0, q1 = 5P3, G2 = —Cap1P3, P>a = q>3 = 0;
k

SR 2<k<p—4):pt—p3—p5 =0, paps =0, q1 = 55T, g2 = —pips,

p>4=¢q>3=0, (cay #0 for2 <k < p—5);

k

SEthEQ<k<p—4):pi—p3—p5 =0, paps =0, q1 = 555", P>a=go2 = 0;
Sk pt —ps —py =0, paps =0, pza=g>1 =0.

(Here we wrote r for p— 3).

In Section ET] we calculate the manifolds [Symp(R*")]s, and classify their
algebraic restrictions. This allows us to decompose S, into symplectic singularity
classes. In Section we transfer the normal forms for the algebraic restrictions
to the symplectic normal forms to obtain a proof of Theorem Il In Section 3]
we use the Lagrangian tangency orders to distinguish more symplectic singularity
classes. In Section 4] we propose a geometric description of these singularities
which confirms this more detailed classification. Some of the proofs are presented
in Section

4.1. Algebraic restrictions and their classification. One has the rela-
tions for the S, -singularities

(42) [d((EQZL’g)]SH = [l’gdl’g + xgdl’g]su = 0,

(4.3) [d(z? — 23 — :z”*g)]gﬂ = [2x1dxy — 2w9dxe — (1 — 3)I§74d$3]su =0.
Multiplying these relations by suitable 1-forms we obtain the relations in Table [l

TABLE 1. Relations towards calculating [A%(R*")]y for N = S,

relations proof
1. [xodza A dzs]n =0 E2 A dzo
2. [xsdza A dzs]n =0 E2 A dzs
3. [1dz1 Adzo]n =0 HE3)A dz2 and row 2.
4. [1dz1 Adzs]n =0 #E3)A dzs and row 1.
5. [z3dz1 A dxo|Nn = [T2dzs A daa]N E2 A dz
6. | [2z2dz1 Adz2]n = (10 — 3)[xg‘74dm3 A dzi]N HEI)A dzq
. [x%dmz A das]y =0 rows 1. and 2. .
and [of]n = [23 + 24 "]
[:c%d:cl ANdz2]n =0 HE2)A x3dx1 and [z2zs]n =0
[:c%d:cl ANdz2]n =0 HE3)A z2dx1 and [z2zs]n =0

Table [l and Proposition B.I1] easily imply the following proposition:
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PROPOSITION 4.2. The space[A*(R*")]s, is a pu + 1-dimensional vector space
spanned by the algebraic restrictions to S, of the 2-forms

01 = dﬁEl AN diEg, 02 = dCEQ AN diEg, 03 = dﬁEl AN dZEQ,
01 = x3dri ANdxo, 09 = x1dTo A dT3,
Osir = xé’fda:l ANdxs, forl<k<pu—4.

Proposition and results of Section [ imply the following description of the
space [Z2(R?")]g, and the manifold [Symp(R*")]s,,.

PROPOSITION 4.3. The space [Z?(R*")]g, has dimension p. It is spanned by
the algebraic restrictions to S,, of the 2-forms

01,02,05, 04 =01 — 02, Osyp =ahdzy Adws, for 1<k <pu—4
If n > 3 then [Symp(R*")]s, = [Z%(R*")]s,. The manifold [Symp(R*)]g, is an
open part of the u-space [ZZ(R‘L)]SM consisting of the algebraic restrictions of the
form [c101 + - -- + c,0,]s, such that (ci,ca,c3) # (0,0,0).

THEOREM 4.4.
(i) Any algebraic restriction in [Z*(R®")]s, can be brought by a symmetry of S,
to one of the normal forms [S,]* given in the second column of Table 2l
(ii) The singularity classes corresponding to the normal forms are disjoint.
(iii) The parameters ¢; of the normal forms [S,])" are moduli.

(i) The codimension in [Z*(R®")]s, of the singularity class corresponding to the
normal form [S,]"7 is equal to i and the index of isotropness is equal to j.

TABLE 2. Classification of symplectic S,, singularities:
cod — codimension of the classes; p¥™
ind — index of isotropy.

— symplectic multiplicity;

Symplectic class Normal forms for algebraic restrictions cod | g™ | ind
(SM)O’O (27’L 2 4) [SM]O’O : [91 —+ 6292 —+ 6293]5‘“ 0 2 0
(S)5°  (2n>4) | [Sul5° : [02 + 303 + carnbitrls, E |k+2| 0
for1<k<pu-5 Catr #0

(S5~ (2n>4) | [Suls™" : [fa+esbstcubuls,, cscu=0|p—4|p—3

(S, )rt0 (20 > 4) | [Sui0 ¢ [0+ carwbarr+ csinbsinls, |k+1|k+3| 0
for1<k<u—6 Cat+r#0

(Sp™™" (2n>4) | [Sult™"°: (05 + cu-10u-1]s, p—4|p—=310
(S)*t (2n>6) | [Su]®! : [cabs + 05]s, 3 4 1
(Su)>TFt (2n>6) | [Su)**! : (04 + cazrbati]s, E+2|k+3] 1
for2<k<pu—4 cagr Z0for2<k<pu-5

(Su)*TRE (2n > 6) | [Su]*T™ : [Oasr]s, for2<k<p—4 k+3|k+3]| k
for2<k<pu-—4

(S (2n26) | [Su]"™ : [0]s, Iz B | o
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The proof of Theorem [£.4] is presented in Section
In the first column of Table@ by (S,,)" we denote a subclass of (S,,) consisting
of N € (S,) such that the algebraic restriction [w|y is diffeomorphic to some
algebraic restriction of the normal form [S,]%/ where ¢ is the codimension of the
class and j denotes index of isotropy of the class. Classes (5,,)5” and (S,,)%° can be

distinguished geometrically (see Section [£4]) and by relative Lagrangian tangency
order Lo.; defined in Section 3] (Remark [L.8). The classes (SH)QO have Ly, = )\l
"

and the classes (S,)%° have Lo, = ﬁ where A\, =1 for even p and A\, = 2 for odd

1.
Theorem 28] Theorem 4] and Proposition [£3] imply the following statement.

PROPOSITION 4.5. The classes (S,)" are symplectic singularity classes, i.e.
they are closed with respect to the action of the group of symplectomorphisms. The
class (S,) is the disjoint union of the classes (S,,)"I. The classes (S,,)*°, (S,,)5° and
(S,)50 for 1 <i < p—4 are non-empty for any dimension 2n > 4 of the symplectic
space; the classes (S,)"! for 3 <i < pu—2 and (S,)>3 for5 <i < pu—1 and
(Sp)*>° are empty if n =2 and not empty if n > 3.

4.2. Symplectic normal forms. Proof of Theorem 4.1l Let us transfer
the normal forms [S,]"’ to symplectic normal forms using Theorem ZI2] i.e. re-
alizing the algorithm in Section Fix a family w®’ of symplectic forms on R?"
realizing the family [S,]*’ of algebraic restrictions. We can fix, for example

wO’O = 91 —+ 6202 —+ C303 + dIQ A dl'4 + Z;L:g d$2i_1 A szi?

w§’0 = Oy +c3b3+caqpbarr+doy Adeg+ > 5 dag;—1 Adaa;, capp#0, 1 <k < p—b;
wg_4’0: 0o + c363 + Cueu +dry ANdzy + Z:‘L:S dxo;_1 N dxa;, C3Cy = 0;

W0 = O3+ cakOag i+ cspnlsgn+ iy i1 Adryi, capr#0, 1<k<p—6;
wﬁ74’0: 93 =+ 0#719#,1 +dxy Ndxrs + 2?23 dro;_1 N\ d.’[Qi;

w3l = c 0, + 05+ Z?:l dz; N dz;13+ Z?:4 dxo;_1 N dxa;;

w2kl = 04+ caq 0411+ Z?:1 dz; Ndz;is+ 2?14 dxoi—1 Ndxa;, 2<k<u —4;
with:k — 6‘4+k + Z?:l dx; Ndxiys + 2?24 dxo;_1 Ndxe;, 2 <k < u—4;

wh™ = Z?:l dIz A d{EH_g + Z,?:él dIQZ‘_l A dl‘gi.

Let w = > dp; A dg;, where (p1,qu,- -+ ,Pn,qn) is the coordinate system on
R2" n > 3 (resp. n = 2). Fix a family ®/ of local diffeomorphisms which bring the
family of symplectic forms w®’ to the symplectic form w: (®%7)*w®/ = w. Consider
the families S}/ = (®*7)~!(S,,). Any stratified submanifold of the symplectic space
(R?", w) which is diffeomorphic to S, is symplectically equivalent to one and only

one of the normal forms SZ;j presented in Theorem Il By Theorem [£.4] we obtain
that the parameters ¢; of the normal forms are moduli.

4.3. Distinguishing symplectic classes of S, by Lagrangian tangency
orders. Lagrangian tangency orders will be used to obtain a more detailed classi-
fication of (S,). A curve N € (S,) may be described as a union of two invariant
components C7 and Cy. The curve C; is diffeomorphic to the A; singularity and
consists of two parameterized branches Bi; and Bi_. The curve Cs is diffeomor-
phic to the A, _4 singularity and consists of one parameterized branch if p is even
and consists of two branches By and Bs_ if p is odd. The parametrization of
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these branches is given in the second column of Table [3] or Table dl To distinguish
the classes of this singularity completely we need following three invariants:
o Lt(N) = Lt(Cy,Cs)
o Iy =Lit(Ch) = mLax(min{t(BH,L),t(Bl_,L)})
o Ly = Lt(Cy)
where L is a smooth Lagrangian submanifold of the symplectic space.
Considering the triples (Lt(N), L1, L2) we obtain a detailed classification of
symplectic singularities of S,,. Some subclasses (see Table Bl and @) have a natural
geometric interpretation (Table [H).

THEOREM 4.6. A stratified submanifold N € (S,,) of a symplectic space (R*",w)
with the canonical coordinates (p1,q1,- - , Pn, qn) s symplectically equivalent to one
and only one of the curves presented in the second column of Table 3] or @. The pa-
rameters ¢; are moduli. The Lagrangian tangency orders of the curve are presented
in the fifth, sizth and seventh columns of these tables and the codimension of the
classes is given in the fourth column.

TABLE 3. Lagrangian tangency orders for symplectic classes of S}, sin-
gularity (u even)

Class Parametrization of branches Conditions cod |Lt(N)|Li| Lo

Bi+ and Cs for subclasses
(S.)%° | (t,0,%t, —cst,0,--) c3 #0 0 1 1] r
2n >4 (ttOczt—Cp,tO ) c3 =0 1 2 cof| 7T
(S,)5° | (t,0,%t, c3t,0,---) Cark - C3F0 k 1|1 |r+2k
2n >4 | (0,877, PR 0, ) c3=0,ca1x#0 [k+1| 2 |oo|r+2k
(S,)4= %0 (t,0, £t, e3t, 0, - - +) ez #0 p—4| 1 | 1| oo
2n >4 |(0,£%,¢7, £°7,0, ) c3=0 =3 2 |oo| oo
(S, )50 (¢,4t,0,0,--) Crhya 70 E+1| 1 |1 |r4+2k
2n >4 |(th0,(cap st )t TR 20, ) [ 1< k< pu—6
(S, )E=%0| (¢, 4¢,0,0,--) Cu—170 p—4| 1 1|3r—4
2n >4 [(t7,0,cu—1t 4 12,0, --) cu—1=0 p—3| 1 1| o0
(S)%Y | (t,0,£t,0,0,---) 3 |r+2|oo|r+2
2n>6 | (t7, 34,0, —cst™2, 42,0, )
(S,)*™1 | (t,0,+t,0,0,0,---) Cark 70 E+2| r4+2 |oo|r+2k

> 4T C4+kt2(k+1) 2 42 <k<
2n >6 ( 7k—+1707_t 7t707"') 2< _/1—5
k=pn—4 w—2|r+2|oco| oo

(S,)*T*F| (+,0,£t,0,0,0,---) 2<k<p—5 |k+3|r+2k|oco|r+2k
m>6 | (", t2,i’f£” 0,0,2,0,0,---) k=p—4 p—113r—2loo| oo
(Sp)He | (¢,0,%£t,0,0,--+) U 0o |oo| o
2n>6 |(t7,0,0,0,%0,---)
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TABLE 4. Lagrangian tangency orders for symplectic classes of S, sin-
gularity (1 odd)

Class Parametrization of branches Conditions cod |Lt(N)|Li| Lo

Bi+ and Boy for subclasses
(8.)%° | (t,0,%t, —cst,0,---) c3#0 0 1 1| ¢
on >4 | (£t2,40,cot>F e3t2,0,-- ) c3 =0 1 1 |oo| %
(S50 | (t,0,+£t, cst,0,--) Catr - €30 k 1 | 1]|%+k
>4 (0, +t2, FEELTF 0. cs=0,ca4x#0 |k+1| 1 |oo| Z+k
(Su)5~ %01 (,0, %t, c5t,0,--+) ez #0 p—4| 1 | 1] oo
2n >4 (O,t,t2 g7 0,00 ) c3=0 w—3 1 co| oo
(S,) L0 | (¢, +t,0,0,---) Cria #0 E+1| 1 |1 |5+k
on >4 | (£t2,0, 4 (captesut)t 2R 40, ) [ 1<k < pu—6
(Su)E=%0) (t,£t,0,0,--) Cu—1#0 pu—4l 1 1|3r-2
on >4 | (£t2,0,%c, T t07--~) cu—1=0 u—=31 1 1] o
(8% (t 0 +t,0,0,---) 3 | 541 |oo| 2+1
2n>6 | (%t t O$C4t2 ,4,0,044)
(S,.)*™1 | (t,0,4t,0,0,0,--) Catr 0 k+2| 241 oo | L4k

r C4+ktk+1 r2
M >6 | (2 0,72, 40,-)  [2<k<pu—5
k=p—4 p—=2| 5+1 |oo| oo

(S,)3T**] (t,0,%t,0,0,0,---) 2<k<pu—5 |k+3| Z+k |oo| I+k
20 >6 |(£t3,40,0,0,4,0,0,) k=p—4 p—1]3r—1|oo| oo
(SM)M’OO (t7 07 :tt7 07 07 T ) H 0 o0 0
2n>6 |(£t2,0,0,0,t,0,---)

REMARK 4.7. The numbers L; and Lo can be easily calculated knowing La-
grangian tangency orders for the A; and A,,_, singularities (see Table 2 in [DT])
or by applying directly the definition of the Lagrangian tangency order and finding
a Lagrangian submanifold nearest to the components. Next we calculate Lt(N)
from the definition knowing that it can not be greater than min(Ly, Lo).

We can compute L; using the algebraic restrictions [w®/]c, where the space
[Z%(R?")]¢, is spanned only by the algebraic restriction to Cy of the 2-form 6.
For example for the class (S,)%° we have [0 + caf2 + c305]c, = [c305]c, and thus
Ly =1 when ¢3 # 0 and L; = oo when ¢3 = 0.

We can compute Lo using the algebraic restrictions [w®/]c, where the space
[Z%(R?*")]c, is spanned only by the algebraic restrictions to Cy of the 2-forms
61, 044k for k = 1,2,...,60,_1. For example for the class (S,)%° we have [6; +
cobs + c30s)c, = [91]02 and thus Ly = p — 3 if p is an even number and Lo = “23
if p is an odd number.

Lt(N) <1 = min(Ly, L2) when c3 # 0. Applying the definition of Lt(N) we
find the smooth Lagrangian submanifold L described by the conditions p; =0, i €
{1,...,n} and we get Lt(N) > t(N,L) =1 in this case.

If ¢5 = 0 then Lt(N) < Lo = min(Lq, Lo), but applying the definition of Lt(NV)
we have ¢(N, L) < 2 (resp. (N, L) < 1) for all Lagrangian submanifolds L. For L

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SYMPLECTIC S,, SINGULARITIES 57

described by the conditions ¢; =0, i € {1,...,n} we get Lt(N) =t(N,L) =2if p
is even and Lt(N) = ¢(N, L) =1 if p is odd.

REMARK 4.8. We are not able to distinguish some classes (.S,,)5” and (S,,)%° by
the triples (Lt(N), L1, L2) but we can do this using relative Lagrangian tangency
orders.

We define Lg;l = Lt[CQ . B1:|:] = max(Lt[02 : B1+], Lt[CQ : Blf]).
Since branches By and Bj_ are smooth curves then Lt(B4) = Lt(B;-) = oo and
Loy = mgx(t(C'g, L)) where L is a smooth Lagrangian submanifold containing By 4

or By_.
Considering such smooth Lagrangian submanifolds we obtain Lo, = /\l for the

classes (S,)5” and Lo,y = =3 for the classes (S,)%° (A, = 1 for even y and A, = 2
for odd p).

4.4. Geometric conditions for the classes (S,)"’. The classes (S,)*’ can
be distinguished geometrically, without using any local coordinate system.

Let N € (S,). Then N is the union of two singular 1-dimensional irreducible
components diffeomorphic to the A; and A,_4 singularities. In local coordinates
they have the form

Cl = {x? —J?% = O7 1‘23 = 0},
CQ = {LL‘% - LL’MiS == 0, T2 = T>4 = 0}

Denote by ¢14,¢;_ the tangent lines at 0 to the branches B4 and B;_ respectively.
These lines span a 2-space P;. Denote by ¢5 the tangent line at 0 to the component
Cy and let P be the 2-space tangent at 0 to the component C;. Define the line
l3 = Py N Py. The lines ¢4, ¢5 span a 3-space W = W(N). Equivalently W is the
tangent space at 0 to some (and then any) non-singular 3-manifold containing N.
The classes (S,)"/ satisfy special conditions in terms of the restriction w|y,, where
w is the symplectic form. For N = S, =) it is easy to calculate

(4.4) 01+ = span(9/0xy £ 0/0xs), Ls = span(d/dx3), €3 = span(d/dx1).

THEOREM 4.9. A stratified submanifold N € (S,,) of a symplectic space (R*",w)
belongs to the class (S,)"7 if and only if the couple (N,w) satisfies the corresponding
conditions in the last column of Table Bl

PrOOF OF THEOREM [0l The conditions on the pair (w, N) in the last column
of Table[H are disjoint. It suffices to prove that these conditions in the row of (S,,)%7,
are satisfied for any N € (S,)"?. This is a corollary of the following claims:

1. Each of the conditions in the last column of Table [Alis invariant with respect to
the action of the group of diffeomorphisms in the space of pairs (w, N);

2. Each of these conditions depends only on the algebraic restriction [w]y;

3. Take the simplest 2-forms w®/ representing the normal forms [S,]"’ for the
algebraic restrictions. The pair (w = w®7,S,,) satisfies the condition in the last
column of Table 5] the row of (S,)"7.

The first statement is obvious, the second one follows from Lemma 271
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TABLE 5. Geometric interpretation of singularity classes of S,: W is
the tangent space to a non-singular 3-dimensional manifold in (R*"2*, w)
containing N € (S,), Ay =1 for even p and A, = 2 for odd p.
Class Normal form Geometric conditions
(SH)O’O w|42+53 #0
[Su]%?=1 2 [01 + caf2 + c303]s, Wley, +¢,_ # 0 and none of the components
c3#0 is contained in a Lagrangian submanifold
[Sl‘]%?=oo 2 [01 + c2b2]s, wley,+6,_ = 0 (so component C is con-
tained in a Lagrangian submanifold)
(Su)go W|€2+€3 =0 but w|€1i+€2 #0
(S5° [ [Sulh2, =1 [Ootesbateanbarals, | e e, #0 and Ly = S28
c3-cayp ZO0for 1 <k<pu-—5
[Su]g”gl:w: [02+catrbarrls, wley,+6,_ = 0 (so component C; is con-
carp Z0for 1<k<pu—5 tained in a Lagrangian submanifold) and
L2 — r-{Qk
oW
(S5 0[Sl ™40 ¢ [02 + c303]s,,, c3 # 0 wle, . +¢,_ # 0 and component Cs is con-
tained in a Lagrangian submanifold
[Su]57%0 : 62 + cubyuls, wley, +e,_ = 0, both components are con-
tained in Lagrangian submanifolds
(Su)i’o w|32+€3 =0 and w‘£1j:+€2 =0
but w‘£1++l17 7é 0
(S )LtROI[S,)ik0, none of the components is contained in a
(03 +carkbarr+Corrbsik]s, Lagrangian submanifold and Lo = %
carp Z0for 1 <k<pu—6
(S O[Sl 03 4 cu—10u-1]s, none of the components is contained in a
Cu—1#0 Lagrangian submanifold and Lo = %
[Su]720 : [03]s,, component Cs is contained in Lagrangian
submanifolds
w|lw = 0 and component C; is contained
in a Lagrangian submanifold
(SM)S’I [Su]S’l : [0494 + 95]3# Lo = T):Zz and Lt(N) = T)\—f
(S)? R[S 1[04 + cayibasils, L= % and Lt(N) = %
carr Z0and 2<k<pu—5
[Su]F 2" 04+ cB]s,, both components are contained in La-
grangian submanifolds and Lt(N) = %
(Su)>TEHM [SUPTE : [Barals, Ly = 2% and Lt(N) = =2
2<k<pu-5
[, ]t [04]s,. both components are contained in La-
grangian submanifolds and Lt(N) = 25=2
u
(SH> | [Su]*= : [0]s, both components are contained in the
same Lagrangian submanifold
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To prove the third statement we note that in the case N = S, = (@) one
has 11 = span(9/0xy + 0/0xs), {2 = span(d/dx3), ¢3 = span(d/dz;) and
W = span(9/0x1,0/0x9,0/0x3). By simple calculation and observation of the
Lagrangian tangency orders we obtain that the conditions in the last column of
Table [ the row of (S,)"/ are satisfied. O

4.5. Proof of Theorem 4.4l

PRrOOF. In our proof we use vector fields tangent to N € S,,. Any vector fields
tangent to N € S, may be described as V = g1 F + go'H where E is the Euler
vector field and #H is a Hamiltonian vector field and g;, go are functions. It was
shown in (Prop. 6.13) that the action of a Hamiltonian vector field on any
1-dimensional complete intersection is trivial.

The germ of a vector field tangent to S, of non trivial action on algebraic
restrictions of closed 2-forms to S, may be described as a linear combination germs
of the following vector fields: Xg = F, X1 = ©1F, Xo = x2F, X3 = x3F,
Xj1o=2LE for 1<l<pu—3, where E is the Euler vector field E = Z?:1 \ix;0/0z;
and the \; are the weights for z;.

PROPOSITION 4.10. When u is an even number then the infinitesimal action
of germs of quasi-homogeneous vector fields tangent to N on the basis of the vector
space of the algebraic restrictions of closed 2-forms to N is presented in Table Gl

TABLE 6. Infinitesimal actions on algebraic restrictions of closed
2-forms to S,. E = (pt—3)x10/0z1 + ( — 3)x20/0x2 + 2230/0x3

Lx,[65] [61] [62] (03] 04] [044k] for 0<k<r
Xo=FE (r+2)[01) | r+2)[02] | 2r(6s] | @r+2)[0a)| (r4+2(k+1))[0ass]
Xi=w1E 0] ~(r+2)[6s]| (0] 0] [o]
Xo=22E —r[0a] o [ (0 (0]
Xs=u3F (r+4)[05] 0] r[0a] 0] (r+2(k+2))[051]
Xio :kxéE (r+204+2)64] | [0] o] 0] | (r+2(k+141)) Bair]
<r—
Xiso=abE |(r+204+2)[0su]| (0] 0] 0] [o]
r—k<i<r-1

REMARK 4.11. When p is odd we obtain a very similar table, we only have to
divide by 2 all coefficients in Table[6l The next part of the proof is written for even
1. In the case of odd i we repeat the same scheme.

Let A= [Y1, ci6/] s, be the algebraic restriction of a symplectic form w.

The first statement of Theorem A4 follows from the following lemmas.

LEMMA 4.12. If ¢ # 0 then the algebraic restriction A = [Y_1" | aifi]s, can
be reduced by a symmetry of S,, to an algebraic restriction [0y + 202 + ¢303]s, .

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



60 WOJCIECH DOMITRZ AND ZANETA TREBSKA

ProoF oF LEMMA 4121 We use the homotopy method to prove that A is
diffeomorphic to [01 420243035, . Let By = [c1601+cobz+c303+(1—1) S, ablls,
for t € [0;1]. Then By = A and By = [c101 + c202 + c303]s,. We prove that there
exists a family ®; € Symm(S,,), t € [0;1] such that
(4.5) OB, = By, by = id.

Let V; be a vector field defined by % = Vi(®;). Then differentiating (LX) we
obtain

(4.6) Ly,B, =D ab)).
=4

We are looking for V; in the form V; = Z’;;f by (t) X where the bg(t) for k =
1,..., 1—2 are smooth functions by, : [0; 1] — R. Then by Proposition 10 equation

(@3 has a form

(4.7)
—(r+2)ca —rea rcs 0 0 0 0 b1(t) C4
0 0 (T —+ 4)61 0 0 bQ (t) Cs
0 0 (I1-t)(r+6)cs (r+6)cr 0 0 0 bs(t) Ce
; ; : By 0 00 C | =
0 0 (A-t)(r+2k)cpz --- (r+2k)er 0 br+1(t) Ch+3
0 0 : : 0
i 0 —%63 3(1—-t)reu—1 o 3(=t)repppa- e 3ren | [bu—2(t) L cu |
If ¢1 # 0 we can solve ([@.T7).
We obtain bs(t) = iy and we may choose any b;.
Other functions by, are determined by that choice.
Let by (t) = 0. This implies by(r) = meatal=ts — —cacs, _ e,
Next b4(t) = (ng)q _ (16—1t) C5b3(t), b5(t) = (ng)q _ (16_1t) (CGbg(t) + C5b4(t)),
consequently by41(t) = (Tf;,gcl — (1c_1t) E;’;S Crt5-1bi(t) for k < p—3,

CH

and eventually bu_g(t) = 3rer + ﬁCBbQ(t) _ (1;t) 272—33 Cu+2—lbl(t)'

Diffeomorphisms ®; may be obtained as a flow of the vector field V;. The family
®, preserves Sy, because V; is tangent to S, and ®;B; = A. Using the homotopy
arguments we have A diffeomorphic to By = [¢1601 +c26 +0393]5#. By the condition
¢1 # 0 we have a diffeomorphism ¥ € Symm/(S,) of the form

__r r 2

(4.8) U (21, 20,73) = (¢ "Par,¢y TPaa,cq a3),

and we obtain
c -2 ~ ~
\I/*(Bl) = [01 + é@z + c3cq e 93]53“ = [91 + 0202 + 0393}5'“.
|

LEMMA 4.13. If ¢c; =0and ca #0 and ¢4, #0 and ¢; =0 for 5 <1 <4 +k,
then the algebraic restriction A = [3°]_, ci0i]s, can be reduced by a symmetry of
S, to an algebraic restriction [0o + c303 + +Cayrbarr]s, -
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ProOOF OF LEMMA T3] If ¢; = 0 and ¢ # 0 and ¢4y # 0 and ¢ = 0 for
5 <Il<4+k, then A= [0292 + 303 + 404 + 27:4+k 0191]5#.
Let B;= [6292 + c303 + (1 — t)C404 + cariOaqr + (1 — t) 27:54-1@ 6101]5M for t € [0, 1]
Then By = A and B = [cabs + 303 + cayrbiir]s,. We prove that there exists a
family ®, € Symm(S,), t € [0;1] such that
(4.9) OB, = By, o = id.

Let V; be a vector field defined by % = Vi(®;). Then differentiating (£9) we
obtain

o
(4.10) Ly, B = [cab4 + Z Clgl]SM-

I=5+k
We are looking for V; in the form V; = g;f by (t) X where the by (t) are smooth

functions by : [0;1] — R for k = 1,...,u — 2. Then by Proposition equation

(#I0) has a form

_ bt .
—(r4+2)cz 0 rcs 0 0 ba() ca
0 0 (r42k+4)cea 0 -+ - 0 2 Cors
(4.11) ' ' bs(t) | = |
0 0 : .0 -0 .
0 —ﬁc 3(1 —t)rcy—1 -+ 3rcga0---0 ' c
2 3 ( ) p—1 +4 _bu_g(t)_ iz

If ¢o # 0 we can solve ([@II)). Diffeomorphisms ®; may be obtained as a flow of
the vector field V;. The family ®; preserves S, because V; is tangent to S, and
®7B, = A. Using the homotopy arguments we have that A is diffeomorphic to
By = [e26a + 303+ cay1bi1k]s,. By the condition ¢y # 0 we have a diffeomorphism
U e Symm(S,,) of the form

T T 2

(4.12) U (21, 20,73) = (cy " a1,00 a0,y 2 a3),

and we obtain
* _r2_4:2 _(1+T2_fg) ~ ~
U (Bl) = [92 + ¢3¢y 03 + C4+kCo 94+k]5“ = [92 + ¢363 + C4+k04+k]S‘L-

O
LEMMA 4.14. If ¢ =0 and ca #0 and cqyr, =0 for k € {1,...,u — 5}, then

the algebraic restriction A = [> 1., aby]s, can be reduced by a symmetry of S, to
an algebraic restriction [0 + 303 + ¢,.0,]s, where ¢3¢, =0 .

Proor or LEMMA .14l We use methods similar to those in the proof of the
previous lemma. Now A = [c202 + c303 + cabs + 0,5, -
When C3 75 0 let Bt = [6292 + 6303 + (1 — t)C494 + (1 — t)Cueu]SM for t € [0, 1]
Then By = A and By = [ca02 + c303]s,. We prove that there exists a family
o, € Symm(S,), t € [0;1] such that
(4.13) OB, = By, By = id.
Let V; be a vector field defined by %3+ = V;(®;). Then differentiating (@I3) we
obtain

(414) E\QBt = [6494 + CMGM]S#-
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We are looking for V; in the form V; = Zi:l br X where the b, € R. Then by
Proposition fI0 equation (£I4) has a form

b1
(4.15) —(r+2)c2 0 rc3 :| _ [ Ca }

b
0 —2lc 0 ’
b3

Cu

If ¢35 # 0 we can solve ([10) and ®; may be obtained as a flow of the vector field
Vi. The family ®; preserves S, because V; is tangent to S, and ®;B; = A. Using
the homotopy arguments we have that A is diffeomorphic to By = [c262 + c363]s,,.
By the condition ¢ # 0 we have a diffeomorphism ¥ € Symm(S,,) of the form

T T 2

(4.16) U (z1,22,23) — (¢ mxl,c;mxz,c;mxg),
and we obtain
_2r

\I/*(Bl) = [92 + C3Coy T2 03]SH = [92 + 5303]53“.
In the case c3 = 0 we take B; = [cafly + (1 —t)cally +cub,]s, fort € [0;1] and we
can solve only the first equation of ([@IH)). Using the homotopy arguments we have
that A is diffeomorphic to By = [caf2 + c,0,]s,. Using the diffeomorphism (E.I6])
we obtain \

U*(B1) = [02 + cucy " 0,]s, = [02 +¢u0,]s, -

|

LEMMA 4.15. If ¢ =0 and ca = 0 and czcqyy, # 0 and ¢; =0 for5 <1 < 4+k,
then the algebraic restriction A = D1, ath]s, can be reduced by a symmetry of
S, to an algebraic restriction (03 + Cayibair + +C5116051k]s

PROOF OF LEMMA Ife; =0,c0 =0and c3 # 0 and c44 # 0 and ¢; = 0 for
5 <l<4+k, then A= [0393 + cq04 + E?:%Lk 0191}5“.
Let By = [c303 4 (1 —t)cabs + cayrbarr + 215, p C(1)0i]s, for t € [0;1] where the
¢;(t) are smooth functions ¢;(t) : [0; 1] — R such that ¢;(0) = ¢;. Then By = A and
By = [e303 + carrbarr + 21 sy C1(1)0]s,,-

Let ®;, ¢t € [0;1], be the flow of the vector field V' = T%Xg. We show that
there exist functions ¢; such that

(4.17) OB, = By, by = id.
Then differentiating (£I7) we obtain

= [c40 -~ & 0
(418) ,CvBt = [64 4 — Z E Z]Sur'
I=5+k

We can find the ¢; as solutions of the system of first order linear ODEs defined by
(#I8) with the initial data ¢;(0) = ¢; for Il = 5+k, ..., u. This implies that By = A
and By = [e303+ cark0a1k + 27:5-% c(1)8]s, are diffeomorphic. Denote ¢ = ¢;(1)
forl=5+k,..., 0.

Next let Ct = [0393 + C4+k94+k + 65+k05+k + (1 — t) Z?:6+k 6191]5/" fort € [0, 1]

Then Co = By and Cy = [c303 + caypbarr + Cs1x054k]s, -

We prove that there exists a family T, € Symm(S,,), t € [0;1] such that

(4.19) TiC, = Co, Yo = id.
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Let V; be a vector field defined by dg;t = Vi(Yy). Then differentiating (£I9]) we
obtain

o
(4.20) Ly,Bi=[> abs,.
1=6+k
We are looking for V; in the form V; = ’,:;z by (t) X where the by (t) are smooth

functions by : [0;1] — R for k = 4,...,u — 2. Then by Proposition L.I0 equation

(@20) has a form

(7”—|—2k =+ 6)0)@44 0 0 cee - 0 b4(t) ék;+6
(r4+2k+8)éxs (r+2k+8)cka 0 -+ -+ 0 bs(t) Cr+7
(4.21) : : , : =1 .
: : . 0 .0 :

3r(l—t)éu—1 3réu—2(1—1t) -+ 3rcpa 0--- bu—2(t) Cu

o

If ¢y # 0 we can solve (LZI) and T; may be obtained as a flow of the vector
field V;. The family Y, preserves S,, because V; is tangent to S, and Y;C; =
Co = By. Using the homotopy arguments we have that A is diffeomorphic to B
and B; is diffeomorphic to C;. By the condition cs # 0 we have a diffeomorphism
U e Symm(S,) of the form

_1 _1 _1
(4.22) U (21,22, 23) = (|e3| " 2@y, |eg| T 22, |es| T xs),

and we obtain
. c - - - ~
U (Cy) = [ﬁ% + CaqkOsyk + Csyrbsik]s, = [sgn(c3)l3 + CaqkOair + Cs41b511]s, -
3
By the following symmetry of S,: (21, %2, x3) — (—21,Z2, x3), we have that [0 +
E4+k04+k + E5+k05+k]5,‘, is diffeomorphic to [03 — E4+k04+k - ’Cv5+k95+k]gﬂ.
O

LEMMA 4.16. If c; =0andca =0andcs #0 andc; =0 for5 <l <pu—1,
then the algebraic restriction A = [3°]_, ci0i]s, can be reduced by a symmetry of
S, to an algebraic restriction (03 + ¢,—10,—1]s

L
PrROOF OF LEMMA .6 The proof of this lemma is very similar to the previ-
ous case. It suffices to notice that if c3 # 0 we can solve the equation

0 rC3 ba | | ca
7%63 3reu—1 bs Cu

LEMMA 4.17. If ¢y =co=c3=0 andcgsr;, #0 andc; =0 for 5 <1l <4 +k,
then the algebraic restriction A = [Y1" ci0)]s, can be reduced by a symmetry of
S, to an algebraic restriction [c4bs + caykBatrkls

(4.23)

]

®

PROOF OF LEMMA [LT7 We use similar methods as above to prove this lemma.
In this case A= [C494+E?:4+k Clel}su. Let B; = [6494+C4+k94+;€+(1—t) Z;;E)Jrk Clel]su
for t € [0;1]. Then By = A and By = [c40s + cayx0441]s,. We prove that there
exists a family ®; € Symm(S,,), t € [0;1] such that

(4.24) OB, = By, o = id.
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Let V; be a vector field defined by <2t = V;(®;). Then differentiating (@24) we
obtain
"
(4.25) Ly, B = [ Z Clel}su.
I=5+k
We are looking for V; in the form V; = Z’,:;g by (t) X, where the by (t) are smooth
functions by : [0;1] — R for k = 3,...,u — 2. Then by Proposition equation

(#23) has a form

(r+2k + 4)crta 0 o -+ -0 bs(t) Ck+t5
(r+2k+6)crs(1 — ) (r+2k+6)cpa 0 -+ -+ 0 ° Chort
(4.26) o A =
Do . S
bu*2(t)
3reu—1(1—1t) 3rcu—2(1—1¢) +- 3rcpa0--- 0 Cu

If c4pr # 0 we can solve ([L20) and ®; may be obtained as a flow of the vector
field V;. The family ®; preserves S, because V; is tangent to S, and ®;B; = A.
Using the homotopy arguments we have that A is diffeomorphic to By = [c404 +
carkOatkls, -

When ¢4 # 0 we have a diffeomorphism ¥ € Symm(S,,) of the form

(4.27) W (21,20, 23) — (Jea] T2 aq, g " FF2 a0, |C4|_2T2Tx3),

and we obtain
*  2k+r42 _
U*(B1) = [sgn(ca)fs + carplea|” 2 )94+k]5,,, = [£04 + Cayrbayrls, -
By the following symmetry of S,,: (x1,x2,x3) — (=21, 22, z3), we have that [—04+
Cayrbatr]s, is diffeomorphic to [0y — Caqx0ayk]s,-
When cyq # 0 then we may use a diffeomorphism ¥, € Symm(S,) of the
form

T T 2
. T 2k+r+2 T 2k+r42 T 2kFri2
(4.28) Uyt (w1, 20,23) = (e n a0 e, 0 T ),

and we obtain
* _ 7(213352&) g
Ui(B1) = [cacy iy, 04 + Osyr]s, = [Ca0s + Osyk]s,.

]

Statement (i¢) of Theorem 4] follows from Theorem .9

(#i¢) Now we prove that the parameters ¢; are moduli in the normal forms. The
proofs are very similar in all cases. We consider as an example the normal form with
two parameters [01 + cofz + c303]s,. From Table [fl we see that the tangent space
to the orbit of [01 + cafy + c303]s, at [01 + cabla + c303]s, is spanned by the linearly
independent algebraic restrictions [rf); +7cafs + 2¢303]s,, [04]s,, [05]s,, - - -5 [Ou]s,-
Hence the algebraic restrictions [f2]s, and [f3]s, do not belong to it. Therefore the
parameters co and ¢z are independent moduli in the normal form [0 4c2602+c305] S,

Statement (iv) of Theorem 4] follows from the conditions in the proof of part

(1) (codimension) and from Theorem and Propositions B4 and 27 (index of
isotropy).

O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SYMPLECTIC S,, SINGULARITIES 65

References

[A1] V. 1. Arnold, First step of local symplectic algebra, Differential topology, infinite-
dimensional Lie algebras, and applications. D. B. Fuchs’ 60th anniversary collection.
Providence, RI: American Mathematical Society. Transl., Ser. 2, Am. Math. Soc. 194(44),
1999,1-8. MR1729356/(2001h:58055)

[AG] V. 1. Arnold, A. B. Givental Symplectic geometry, in Dynamical systems, IV, 1-138,
Encyclopedia of Matematical Sciences, vol. 4, Springer, Berlin, 2001. MR1866631

[AVG] V.1 Arnold, S. M. Gusein-Zade, A. N. Varchenko, Singularities of Differentiable Maps,
Vol. 1, Birhauser, Boston, 1985. MR777682 (86f:58018)

D] W. Domitrz, Local symplectic algebra of quasi-homogeneous curves, Fundamentae Math-
ematicae 204 (2009), 57-86. MR2507690//(2010j:58092)

[DJZ1] W. Domitrz, S. Janeczko, M. Zhitomirskii, Relative Poincare lemma, contractibility,
quasi-homogeneity and vector fields tangent to a singular variety, Ill. J. Math. 48, No.3
(2004), 803-835. MR2114253 (2006b:32010)

[DJZ2] W. Domitrz, S. Janeczko, M. Zhitomirskii, Symplectic singularities of varietes: the
method of algebraic restrictions, J. reine und angewandte Math. 618 (2008), 197-235.
MR2404750| (2009€:53098)

[DR] W. Domitrz, J. H. Rieger, Volume preserving subgroups of A and K and singulari-
ties in unimodular geometry, Mathematische Annalen 345 (2009), 783-817. MR2545866
(2011d:58096)

[DT] W. Domitrz, Z. Trebska, Symplectic Ty, Ty singularities and Lagrangian tangency or-
ders, to appear in Proceedings of the Edinburgh Mathematical Society.

(G] M. Giusti, Classification des singularités isolées d’intersections complétes simples, C. R.
Acad. Sci., Paris, Sér. A 284 (1977), 167-170 . MR0440067| (55:12948)

[1J1] G. Ishikawa, S. Janeczko, Symplectic bifurcations of plane curves and isotropic liftings,
Q. J. Math. 54, No.1 (2003), 73-102. MR1967071|/(2004b:58063)

[1J2] G. Ishikawa, S. Janeczko, Symplectic singularities of isotropic mappings, Geomet-

ric singularity theory, Banach Center Publications 65 (2004), 85-106. MR2104340
(2005h:58073)

K] P. A. Kolgushkin, Classification of simple multigerms of curves in a space endowed with
a symplectic structure, St. Petersburg Math. J. 15 (2004), no. 1, 103-126. MR1979720
(2004g:58054)

[L] E. J. M. Looijenga Isolated Singular Points on Complete Intersections, London Math-
ematical Society Lecture Note Series 77, Cambridge University Press 1984. MR747303
(86a:32021)

(W] C. T. C. Wall, Singular points of plane curves, London Mathematical Society Student
Texts, 63, Cambridge University Press, Cambridge, 2004. MR2107253(2005i:14031)
(Z] M. Zhitomirskii, Relative Darboux theorem for singular manifolds and local contact al-

gebra, Can. J. Math. 57, No.6 (2005), 1314-1340. MR2178564 |(2006{:53116)

WARSAW UNIVERSITY OF TECHNOLOGY, FACULTY OF MATHEMATICS AND INFORMATION SCI-
ENCE, PLAC POLITECHNIKI 1, 00-661 WARSAW, POLAND
E-mail address: domitrz@mini.pw.edu.pl

WARSAW UNIVERSITY OF TECHNOLOGY, FACULTY OF MATHEMATICS AND INFORMATION SCI-
ENCE, PLAC POLITECHNIKI 1, 00-661 WARSAW, POLAND
E-mail address: ztrebska@mini.pw.edu.pl

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=1729356
http://www.ams.org/mathscinet-getitem?mr=1729356
http://www.ams.org/mathscinet-getitem?mr=1866631
http://www.ams.org/mathscinet-getitem?mr=777682
http://www.ams.org/mathscinet-getitem?mr=777682
http://www.ams.org/mathscinet-getitem?mr=2507690
http://www.ams.org/mathscinet-getitem?mr=2507690
http://www.ams.org/mathscinet-getitem?mr=2114253
http://www.ams.org/mathscinet-getitem?mr=2114253
http://www.ams.org/mathscinet-getitem?mr=2404750
http://www.ams.org/mathscinet-getitem?mr=2404750
http://www.ams.org/mathscinet-getitem?mr=2545866
http://www.ams.org/mathscinet-getitem?mr=2545866
http://www.ams.org/mathscinet-getitem?mr=0440067
http://www.ams.org/mathscinet-getitem?mr=0440067
http://www.ams.org/mathscinet-getitem?mr=1967071
http://www.ams.org/mathscinet-getitem?mr=1967071
http://www.ams.org/mathscinet-getitem?mr=2104340
http://www.ams.org/mathscinet-getitem?mr=2104340
http://www.ams.org/mathscinet-getitem?mr=1979720
http://www.ams.org/mathscinet-getitem?mr=1979720
http://www.ams.org/mathscinet-getitem?mr=747303
http://www.ams.org/mathscinet-getitem?mr=747303
http://www.ams.org/mathscinet-getitem?mr=2107253
http://www.ams.org/mathscinet-getitem?mr=2107253
http://www.ams.org/mathscinet-getitem?mr=2178564
http://www.ams.org/mathscinet-getitem?mr=2178564

	Symplectic 𝑆_{𝜇} Singularities
	1. Introduction
	2. The method of algebraic restrictions
	3. Discrete symplectic invariants.
	4. Symplectic 𝑆_{𝜇}-singularities
	References


