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Abstract. In this paper we show to what extent the closed, singular 2-forms are represented,
up to the smooth equivalence, by their restrictions to the corresponding singularity set. In the
normalization procedure of the singularity set we find the sufficient conditions for the given closed
2-form to be a pullback of the classical Darboux form. We also find the classification list of simple
singularities of the maximal isotropic submanifold-germs in the codimension one Martinet’s
singular symplectic structures. An example of the exotic singular symplectic structure-germ
with no existence of Lagrangian germs is constructed and the singularity theory framework for
the pulled back singular symplectic forms is provided.

1. Introduction. Let ω be a closed 2-form on R2n, ω is called a singular form if
ωn = fΩ, where Ω is the volume form and f is a smooth function f : R2n → R such
that Σ2 = f−1(0) 6= ∅. In [13], [16] and [8] it was shown that there are five generic
types of singularities for germs of closed 2-forms on R4. All these generic types, among
which one is unstable and has moduli parameters, are determined by the geometry of the
pullback i∗ω to the hypersurface of singularities i : Σ2 → R4. The positions of Σ2 and
the internal geometry of the form distinguish the singularity types and reconstruct the
singular symplectic form itself. There is a straightforward observation that the considered
types of forms are represented by the classical Darboux form ωD on R4, namely ω =

φ∗ωD, where φ is a smooth map-germ. Thus one can formulate immediately the natural
questions:
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1. How do the invariants of the geometry of the singularity surface Σ2 distinguish
and describe the equivalence classes of the closed 2-forms?

2. Can any closed 2-form be represented as a pullback from the canonical Darboux
form?

3. Is the geometry of isotropic varieties for the singular symplectic forms determined
by the isotropic varieties in the Darboux case?

In Section 2 we show to what extent the closed 2-form is represented by its restriction
to the singularity hypersurface, moreover we express the closed 2-forms on R2n, with the
singularity set being a smooth hypersurface, by the specific forms on the singularity set.
The similar problems for singular contact structures are considered in [9], [10].

An answer for the second question is obtained in Section 3. At first it is shown that
all diagonal closed 2-forms are represented by the canonical pullback, then the sufficient
conditions are found for the general singular closed 2-form to be a pullback from the
Darboux form. In this section we also show that for the important class of closed 2-forms
their canonical representation exists.

Then in Section 4 we show the possible pathological difference between singular sym-
plectic structures and symplectic structures. For that we construct the singular exotic
symplectic form, which cannot be reduced to the diagonal one and has no maximal
isotropic subspace passing through the chosen source point of the germ. This suggests
the nontriviality of the classification problem for the maximal isotropic germs of surfaces
in the singular symplectic structures (as is also pointed out in [11, 12]). Thus as an in-
troductory approach, the list of simple normal forms of maximal isotropic germs in the
simplest Σ20 Martinet’s singular symplectic structure is obtained.

2. Singularity sets for the degenerate symplectic structures. Let M be an
m-dimensional smooth manifold (m ≥ 2) and let ω be an arbitrary 2-form on M . The
integer rankω|x = 2s(x) defined by

(
ω|x
)s(x) 6= 0,

(
ω|x
)s(x)+1

= 0,(1)

is called the rank of ω at x ∈M . For any x ∈M there exists a basis B = (e1, e2, . . . , em)

of the space TxM such that

ω|x =

s(x)∑

k=1

e∗2k−1 ∧ e∗2k ,(2)

where (e∗1, . . . e
∗
m) is the basis of T ∗xM dual to B (see [4], I, Theorem 5.1). Any such B

will be called a canonical basis for the form ω at the point x. If x is fixed then there exist
a neighborhood U of x in M and coordinates x1, . . . , xm on U such that

e1 =
∂

∂x1

∣∣∣
x
, e2 =

∂

∂x2

∣∣∣
x
, . . . , em =

∂

∂xm

∣∣∣
x
.

Then, in this basis, we have

ω|x =

s(x)∑

k=1

dx2k−1 ∧ dx2k .(3)
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We will call x1, x2, . . . , xm the canonical coordinates for ω at x ∈M .
If M is an even-dimensional manifold then there are canonical coordinates at x ∈M ,

(p, q) = (p1, . . . , pn, q1, . . . , qn), such that

ω|x =

s(x)∑

k=1

dpk ∧ dqk .(4)

Now we introduce the following notion

Definition 1. The set

Σ2(ω) = {x ∈M : rankω|x < dimM}
is called the singularity set of ω.

Let ω be a closed 2-form on R2n. Let (p, q) = (p1, . . . , pn, q1, . . . , qn) be a coordinate
system on R2n. Ω = dp1 ∧dq1 ∧ . . .∧dpn ∧dqn is the volume form. Then ωn = fΩ, where
f is a smooth function on R2n. The singularity set of ω is the zero level set of f .

Proposition 1. Let S be a closed subset of R2n. Then there exists a closed 2-form
ω such that S = Σ2(ω).

Proof. There exists a smooth function f on R2n such that S = f−1(0). We consider
the 1-form

α =
n∑

i=2

pi dqi +

(∫ p1

0

f(t, p2, . . . , pn, q1, . . . , qn) dt

)
dq1.(5)

Let ω = dα. Then it is easy to check that Σ2(ω) = f−1(0) = S.

We assume that zero is a regular value of f in the formula ωn = fΩ. Hence Σ2(ω) =

f−1(0) is a smooth hypersurface of codimension 1 in R2n. We may find a coordinate
system (p, q) on R2n such that locally f(p, q) = p1 (cf. [13]).

It is obvious that if two singular closed 2-forms are equivalent then their pullbacks to
their singularity sets are equivalent. We want to consider the inverse problem. Now we
have the following straightforward lemma.

Lemma 1. Let ω0 and ω1 be two germs of closed 2-forms on R2n at 0, such that
ωn0 /Ω and ωn1 /Ω are regular functions at 0. Assume that H is a common singularity
hypersurface of both these forms. Then

ωn0 = fΩ, ωn1 = (a+ g)fΩ,

where a 6= 0, df |0 6= 0 and f, g are smooth function-germs vanishing at 0.

Firstly we assume that these singular 2-forms are equal on their singularity set. Then
we obtain the following result.

Theorem 1. Let ω0 and ω1 be two germs at 0 of closed 2-forms on R2n with the
common singularity hypersurface H = {f = 0}, ωn0 = fΩ, ωn1 = f(a + g̃)Ω, df |0 6= 0,
where g̃ is a smooth function-germ, g̃(0) = 0, a > 0, ω0|THR2n = ω1|THR2n = ω̃.

Then there exists a diffeomorphism-germ Φ : (R2n, 0)→ (R2n, 0) such that

Φ?ω1 = ω0

and Φ|H = IdH .
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Proof. First we simplify the forms ω0 and ω1. We find the local coordinate system
such that ωn0 = p1Ω, ωn1 = p1(a+ g)Ω, where g is a smooth function-germ, g(0) = 0. By
assumptions, we have ωi = p1αi + ω̃, where ω̃ = ωi|T{p1=0}R2n for i = 0, 1. Then further
on we use the Moser homotopy method (see [15]). Let ωt = tω1 + (1− t)ω0, for t ∈ [0, 1].

We assume that Φ?tωt = ω0, for t ∈ [0, 1], Φ0 = Id. Differentiating the above homotopy
equation by t, we obtain

d(Vtcωt) = ω0 − ω1 = p1(α0 − α1),

where Vt = d
dtΦt. Now we prove the following

Lemma 2. If p1α is a closed 2-form on R2n then there exists a 1-form β such that
p1α = d(p2

1β).

Proof of Lemma 2. One can show that there exists a 1-form γ such that p1α =

d(p1γ) = dp1 ∧ γ + p1 dγ (see [2]). Therefore dp1 ∧ γ|T{p1=0}R2n = 0. Hence there exist a

1-form δ and a smooth function f such that γ = p1δ + fdp1. If we take β = δ − df
2 then

p1α = d
(
p1γ − d

(p2
1f

2

))
= d(p2

1β),

which finishes the proof of Lemma 2.

Let us notice that p1(α0 − α1) = ω1 − ω0 is closed. By the above lemma we have

Vtcωt = p2
1β.(6)

Now we compute

ωni = (p1αi + ω̃)n = ω̃n + p1

n∑

k=1

(
n

k

)
pk−1

1 αki ∧ ω̃n−k.

But ωni |T{p1=0}R2n = 0. This clearly forces ω̃n = 0. By the above formula we get

nα0 ∧ ω̃n−1 = Ω− p1

n∑

k=2

(
n

k

)
pk−2

1 αk0 ∧ ω̃n−k

and

nα1 ∧ ω̃n−1 = (a+ g)Ω− p1

n∑

k=2

(
n

k

)
pk−2

1 αk1 ∧ ω̃n−k.

These equations imply the formula

ωnt =
(
p1(tα1 + (1− t)α0) + ω̃

)n

= p1

(
tnα1 ∧ ω̃n−1 + (1− t)nα0 ∧ ω̃n−1

)
+

n∑

k=2

(
n

k

)
pk1
(
tα1 + (1− t)α0

)k ∧ ω̃n−k

= p1(1 + t(a+ g − 1))Ω

+ p2
1

n∑

k=2

(
n

k

)
pk−2

1

(
(tα1 + (1− t)α0)k − tαk1 − (1− t)αk0

)
∧ ω̃n−k.

(7)

From (7) we obtain

ωnt = p1

(
1 + t(a+ g − 1) + p1ht

)
Ω,(8)
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where ht is a smooth function. Let us notice that (1 + t(a+ g(0)− 1)) 6= 0 for a > 0 and
for t ∈ [0, 1]. Therefore ωt has the same singularity type for every t ∈ [0, 1]. The set of
singular points of ωt is nowhere dense, therefore by direct algebraic calculation, it is easy
to see that equation (6) is equivalent to the equation

Vtcωnt = np2
1β ∧ ωn−1

t .(9)

Combining this equation with equation (8) we obtain

Vtc
(
1 + t(a+ g − 1) + p1ht

)
Ω = np1β ∧ ωn−1

t .(10)

We can find a smooth vector field Vt that satisfies (10) and Vt|H = 0, because(
1+ t(a+g(0)−1)

)
6= 0 and the right hand side of (10) vanishes on H. Hence there exists

a diffeomorphism Φt such that Φ?tωt = ω0 for t ∈ [0, 1] and Φt|H = IdH . This completes
the proof of Theorem 1.

Now we define

ι : {p1 = 0} 3 (p2, . . . , pn, q1, . . . , qn) 7→ (0, p2, . . . , pn, q1, . . . , qn) ∈ R2n

and

π : R2n 3 (p1, p2, . . . , pn, q1, . . . , qn) 7→ (p2, . . . , pn, q1, . . . , qn) ∈ {p1 = 0} .
In general, using the above theorem, we reduce ω to the following prenormal form.

Proposition 2. If ωn = fΩ, f(0) = 0 and df |0 6= 0, then there exists a germ of a
diffeomorphism Φ : (R2n, 0)→ (R2n, 0) such that

Φ?ω = d(p1π
?α+ p2

1π
?β) + π?σ,

where σ = ι?ω and α, β are germs of 1-forms on {p1 = 0} satisfying the conditions

1. α ∧ (σ)n−1 = 0,

2.
(
2β ∧ σ + (n− 1)α ∧ dα

)
∧ (σ)n−2|0 6= 0.

Proof. It is easy to see that there exists 1-form γ such that ω = d(p1γ) + π?σ. It is
clear that we can write γ in the form γ = π?α+p1δ+gdp1, where α is a germ of a 1-form
on {p1 = 0}, g is a function-germ and δ is a germ of a 1-form. Then

d
(
p1(p1δ + g dp1)

)
= p1

(
2 dp1 ∧ δ + p1 dδ + dg ∧ dp1

)
.

By Lemma 2 we have ω = d(p1π
?α) + d(p2

1θ) + π?σ. Now we write θ in the form θ =

π?β + p1η + h dp1, where β is a germ of a 1-form on {p1 = 0}, h is a function-germ and
η is a germ of a 1-form. Then

ω = d(p1π
?α+ p2

1π
?β) + π?σ + p2

1(3 dp1 ∧ η + p1 dη + dh ∧ dp1).

Let ω0 = d(p1π
?α+ p2

1π
?β) + π?σ.

It is easy to see that

ω̃ = ω0|T{p1=0}R2n = dp1 ∧ π?α+ π?σ = ω|T{p1=0}R2n .

Now we calculate

ωn0 = (ω + p2
1ζ)n = p1Ω + p2

1

n∑

k=1

(
n

k

)
p

2(k−1)
1 ζk ∧ ωn−k = p1(1 + p1r)Ω,(11)
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where ζ = −(3 dp1 ∧ η+ p1 dη+ dh∧ dp1) and r is a smooth function-germ. Therefore by
Theorem 1 we have Φ?ω = ω0. Then we calculate again

ωn0 = n dp1 ∧ π?α ∧ (π?σ)n−1

+ np1 dp1 ∧
(
2π?β ∧ π?σ + (n− 1)π?α ∧ dπ?α

)
∧ (π?σ)n−2 + p2

1vΩ,

where v is a smooth function-germ. Combining the above formula with (11) we obtain
conditions 1 and 2 of Proposition 2.

Now we show the lower bound for the rank of the pullback of the generic singular
closed 2-form onto its singularity set.

Corollary 1. If ωn = fΩ, f(x) = 0, df |x 6= 0 and ι?ω = σ, where ι : {f = 0} ↪→
R2n, then rankσ|x = 2n− 2 or rankσ|x = 2n− 4.

Proof. We may assume that ωn = p1Ω and x = 0. By Proposition 2 we have(
2β ∧ σ + (n − 1)α ∧ dα

)
∧ (σ)n−2|0 6= 0. This implies σn−2|0 6= 0, where σ = ι?ω.

Therefore 2n− 4 ≤ rankσ|0 < 2n.

Remark 1. Let ω satisfy the assumptions of Corollary 1 at x = 0. The condition
rankσ|0 = 2n− 2 is equivalent to the transversality of

kerω =
{
v ∈ Tf−1(0)R

2n : vcω = 0
}

to Σ2(ω) = f−1(0) at 0. If ω satisfies the above condition then there exists a germ of a
diffeomorphism Φ : (R2n, 0)→ (R2n, 0) such that

Φ?ω = p1 dq1 ∧ dq1 +

n∑

i=2

dpi ∧ dqi ,

see [13]. This singular closed 2-form is called Σ20 Martinet’s singular symplectic form.
Thus the equivalence class of ω is determined by its pullback to the singularity hypersur-
face if rank ι?ω|0 = 2n− 2. Therefore the most interesting case is rank ι?ω|0 = 2n− 4.

Now we show that the closed 2-form with regular singularity hypersurface is deter-
mined by the pullback to the hypersurface and by a 1-form on that hypersurface.

Theorem 2. Let ωn = fΩ, f(0) = 0 and df |0 6= 0. If rank ι?ω|0 = 2n− 4 then there
exists a germ of a diffeomorphism Φ : (R2n, 0)→ (R2n, 0) such that

Φ?ω = d (p1π
?α) + π?σ,

where σ = ι?ω and α is a germ of 1-form on {p1 = 0} such that

1. α ∧ σn−1 = 0,

2. α ∧ dα ∧ σn−2|0 6= 0.

Proof. By Proposition 2, ω = d(p1π
?α) + d(p2

1π
?β) + π?σ. Then

ωn = 2np1 dp1 ∧ π?β ∧ π?(σn−1) + n(n− 1)p1 dp1 ∧ π?α ∧ dπ?α ∧ π?(σn−2) + p2
1vΩ,

where v is a smooth function-germ at 0. From σn−1|0 = 0 we have

ωn = n(n− 1)p1 dp1 ∧ π?α ∧ dπ?α ∧ π?(σn−2) + p1gΩ,
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where g is a smooth function-germ at 0 such that g(0) = 0. Therefore α∧dα∧σn−2|0 6= 0.
Let

ω0 = d (p1π
?α) + π?σ.

Then

ωn0 = n(n− 1)p1 dp1 ∧ π?α ∧ dπ?α ∧ π?(σn−2) + p1hΩ,

where h is a smooth function-germ at 0 such that h(0) = 0. One can check that

ω̃ = ω0|T{p1=0}R2n = dp1 ∧ π?α+ π?σ = ω|T{p1=0}R2n .

Therefore by Theorem 1 there exists a germ of a diffeomorphism Θ : (R2n, 0)→ (R2n, 0)

such that Θ?ω = ω0 and Θ|{p1=0} = Id{p1=0}.

Let us assume that n = 2. ω is a germ of a smooth closed 2-form on R4 at 0. From
Theorem 2 we obtain

Proposition 3. Let ω2 = fΩ, f(0) = 0 and df |0 6= 0. If rank ι?ω|0 = 0 then there
exists a germ of a diffeomorphism Φ : (R4, 0)→ (R4, 0) such that

Φ?ω = d (p1π
?α) + π?σ,

where σ = ι?Φ?ω is a germ of a closed 2-form on {p1 = 0} such that α ∧ σ = 0 and in
this four-dimensional case α is a contact form on {p1 = 0}.

Remark 2. The set

Σ22(ω) = {x ∈ Σ2(ω) : rankω|x = 0} ,
consists of the points where kerω is tangent to Σ2(ω). Generically Σ22(ω) has codimen-
sion 2 in Σ2(ω). If kerω is transversal to Σ22(ω) at 0 in Σ2(ω) then there exists a germ
of a diffeomorphism Φ : (R4, 0)→ (R4, 0) such that

Φ?ω = d(p1 − p2
2/2) ∧ dq1 + d(p1p2 ± q1q2 − p3

2/3) ∧ dq2 ,

see [16]. These singular closed 2-forms are called elliptic and hyperbolic Σ220 Martinet’s
singular symplectic forms . The symplectic form, the Σ20-type form, and both types of
Σ220 forms are locally stable on R4. Golubitsky and Tischler [8] have shown that there
are no more locally stable closed 2-forms on R4. They used the contact form α (see
Proposition 3) on a singularity hypersurface to prove this result.

By Proposition 3, it is easy to see that all germs of closed 2-forms on R4 that vanish
on their singularity hypersurface are equivalent.

Corollary 2. Let ω2 = fΩ, f(0) = 0 and df |0 6= 0. If ι?ω = 0 then there exists
a germ of a diffeomorphism Φ : (R4, 0)→ (R4, 0) such that

Φ?ω = d
(
p1(dq1 + p2dq2)

)
.

3. Canonical representation of a closed 2-form. Let (p, q) = (p1, . . . , pn, q1, . . . ,

. . . , qn) be a coordinate system on R2n. We denote by ωD the Darboux 2-form, i.e.

ωD :=

n∑

j=1

dpj ∧ dqj .(12)

The celebrated Darboux theorem states (see [17], [13], [2]):
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Theorem 3. Let ω be a germ at x of a closed and nondegenerate 2-form on a
2n-dimensional manifold M . Then there exists a germ of a diffeomorphism Φ : (M,x)→
(R2n, 0) such that

ω = Φ?ωD.(13)

In this section we want to generalize this theorem to the case when x ∈ Σ2(ω). We
are looking for necessary and sufficient conditions for ω to be of the form (13), where
Φ : (M,x) → (R2n, 0) is a smooth map (which is singular at x). Note that if f is an
arbitrary C∞-function on R2n and ω = dα where the 1-form α is given by (5) and
Σ2(ω) = f−1(0), then the suitable map Φ exists. Namely, we can take

Φ(p1, , . . . , pn, q1, . . . , qn)

=
(∫ p1

0

f(t, p2, . . . , pn, q1, . . . , qn) dt, p2, . . . , pn, q1, . . . , qn

)
.

(14)

Now we consider the case when there are coordinates (p, q) = (p1, . . . , pn, q1, . . . , qn)

such that ω can be written in the following way

ω(p, q) =

n∑

j=1

ωj(p, q) dpj ∧ dqj .(15)

We will call closed 2-forms of this type the diagonal forms.
If ω can be written in the form (15) then for any j = 1, 2, . . . , n the function-germ ωj

depends only on pj and qj i.e. ωj(p, q) = ωj(pj , qj). Indeed, since

dω =
∑

k 6=j

(∂ωj
∂qk

dqk ∧ dpj ∧ dqj +
∂ωj
∂pk

dpk ∧ dpj ∧ dqj
)

= 0

and the elements dqk ∧ dpj ∧ dqj and dpk ∧ dpj ∧ dqj , j, k = 1, 2, . . . , n, j 6= k, are linearly
independent, we deduce that ∂ωj

∂qk
=

∂ωj
∂pk
≡ 0 for j 6= k.

Let ω be a germ at x of a closed 2-form on a 2n-dimensional manifold M . Suppose
that there exists a chart Ψ = (p1, . . . , pn, q1, . . . , qn) : U → R2n on M , such that the
equality (15) holds. If we take Ψ̄ = Ψ − Ψ(x) instead of Ψ then we have that Ψ̄(x) = 0.
Let a 2n-dimensional cube (−a; a)2n be contained in Ψ̄(U) and let V := Ψ̄−1((−a; a)2n).
Define

Pj(p, q) :=

∫ pj

0

ωj(t, qj) dt,

Qj(p, q) := qj , j = 1, 2, . . . , n, (p, q) ∈ (−a; a)2n,

(P,Q) := (P1, . . . , Pn, Q1, . . . , Qn).

Then we have the map-germ Φ = (P,Q) ◦ Ψ̄|V , such that ω = Φ?ωD.

Let ω be a diagonal 2-form for some chart Ψ (see (15)). Then

ωn(p, q) = ω1(p1, q1) · . . . · ωn(pn, qn)Ω(p, q),

where Ω = dp1 ∧ dq1 ∧ . . . ∧ dpn ∧ dqn. If x ∈ Σ2(ω) then there exists m ∈ {1, 2, . . . , n}
such that ωm(pm(x), qm(x)) = 0. Hence Σ2(ω) contains a submanifold S := Ψ−1

(
{(p, q) ∈

R2n : pm = pm(x), qm = qm(x)}
)

of codimension two.
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Example 1. Let

f(p1, p2, q1, q2) := p2
1 + p2

2 + q2
1 + q2

2 , (p, q) ∈ R4,

and let ω = dα, where α is the 1-form defined in (5). Since Σ2(ω) = {0} ⊂ R4 does not
contain any submanifold of codimension two we obtain that a chart Ψ = (p, q) such that
ω has a diagonal form (15) does not exist. On the other hand there exists a map Φ such
that ω is the pullback from the Darboux form ωD (see (14)).

Another example of a closed 2-form ω which does not fulfil (15) is provided in the
next section (see Example 2).

Now we give a sufficient condition for ω to be of the form of pullback (13). To do this
we should recall some results concerning the Pfaffian systems (cf. [4]). Let α be a smooth
1-form on a manifold M . The Pfaff problem concerning α is the problem of finding all
submanifolds S of M for which

ι∗Sα = 0,(16)

where ιS : S →M is the natural embedding of S into M . The integer r(x) defined by
(
dα|x

)r(x) ∧ α|x 6= 0,
(
dα|x

)r(x)+1
= 0(17)

is called the rank of the equation (16) at a point x ∈M (see [4], p. 38). In this paper we
will call it the Pf-rank of the form α at a point x ∈ M . The Pf-rank is invariant under
the multiplication α→ gα, where g ∈ C∞(M) and g(x) 6= 0 for any x ∈M . We need the
following result which is known in the theory of Pfaffian systems.

Theorem 4. Assume that a germ at x of a 1-form α on a manifold M has a constant
Pf-rank r. Then there exist a coordinate system w1, . . . , wm (m = dimM) and a smooth
function-germ g at x such that g(x) 6= 0 and

α = g(dw1 + w2 dw3 + . . .+ w2r dw2r+1).(18)

The proof of this theorem can be found in [4] (Chapter II, page 38, Theorem 3.1).

Using this theorem we can prove the main result of the section.

Theorem 5. Let ω be a germ at x of a closed 2-form on a 2n-dimensional mani-
fold M . Suppose that there exist :

(i) a smooth function-germ f at x on M ,
(ii) a germ α at x of a smooth 1-form on M such that ω = d(fα) and α has a constant

Pf-rank r.
Then there exists a smooth map-germ Φ : (M,x)→ (R2n, 0) such that ω = Φ?ωD.

Proof. Since (dα)r ∧ α 6= 0, we deduce that r < n. By Theorem 4, there exist a
coordinate system w1, . . . , w2n in a neighborhood V of x and a smooth function g on V

such that equality (18) holds. Then

ω = d
(
fg(dw1 + w2dw3 + . . .+ w2rdw2r+1)

)

= d(fg) ∧ dw1 + d(fgw2) ∧ dw3 + . . .+ d(fgw2r) ∧ dw2r+1

and ω = Φ?ωD for

Φ(w1, . . . , w2n) := (fg, fgw2, fgw4, . . . , fgw2r, 0, . . . , 0︸ ︷︷ ︸
n

, w1, w3, . . . , w2r+1, 0, . . . , 0︸ ︷︷ ︸
n

).
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Corollary 3. If ω|n−1
x 6= 0 then there exists Φ : (M,x) → (R2n, 0) such that

ω = Φ?ωD.

Proof. If ω|nx 6= 0 then the result follows immediately from Theorem 3. Suppose that
ω|nx = 0, i.e. rankωx = 2(n− 1). Let (p, q) be the canonical coordinates for ω at x. Then

ω|x =

n−1∑

k=1

dpk ∧ dqk

(see (4)) which implies

ω|n−1
x = (n− 1)! dp1 ∧ dq1 ∧ . . . ∧ dpn−1 ∧ dqn−1 .

Let θ be a 1-form in a neighborhood U0 of x such that dθ = ω. If we put

α := θ − θx + dpn ,

where θx has constant coefficients on U0 (with respect to the coordinates (p, q)), then
dα = ω and αx = dpn. This gives

(ωn−1 ∧ α)x = (n− 1)! dp1 ∧ dq1 ∧ . . . ∧ dpn−1 ∧ dqn−1 ∧ dpn 6= 0.

Now the corollary follows from Theorem 5, where we put f ≡ 1.

Remark 3. Now we suppose that rankωx < 2(n−1). Then there are two possibilities
provided the assumptions of Theorem 5 are satisfied.

(A) There exists a germ of a 1-form θ at x such that ω = dθ and θ has a constant
Pf-rank r (r < n− 1). Then we can take f ≡ 1 and α = θ.

(B) The 1-form θ defined in (A) does not exist , but there exists a smooth function-
germ f and a germ of a smooth 1-form α such that ω = d(fα) and α has a constant
Pf-rank r > 0.

Now we explain the case (B). We have ω = df ∧ α+ f dα,

ωr ∧ (fα) =
[
rfr−1 df ∧ α ∧ (dα)r−1 + fr (dα)r

]
∧ (fα) = f r+1 (dα)r ∧ α

and

ωr+1 ∧ (fα) = f r+2 (dα)r+1 ∧ α ≡ 0.

If ω|rx∧(f(x)α|x) 6= 0 then ωr∧(fα) 6= 0 on some neighborhood V of x which means that
θ := fα has a constant Pf-rank r. This contradicts the assumption of (B). Consequently
ω|rx∧

[
f(x)α|x

]
= 0. Since (dα)|rx∧α|x 6= 0, we see that f has to vanish at x, and therefore

θ|x = f(x)α|x = 0. In this case we should investigate the set Mω
x of germs in x of all

smooth 1-forms θ such that dθ = ω and θ|x = 0.

4. Maximal isotropic germs in the singular symplectic structures. Let ω be
germ at zero of a closed 2-form on R2n. Let (L, 0) ⊂ R2n be germ of a smooth submanifold
of R2n, dimL = n, such that ω|L = 0. If ω is a symplectic form, then (L, 0) is called
the Lagrangian germ. If ω is a singular symplectic form, then (L, 0) will be called an M-
isotropic germ (maximal isotropic germ). One of the fundamental problems of symplectic
geometry (cf. [17]) is to study the local and global structure of the space of Lagrangian
submanifolds. There is a fundamental application of the singular symplectic structures in
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physics of equilibrium processes (cf. [11]) and electromagnetic interactions (cf. [5]). Again
there is a very natural motivation for investigation of isotropic subspaces and especially
maximal isotropic subspaces, which correspond to equilibrium states of the degenerate
systems.

The natural classification groups for isotropic submanifold-germs are those which
preserve ω. There is a crucial difference between the singular symplectic case and the
symplectic case, where all germs of Lagrangian submanifolds are equivalent. If the sin-
gularity set of ω is not empty then even the situation, when there exist no M-isotropic
germ, may happen. Now we present an example of such situation.

Example 2. Let c : R→ R4 be a curve given by the formula

c(t) =
(
c1(t), c2(t), c3(t), c4(t)

)
,

where

c1(t) :=
1

2
cos t(1 + cos t), c2(t) :=

1

2
sin t(1 + sin t),

c3(t) := −1

2
cos t(1− cos t), c4(t) := −1

2
sin t(1− sin t), t ∈ R.

We define a 1-form α on R4 by the formula

α(x) := e−1/r2
( 4∑

k=1

xkck

(1

r

))
dr, x ∈ R4 \ {0},

α(0) := 0,

where x = (x1, x2, x3, x4) and r2(x) := ‖x‖2 =
4∑
k=1

x2
k. It is clear that α is smooth (is a

C∞-form) on R4. Let ω := dα. Then ω is a smooth closed 2-form on R4 and

ω =
4∑

k=1

xk
d

dr

[
e−1/r2

ck

(1

r

)]
dr ∧ dr +

4∑

k=1

e−1/r2

ck

(1

r

)
dxk ∧ dr

= e−1/r2
( 4∑

k=1

ck

(1

r

)
dxk

)
∧ dr.

Let S be an arbitrary smooth surface (a 2-dimensional submanifold) in R4 such that
0 ∈ S. Let γ : (−ε; ε) → S be an arbitrary geodesic line (with respect to the Riemann
structure defined on S by the standard scalar product in R4) parametrized by the natural
parameter (the arc length) and such that γ(0) = 0. Denote by γ̇ the velocity vector field
along γ (γ̇(t) = dγ

dt (t)) and by v the normalized vector field along γ tangent to S and
perpendicular to ∂

∂r ◦ γ for t 6= 0. (For ε sufficiently small there exist exactly two such
vector fields. Then we choose one of them.) We have dr(v(t)) = 0 and therefore

ω
(
v(t), γ̇(t)

)
= e−1/r2

( 4∑

k=1

ck

(1

r

)
dxk(v) dr(γ̇(t))−

4∑

k=1

ck

(1

r

)
dxk(γ̇(t)) dr(v)

)

= e−1/r2(t)
4∑

k=1

ck

( 1

r(t)

)
vk(t)[γ̇(t)](r) = e−1/r2(t)

4∑

k=1

ck

( 1

r(t)

)
vk(t)

〈
γ̇(t),

γ(t)

|γ(t)|
〉
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for t 6= 0, where r(t) := |γ(t)|, vk(t) = dxk(v(t)) is the k-th coordinate of the vector v(t)

and
〈
·, ·
〉

denotes the standard scalar product in R4. Since lim
t→0+

γ(t)
|γ(t)| = γ̇(0) we obtain

lim
t→0+

〈
γ̇(t),

γ(t)

|γ(t)|
〉

=
∣∣γ̇(0)

∣∣2 = 1.

Then there exists δ1 > 0 such that for any 0 < t < δ1 we have
〈
γ̇(t), γ(t)

|γ(t)|
〉
> 0.

Since lim
t→0+

v(t) = v(0) and |v(0)| = 1 then there exist δ2 > 0 and a natural number

0 ≤ k ≤ 4 such that for any 0 < t < δ1 we have vk(t) 6= 0. Hence there exist n ∈ N and
0 < tn < δ := max{δ1, δ2} such that

r(tn) = |γ(tn)| = 1

(2n+ k/2)π
< δ.

Consequently

ω
(
v(tn), γ̇(tn)

)
= e−1/r2(tn)vk(tn)

〈
γ̇(tn),

γ(tn)

|γ(tn)|
〉
6= 0

which means that S is not an isotropic (Lagrange) submanifold of ω in R4. Hence there
are no Lagrange submanifolds of ω containing the origin of R4. This also implies that ω
is not of the form (15).

On the other hand, if we put

Φ(x) :=





(
e−1/r

( 4∑

k=1

xkck

(1

r

))
, 0, f(r), 0

)
for x 6= 0,

(0, 0, 0, 0) for x = 0,

where r = |x| and f(r) :=
∫ r

0
e−1/t dt, then Φ is smooth and ω = Φ∗ωD.

Now we show that even in the very degenerate case there is a possibility for a classi-
fication of the generic maximal isotropic germs.

Example 3. Let ω be a germ of a closed 2-form on R4 at 0 ∈ R4. Then ω2 = fΩ,
where Ω is a germ of a volume form on R4 at 0 and f is a function-germ at 0. We assume
that f(0) = 0, df |0 6= 0 and ι?ω = 0, where

ι : Σ2 → R4.

By Corollary 2, there exists a germ of a diffeomorphism Φ : (R4, 0)→ (R4, 0) such that

Φ?ω = d
(
p1(dq1 + q2dp2)

)
.

Let L be a germ of maximal isotropic submanifold in (R4, ω). If L is transversal to
Σ2 = {p1 = 0} at 0 then it is easy to see that

L =
{

(p, q) ∈ R4 : q1 = f1(p), q2 = f2(p)
}

(up to diffeomorphisms which preserve ω), where f1, f2 are function-germs on R2 at 0,
which vanish at 0. L is isotropic, therefore d

(
p1(df1 + f2dp2)

)
= 0. By the same method

as in the proof of Lemma 2 it is easy to prove that p1(df1 + f2dp2) = d(p2
1F ), where F is

a function-germ on R2 at 0. Hence

L =
{

(p, q) ∈ R4 : q1 = −S(p)− p1
∂S

∂p1
(p), q2 =

∂S

∂p2
(p)
}
,



SINGULAR SYMPLECTIC FORMS 69

where S is a function-germ on R2 at 0, vanishing at 0 and F = − ∂S
∂p1

. We call S a
generating function-germ for L.

By a diffeomorphism of the form (p1, p2, q1, q2) 7→ (p1, p2, q1−f1(p), q2−f2(p)), which
preserves ω, one can reduce L to the following germ of maximal isotropic submanifold

L0 =
{

(p, q) ∈ R4 : q1 = 0, q2 = 0
}
.

Obviously the germs of maximal isotropic submanifolds that are not transversal to Σ2

at 0 are not equivalent to L0.

Let ω be the pullback of the Darboux form ωD

ω = Φ?ωD,

where Φ : (R2n, 0) → (R2n, 0) is a smooth irregular map-germ. We consider the group
Gω of diffeomorphism-germs preserving ω, i.e. h∗ω = ω if h ∈ Gω. By Sω we denote those
elements of Gω which are Φ-lowerable to a symplectomorphism, i.e. h ∈ Sω if there exists
a symplectomorphism-germ φ : (R2n, ωD)→ (R2n, ωD) such that

Φ ◦ h = φ ◦ Φ.

The aim of this section is to provide the classification of M-isotropic germs under the
Sω-group action. The classification of M-isotropic germs for the subgroup of Sω of diffeo-
morphism germs preserving an extra canonical fibration was presented in [12] for the Σ20

Martinet’s singular form ω. Here we extend this result for the whole Sω-group action in
the case of the Σ20 Martinet’s singular symplectic form

ω = p1 dp1 ∧ dq1 +

n∑

i=2

dpi ∧ dqi .

It is easy to see that ω = Φ∗ωD, where Φ(p, q) = ( 1
2p

2
1, p2, . . . , pn, q1, . . . , qn).

Definition 2. The M-isotropic germ N ⊂ (R2n, ω) is called Φ-lowerable if there
exists a Lagrangian germ L ⊂ (R2n, ωD) such that Φ−1(L) ⊂ N .

Proposition 4. All smooth M-isotropic germs in (R2n, ω) are Φ-lowerable.

Proof. The proposition follows immediately from the proof of Proposition 2.7 in [12].
In fact any smooth M-isotropic germ (N, 0) may be written in the form

qi =
∂F

∂ξi
(λ, ξ)|ξ=( 1

2p
2
1,...,pn), 0 =

∂F

∂λj
(λ, ξ)|ξ=( 1

2p
2
1,...,pn),(19)

where 1 ≤ i ≤ n, 1 ≤ j ≤ k, (λ, ξ) → F (λ, ξ) is a generating Morse family-germ
for a Lagrangian germ (L, 0) of (R2n, ωD). There is an Sω-equivalent representation of
M-isotropic germ by the Legendre transformation of the function F (cf. [17], [3]), namely

1

2
p2

1 =
∂G

∂q1
(λ, q), . . . , pn =

∂G

∂qn
(λ, q), 0 =

∂G

∂λ
(λ, q).(20)

This form is accessible for the M-isotropic germs (N, 0) ⊂ {p1 = 0}.
By the action of the Sω-group of equivalences of M-isotropic germs we get the following

classification result.
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Theorem 6. Any smooth M-isotropic germ of (R2n, ω) is Sω-equivalent to

(N, 0) =
(
{(p, q) : qi = 0, 1 ≤ i ≤ n}, 0

)

or

(N, 0) =
(
{(p, q) : pi = 0, 1 ≤ i ≤ n}, 0

)
.

Proof. All smooth M-isotropic germs are represented by the Lagrangian germs. These
Lagrangian germs are transversal to the hypersurface {p1 = 0} or they are contained
in this hypersurface. If the germ (L, 0) is generated by F from the equations (19) then
it may be reduced to F ≡ 0 by a Φ-liftable symplectomorphism of (R2n, ωD) (cf. [6],
Theorem 1). If the germ (L, 0) is represented by a function G (it includes the case when
(L, 0) is contained in {p1 = 0}) then it may be reduced to G ≡ 0. So the corresponding
lifted elements of Sω reduce the M-isotropic germ to N = {(p, q) : q = 0} or to N =

{(p, q) : p = 0}.

The canonical singular M-isotropic germs, i.e. the singular M-isotropic map-germs
which are not enclosed into {p1 = 0}, ι : Rn → (R2n, ω), ι∗ω = 0, are represented by
the Lagrangian germs (L, 0), which are not transversal to the hypersurface {p1 = 0}. By
the straightforward use of Theorem 3 in [6] and further reduction of the prenormal forms
introduced in [18] (Theorem 1), the corank 1 singular M-isotropic germs are classified in
the following theorem.

Theorem 7. Let ω be a germ of the Σ20 Martinet’s singular form.

A. The prenormal forms of the generic M-isotropic germs of (R2n, ω) represented by
nontransversal Lagrangian germs are given in the form

1

2
p2

1 =
∂S

∂q1
(q), p2 =

∂S

∂q2
(q), . . . , pn =

∂S

∂qn
(q),

where

Ãk : S(q) = ±qk+1
1 +

k∑

i=2

gi(q2, . . . , qn)qk+1−i
1 ,(21)

and gk ∈m2 (m is a maximal ideal of the ring of smooth function-germs at zero).

B. The simple normal forms of M-isotropic germs of (R2n, ω) are Sω-equivalent to
one represented by function y → S(q) in the form

Ak : S(q) = q3
1 + q1(±qk+1

2 +Q(q3, . . . , qn)),
Dk : S(q) = q3

1 + q1(q2
2q3 ± qk−1

3 +Q(q4, . . . , qn)), k ≥ 4,
E6 : S(q) = q3

1 + q1(q3
2 ± q4

3 +Q(q4, . . . , qn)),
E7 : S(q) = q3

1 + q1(q3
2 + q2q

3
3 +Q(q4, . . . , qn)),

E8 : S(q) = q3
1 + q1(q3

2 + q5
3 +Q(q4, . . . , qn)),

Ck : S(q) = q2k+1
1 + q2

1q2 + q1Q(q3, . . . , qn), k ≥ 2,
Bk : S(q) = q3

1q3 + q2
1q2 + q1(±qk3 +Q(q4, . . . , qn)), k ≥ 2,

F4 : S(q) = q5
1 + q2

1q2 + q1(q3
3 +Q(q4, . . . , qn)),

U3 : S(q) = ±q4
1 + q1Q(q2, . . . , qn).
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(1970), 95–178.

[14] J. Martinet, Singularities of Smooth Functions and Maps, London Math. Soc. Lecture Note
Ser. 58, Cambridge Univ. Press, Cambridge, 1982.

[15] J. Moser, On the volume elements on a manifold , Trans. Amer. Math. Soc. 120 (1965),
286-294.
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