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ABSTRACT. We study the Wigner caustic on shell of a Lagrangian
submanifold L of affine symplectic space. We present the physical
motivation for studying singularities of the Wigner caustic on shell
and present its mathematical definition in terms of a generating
family. Because such a generating family is an odd deformation
of an odd function, we study simple singularities in the category
of odd functions and their odd versal deformations, applying these
results to classify the singularities of the Wigner caustic on shell,
interpreting these singularities in terms of the local geometry of L.

1. INTRODUCTION

The Wigner caustic of a smooth convex closed curve L on affine sym-
plectic plane was first introduced by Berry, in his celebrated 1977 paper
[3] on the semiclassical limit of Wigner’s phase-space representation of
quantum states. Thus, when L is the classical correspondence of a pure
quantum state, the Wigner function of this state takes on high values,
in the semiclassical limit, at points in a neighborhood of L and also
in a neighborhood of a singular closed curve in its interior, generically
formed by an odd number of cusps: the Wigner caustic of L.

Some years later, Ozorio de Almeida and Hannay studied the Wigner
caustic of a smooth Lagrangian torus L on affine symplectic 4-space
[13]. Since their main object of study was the geometrical place where
the amplitude of the Wigner function of the pure quantum state corre-
sponding to L rises considerably, in the semiclassical limit, they consid-
ered L itself as part of the Wigner caustic and focused some attention
on the part of the Wigner caustic that is close to and contains L.
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From a purely geometrical point of view, the Wigner caustic of L,
hereby denoted by E;/5(L), is defined as the locus of midpoints of seg-
ments connecting pairs of points on L with “parallel” affine tangent
spaces. Here, parallelism is taken in a broad sense, also allowing for
weak parallelism, when the direct sum of the tangent spaces of L at
the two points do not span the whole R?*™. However, as mentioned
above, from the perspective of applications of Wigner caustics in quan-
tum physics, it is interesting to consider an even broader definition of
parallelism, when a single point of L is identified as a pair of points
with parallel affine tangent spaces (in this case strongly parallel spaces).
Then, with this extended notion in the geometrical definition, the sub-
manifold L itself is a subset of E;/3(L). The part of Eq/5(L) that is
close to L and that contains L is called the Wigner caustic on shell.

In this paper, we study the Wigner caustic on shell of a smooth
Lagrangian submanifold L of the affine symplectic space (R*™, w), fo-
cusing on its Lagrangian-stable singularities when L is a curve or a
surface. Its definition in terms of a generating family reveals the fact
that the Wigner caustic on shell has a (hidden) symmetry under the
action of Zs, because its generating family is an odd deformation of
an odd function of the variables. No such symmetry exists for the
part of the Wigner caustic that is away from L, whose simple stable
Lagrangian singularities have been studied in a previous paper [7].

Now, our interest in studying singularities of the Wigner caustic
stems from semiclassical dynamics. Because the amplitude of the
Wigner function rises sharply along the Wigner caustic, in the semiclas-
sical limit, there is where uniform asymptotic expressions must be used.
However, the kind of uniform asymptotic expression for the semiclas-
sical Wigner function in a neighborhood of a point varies according to
the kind of singularity of the Wigner caustic at that point [3]. Thus, for
a finer treatment of the dynamics of the semiclassical Wigner function
of a pure quantum state [15], it is important to classify the singularities
of the Wigner caustic (off and on shell) of a Lagrangian submanifold,
which are stable under the group of symplectomorphisms of (R*™,w).

Because such singularities are described by generating families, here
we focus attention on simple singularities of function-germs (simple
here in the classical notion of absence of modal parameters [1]) and
their versal deformations. Thus, for the Wigner caustic on shell, our
first aim is to obtain the list of all simple singularities in the category
of odd-functions. This paper is, therefore, divided in three parts.

The first part, Section 2, presents the motivation and definition of
the Wigner caustic on shell of a Lagrangian submanifold.
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The second part, Section 3, is independent of the other sections and
is devoted to the classification of simple singularities of odd functions
and their odd deformations. By odd function-germs at 0 € R™ we
mean Zs-equivariant smooth function-germs, with Z, action on the
source: (1, ,&y) — (=21, ,—2,) and on the target: y — —uy.
We classify odd function-germs using classical R-equivalence (compo-
sition with germs of diffeomorphisms on the source) restricted to the
subgroup of odd diffeomorphism-germs, which is natural in this con-
text. We prove there are no simple odd singularities if the dimension
of the source is greater than two and classify all simple odd function-
germs in dimensions one and two, presenting their odd mini-versal de-
formations. Although this could be considered as a classical subject in
singularity theory, surprisingly no such classification list of simple odd
singularities has been found by the authors in the literature.

In one variable the simple odd singularities are of type that we shall
denote Ay /2, which have codimension k& in the category of odd function-
germs and which coincide with an intersection of the classical R-orbit
of Asy, singularities of codimension 2k with the module of odd function-
germs. In two variables, the simple odd singularities are divided in two
groups: the first one of types hereby denoted D;[k /o and FEg/s, of odd
codimensions k and 4 respectively, which are the intersections of classi-
cal R-orbits of types D;Ek and Fjg, of codimensions 2k and 8 respectively,
with the module of odd function-germs. The second group consists of
the singularities of types hereby denoted Jllg /2 and E9/9, of respective
odd codimensions 5 and 6, these notations chosen because they are
R-equivalent to singularities Jyy and Ej5 of respective codimensions 10
and 12, these later being unimodal in Arnold’s classification.

The third part, Section 4, applies the results of Section 3. For La-
grangian curves, we give the conditions for realizing the odd deforma-
tions of singularities A/, and Ay as generating families for simple
stable Lagrangian singularities of the Wigner caustic on shell, and de-
scribe these singularities. For Lagrangian surfaces, we present the re-
alization conditions for the singularities of the Wigner caustic on shell
of types D;Ek/Q, k =2,3,4, and Eg/5. Because the odd codimension in
this context can be at most 4, these are all the simple singularities that
can be realized as simple stable Lagrangian singularities of the Wigner
caustic on shell. Finally, we also interpret the realization condition of
each of these singularities of the Wigner caustic on shell in terms of
the local geometry of the Lagrangian curve or the Lagrangian surface.

While working on this paper, we benefitted from discussions with F.
Tari and specially with M. A. S. Ruas, to whom both we are grateful.
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2. THE WIGNER CAUSTIC ON SHELL

2.1. Physical origins of the Wigner caustic on shell. The fol-
lowing presentation is sketchy and can be found expanded in various
textbooks and research papers (see [3, 13, 15], for instance).

We recall that, in non-relativistic quantum mechanics, a pure state of
the system is usually defined as a normalized vector ¥ in a Hilbert space
H. In many simple cases, H = LZ(R™), the space of complex-valued
square-integrable functions on R™. Here, R is commonly interpreted
either as the configuration-space ) or the momentum-space P and m €
N is the number of degrees of freedom of the system.

The Fourier transform F : LZ(R™) — LZ(R™) relates configuration-
space and momentum-space representations of a state W, by

¥(q) = Fy(p) = L ) Y(q) exp (ipq/h) dq ,

(2mh)™ Jr

where i = v/—1 and £ is a positive constant, called Planck’s constant,
which provides a scale for comparing quantum to classical phenomena.

On the other hand, in classical conservative dynamics, the concept
of a phase-space 11 is predominant. In the simple cases when ) =
P =R" Il = Px @ = R?, endowed with the symplectic form
w=>Y_", dp; \dg, is an affine-symplectic space.

The Wigner transform W : LZ(R™) — L (R*™,w) defines a phase-
space representation of a pure state U, called its Wigner function, from
the configuration-space representation of ¥, by

¥(q) = Wy(p,q) = - V™ (q — O)(q + C) exp (2ip¢/h) dC .

(wh)™
The Wigner function satisfies reality and Liouville-normalization,
Wip, @) =Wip,a) , | Walp,q)dpdg =1, dpdg = w™ /m!
R2m

and, although W, (p, ¢) can be negative, its partial integrals are not,

Wy(p, q)dp = [0(@)? >0, | Wy(p,q)dg = |Fy(p)|* >0,

RTYL Rm
so that W,, can be seen as a pseudo probability distribution on phase-
space (R*™ w), while || and | Fy|* are actual probability distributions
on configuration-space and momentum-space, respectively.

In various instances, one is mostly interested in a pure state ¥ which
is eigenstate of one or more self-adjoint operators on H = L&(R™). If
F'is a bounded self-adjoint operator on H, its classical correspondence
is a real function f € C*(R*™,w) so that, if F(¥) = a¥,a € R, then
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U corresponds classically to the level set A = {z = (p,q) € R*" :
f(z) = a}, which for many values of a is a smooth hypersurface in
phase-space (a smooth Lagrangian curve A = L for systems with one
degree of freedom).

For systems with m > 1 degrees of freedom, two linearly inde-
pendent functions fi, fo € C°(R*™, w) are said to be in involution if
X5 (f2) = Xp(f1) = 0, where Xy, is the vector field defined by Hamil-
ton’s equation df; + Xy, w = 0. If there exist m linearly independent
functions f; in mutual involution, the classic dynamical system is inte-
grable and each level set L = {z € R*": f;(z) =, €R,j =1,...,m}
is a Lagrangian submanifold of (R?*™,w). Such L may correspond to a
pure state ¥ which is eigenstate of m linearly independent commuting
bounded self-adjoint operators F; on H, [F}, F;] = 0, Fj(¥V) = o; V.

The semiclassical approximation of ¥ can be formally seen as the
asymptotic expansion on h << 1 of some representation of W. Let’s
start with the crude expression for the semiclassical approximation of
the Wigner function of a pure state in one degree of freedom [3]:

(2.1) W) = > Aj(x) cos (S(x)/h—7/4)

where Si(z) is the symplectic area enclosed by the curve L = {2’ €
R?: f(2') = a} and the k-th chord connecting two points z; and z; on
L, whose midpoint is = (for z close to L, such a chord is often unique,
or does not exist). Each amplitude function A (z) in (2.1) satisfies

1
(X (@), X))V

where Xffk(x) is the Hamiltonian vector field X evaluated at the end-
point :zrf € L of the k-th chord, parallel translated to its centre x.

The number of chords centered on x connecting pairs of points on L
varies, as x varies, and its bifurcation set is given by

(2.3) Eip(L) ={z eR® : 3k w(X/*(z), X;*(x)) =0} .

It is clear from (2.3) that E;/5(L) can be defined as the set of mid-
points of chords connecting points on L whose tangent vectors to L at
these endpoints are parallel. Eq /(L) is called the Wigner caustic of L
and is precisely the set where some A} blows up to infinity, see (2.2).

In fact, in a neighborhood of Eq/5(L), the crude expression (2.1) is
inappropriate and must be substituted by uniform approximations that
do not blow up to infinity on E;5(L) if & # 0 but, nonetheless, take on
very high values at E;/5(L) for h << 1. However, the kind of uniform
approximation to be used will depend on the kind of singularity of

(2.2) Al(z) o
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the Wigner caustic. Thus, where the Wigner caustic corresponds to a
fold singularity, the uniform approximation of the Wigner function is
written in terms of Airy functions but, where the Wigner caustic has
cusp singularities, Pearcey functions must be used (see [3]).

Now, it is obvious from (2.3) that L C Ey/5(L), so that W, peaks at
L for h << 1. On the other hand, asz — L, S(z) — 0 and VS(z) — 0,
so that W, is not highly oscillatory in a small neighborhood of L, for
h << 1. This contrasts sharply with the situation when x is far from
L where, even if x € Ey/5(L), Wy is highly oscillatory for A << 1 and
tends on average to 0 in any small neighborhood of x, as A — 0. Thus,
as h — 0, the pseudo probability distribution W, tends on average
to the singular probability distribution which is zero everywhere but
on L, where W, tends to infinity. In this way, L can be seen as the
classical correspondence of the pure state W.

The less oscillatory behavior of the Wigner function W, in a neigh-
borhood of L makes it convenient to separate the Wigner caustic of L
in a part which is away from L and another which is very close to L
and contains L. This latter is called the Wigner caustic on shell.

The situation for integrable systems with more degrees of freedom is
similar: the crude semiclassical expression for the Wigner function is

(2.4) Wo(z) = > Al(x) cos (S(x)/h — nym /4) |

where gk(x) is the symplectic area of any surface bounded by a curve
formed by taking any arc of the Lagrangian submanifold L = {2’ €
R?*™ : fi(z)) = a;,j = 1,...,m} and closing it with the k-th chord
connecting two points z; and z; on L, with midpoint z, and where

1

| detlw (X (x), XpH ()]

with Xfijk (z) being the Hamiltonian vector field X, evaluated at the

endpoint a:f € L of the k-th chord, parallel translated to its centre
x. Also, the integer ny in (2.4) is the signature of the m x m matrix

[w(X;k(x),XEk(x))] Therefore, in this case,

(2.6)  Ejp(L)={zeR™ : 3k det[w(X;gk(:c),Xjfjk(x))] =0}

(2.5) Al(z) o

and can be identified with the set of midpoints of chords connecting
points on L whose tangent spaces to L at these endpoints are weakly
parallel, in other words, do not span the whole R?*™, see [13]. Again,
uniform approximations must be used instead of (2.4) in a neighbor-
hood of Eq/5(L) and, for h << 1, Wy is not highly oscillatory in a
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small neighborhood of L, which is the classical correspondence of W,
and it is therefore natural to single out the Wigner caustic on shell.

2.2. Mathematical definition of the Wigner caustic on shell.
Let L be a smooth Lagrangian submanifold of the affine symplectic
space (R*™,w =3"" dp; Ndg;). Let a,b be points of L and let 7, :
R*™ 5 z +— x + (a — b) € R®*™ be the translation by the vector (a — b).
Definition 2.1. A pair of points a,b € L is a weakly parallel pair if
TaL —+ Ta7b<TbL) 7é RQm.
A weakly parallel pair a,b € L is called k-parallel if
dlm(TaL N bea(TbL)) =k.
If £ = m the pair a,b € L is called strongly parallel, or just parallel.

Definition 2.2. A chord passing through a pair a, b, is the line
[(a,b) ={x e R":x =na+ (1 —n)b,n € R}.

Definition 2.3. For a given 7, an affine n-equidistant of L, denoted
E, (L), is the set of all z € R*™ s.t. @ = na + (1 —n)b, for all weakly
parallel pairs a,b € L. Note that, for any 7, E,(L) = E;_,(L) and in
particular Eq(L) = E{(L) = L. Thus, the case n = 1/2 is special.

Definition 2.4. The set E;/5(L) is the Wigner caustic of L.
Consider R?*™ x R*™ with coordinates (¥, x) and the tangent bun-

dle to R*™ TR*™ = R?*™ x R?™, with coordinates (x, 1) and standard
projection 7 : TR?*™ 5 (x,1) — z € R*™. Consider the linear map

zt 427 ot —a
2 ’ 2

On the product affine symplectic space, consider the symplectic form

Dot RP"XR¥™ 3 (277,27) ( ) = (v,7) € TR*™.

1 * *
51/2@ = 5 (7r1w — ’/TQ(JJ) N

7; the i-th projection R?*™ x R?*™ — R?>™_ Canonical relations corre-
spond to Lagrangian submanifolds of (R*™ x R*™ §; ,w). Then,

<CI)1—/12>*(51/2w) = w,

where w is the canonical symplectic form on TR*™, which is defined by
W(z, ) = d{i_w}(x) or, in Darboux coordinates for w, by

i=1
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If L is a Lagrangian submanifold of (R®*™, w), then L x L is a La-
grangian submanifold of (R*™ x R*™ §;sw) and £ = ®q/5(L x L)
is a Lagrangian submanifold of (TR*" &), which can be locally de-
scribed by a generating function of the midpoints & = mo @y o(2™, 27),
(xt,27) € Lx L, when L projects regularly to the zero section [14][16].

We recall basic definitions of the theory of Lagrangian singularities
(see [1], [7]). First, (TR*" w) with canonical projection 7 : TR?*™ —
R?*™ is a Lagrangian fibre bundle and =|; : £L — R*™ is a Lagrangian
map . Let £ be another Lagrangian submanifold of (TR?*™, ). Two
Lagrangian maps 7|; : £ — R*>® and 7|; : £ — R>™ are Lagrangian
equivalent if there exists a symplectomorphism of (TR?*™,w) taking
fibres of 7 to fibres and mapping £ to £. A Lagrangian map is stable if
every nearby Lagrangian map (in the Whitney topology) is Lagrangian
equivalent to it. The set of critical values of a Lagrangian map is called
a caustic. Then, we have the following result:

Proposition 2.5 ([7]). The caustic of the Lagrangian map 7|z : L —
R*™ 4s the Wigner caustic Ey/5(L).

In this paper, we study E; »(L) in a neighborhood L. For this reason,
we consider pairs of points of the type (a,a) € Lx L as strongly parallel
pairs. In other words, in Definition 2.1 we did not impose the restriction
a # b on the pair of points of L to be considered a parallel pair. This
broader definition of parallel pairs is suitable for studying the part of
the Wigner caustic that is close to L, because then L is itself part of
the Wigner caustic. This broader definition of the Wigner caustic is
also natural from its origin in quantum physics, as shown by equations
(2.3) and (2.6). On the other hand, imposing the restriction a # b in
Definition 2.1 allows for a neater definition of the Wigner caustic as a
centre symmetry set, as in [7] (see also [9], where, for a curve L and
a # b, Ey/9(L) is called the area evolute of L).

Definition 2.6. The germ at a of the Wigner caustic on shell is
the germ of Wigner caustic E;/5(L) at the point a € L.

Now let L be a germ at 0 of a smooth Lagrangian submanifold of
(R*™ w), generated by the function-germ S € &,, in the usual way,

(2.7) L={(p,Q)ERQm:pizgS(Q)forizl,m,m} :
qi

Then, L is the germ at 0 of a submanifold of (TR*", &) described as

(28) i=3 (Ga+a-5a-0).
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1 /0S 08
2.9 === N+ —(@—4q) ).
(2.9) p 2((f),gl(ch)Jraq(q q))
By Proposition 2.5, the germ at 0 € L of the Wigner caustic on shell
Ei/2(L) is described as
dg € R™ s.t. (2.9) is satisfied, and

0?8 0928
(2.10) det{a 2(czﬂtcz)—m(qr—q)] = 0.
Thus, putting ¢ = 0 in (2.9)-(2.10) we obtain the obvious fact:

Proposition 2.7. L is contained in E;/5(L).

Now, let us consider the reflection

(211) TR > (p,¢,p.q) = (=p, —q¢,p,q) € TR™™"
whose mirror is the zero section {p = ¢ = 0} C TR?*". Note that
{id,(} generates an action of Zy on TR*™. Using (2.8) we obtain

Proposition 2.8. L is Zy-symmetric, that is, ((L) = L.
We shall study singularities of E; /(L) via generating families of L.

Definition 2.9. The germ of a generating family of £ is the smooth
function-germ F : R* x R*™ > (8,p,q) — F(B,p,q) € R such that
(2.12)

E_{(p7Qap7Q)€TR2m: ElﬁeRk p:aF . oOF OF ()}

0" “op 9B

Remark 2.10. When there are no symmetries, two Lagrangian map-
germs on the same Lagrangian fibre bundle are Lagrangian equivalent if
and only if their generating families are stably (fibred) R -equivalent.
Moreover the Lagrangian map-germ given by the generating family

F(B,p,q) with parameters (p,q) is Lagrangian stable if and only if
F(8,p,q) is a RT-versal deformation of f(3) = F(3,0,0) (see [1]).

Now, in the Zs-symmetric context, the following Theorem, whose
proof is a straightforward computation from (2.12) to (2.8)-(2.9), is a
particular case of the more general result presented in [7]:

Theorem 2.11 ([7]). The germ at 0 € L of the Wigner caustic on shell
is the germ of a caustic of the germ of a Lagrangian submanifold L in
the Lagrangian fibre bundle TR*™ > (p,q4,p,q) — (p, q) € R*™ with the
symplectic form w = > dp; A dg; + dp; A\ dg; and generating family

(213) F(ﬁvpa ) = _S(Q"i_ﬁ) - _S q - szﬁz
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For any (3, p, ¢, the generating family (2.13) satisfies

It implies that F' is a deformation of an odd function-germ
(215) £(8) = F(8,0,0) = 5(S(5) — S(~5).

We call F' which satisfies (2.14) an odd deformation of an odd function-
germ f (see Definitions 3.1 and 3.7, below). Thus, in order to study
singularities of the Wigner caustic on shell, we must consider classifi-
cation of odd function-germs and their odd deformations.

Remark 2.12. Theorem 2.11 implies that singularities of the Wigner
caustic on shell are Zy-symmetric singularities (see Proposition 2.8,
above, and Remark 3.3, below). However, at the level of a germ of the
Wigner caustic on shell E;/5(L) C R*™, this Zy-symmetry is a hidden
symmetry which is only actually revealed in £ C TR?*™.

Remark 2.13. The form (2.13) for the generating family of the Wigner
caustic on shell of a Lagrangian submanifold of the affine-symplectic
space was already presented in [13], and its odd character was re-
marked. However, the classification used there, borrowed from Arnold’s,
was not performed in the Zs-symmetric context. Furthermore, albeit
respecting that f(8) = F(3,0,0) is odd, the authors did not take into
account that F(3,p,q) must be an odd deformation of F'(3,0,0).

3. SINGULARITIES OF ODD FUNCTIONS
3.1. Preliminaries. We recall basic definitions.

Definition 3.1. A smooth function-germ f at 0 on R™ is even if
f(=z) = f(x) and it is odd if f(—z) = —f(x).

Notation 3.2. Let us denote by £ the ring of even smooth function-
germs f : (R™,0) — R and by £%9 the set of odd smooth function-
germs ¢ : (R™,0) — (R, 0), which has a module structure over £'°".

Remark 3.3. Consider the diagonal action of Zy = {1, —1} on R™:
Loy x R™ — R™

(7, (21, ... ,xm)) = (YT, e YT

Hence, £77°" is the ring of Zs-invariant germs under this action on

source. Also, £%4 is the module of Zj-equivariant germs, with same
action on source and on target - take (3.1) for m = 1.

(3.1)

We now set up the equivalence relation in £2%. Changes of coordi-
nates shall preserve Zs-equivariance, so we consider the following:
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Definition 3.4. A diffeomorphism-germ ¢ : (R™,0) — (R™,0) is odd
if ®(—z) = —®(z). Denote by D°% the group of odd diffeomorphism-
germs (R™,0) — (R™,0).

Definition 3.5. Let f,g € £%4.  We say that f and g are R°%-
equivalent if there exists ® € D% such that f = go ®.

Following standard notation, denote by LR°%g the tangent space to
the R°%-orbit of g at g, given by elements of the form % li=o (g o @) =

s 2 do; —0, where g o ®' is a path in the R°%-orbit of g, with

i=1 9z, dt
t __ t t : dd 0 _ t __ m t
Ot = (¢4, -+, 0L ) in D2 such that ®° = I. Now, ¢! = ijl zihi;,
: t even d t\y m dg dhéj s
with h; € 7", so that g [i=o (g0 @) = > 1", Tjpa li=0, 1,7 =
. dht,;
1,---,m. Since hj; € 5", so does — |,—9. We have:

Proposition 3.6. Let g € £%%. The tangent space LR°%g to the R°%-
orbit of g at g is the E57°"-module generated by {mj% ti,g=1,--- ,m}.

Definition 3.7. A function-germ F' € &, is an odd deformation
of f € &M if F lrmx{oy = f and for any fixed \ € R* the function-
germ Flgmyyy € E°%_ The space R* is called the base of the odd
deformation F' and k is its dimension.

Definition 3.8. The odd deformation F € &, 4 is R°%-versal if
every odd deformation of f is R°¥-isomorphic to one induced from F'
i.e. any odd deformation G € &,,,; of f is representable in the form

Gz, A) = F(®(x, A), A(N)),
® : (R™* 0) — (R™,0), A : (R*,0) — (R',0) smooth map-germs s.t.
Plgmypry € DM O(2,0) = z.

An R°¥_versal deformation F' € &, of f € £2% is R°¥-miniversal
if the dimension of the base has its least possible value. This minimum
value is the (odd) codimension of f.

The group D% is a geometric subgroup in the sense of Damon (see
[6]). The following theorem is a particular case of [2, Theorem 3.7]:

Theorem 3.9. Let g € E2%. Then
(a) A k-parameter deformation G of g is R°-versal if and only if

0 . oG
godd — geven {xjag =1, ,m}—FR{a_)\Z’RmX{O} =1k
(b) If W C E°% s q finite dimensional vector space such that £%% =
LRg® W, and if hy, ..., hy € E2% is a basis for W, then G(x,\) =
g(x) + ijl Aihj(z) is a R -miniversal deformation of g.

——
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We introduce the equivalence relation between odd deformations.

Definition 3.10. Odd deformations F,G € &,,, are fibred R°%-
equivalent if there exists a fibred diffeomorphism-germ ¥ € D, s.t.
Uz, \) = (P(z,A), A(N)), Plgmxiry € D% VA € RF, and F = G o .

Notation 3.11. Let MA*™ denote the geven_submodule of £997 gen-
erated by x]fl . -:cfnm,Vkl,--~ Jkm > 0,8t ki + -+ k, =k

Obviously, these are nontrivial submodules precisely when £ is odd.
It follows the finite determinacy result for our particular case (see [6],
[17]-[18]):

Proposition 3.12. g € £°% s finitely R°-determined if and only if
M%Odd) C LR°¥ g for some odd positive integer k .

We start the classification of odd function-germs with the following
obvious result.

Proposition 3.13. If g € £°% is a germ of a submersion than g is
Re4_equivalent to the following germ (xy, -+ , Ty,) = 1.

Now we prove that if m > 3 there are no singular simple odd
function-germs.

Theorem 3.14. Let g € £°% with a singular point at 0. If m > 3,
then g is not R°%M-simple.

Proof. If 0 is a singular point of g then g € MECD  The vector space
of 3-jets at 0 of singular odd function-germs is spanned by xlfl co ghm
for all integers kq,--- ,k, > 0, such that &y +---+ k,, = 3. By a
simple combinatorial consideration we got that the dimension of this
vector space is equal to (m 4+ 2)(m + 1)m/6. We act on this space
with the linear group GL(m), of dimension m?. But, for m > 3,
(m +2)(m+1)m/6 > m?. So the dimension of the space is greater

than the dimension of the group acting on this space. 0

Remark 3.15. If g € £9%9 the usual procedure of adding quadratic
forms in the remaining n variables cannot be performed.

Thus, classification of simple odd singularities must be performed
only in dimension one and two, as presented in the next subsection.

3.2. Simple odd function-germs and their odd deformations.
Here we deduce the normal forms and their mini-versal deformations for
the simple odd singularities of function germs in one and two variables.
We have chosen a particular notation for each. We start with the cases
in one-variable. The results are obtained straightforwardly and are
given in the next theorem and corollary.
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Theorem 3.16. Let g € £29. Then g is R°M-simple if, and only if, g
is R _equivalent to one of the following function-germs at 0:

Aoy w2 fork=1,2,- -

Corollary 3.17. For k > 1, R°™-miniversal deformation of Aogp o s
k
Gz, A, \) = 2+ " NPt
j=1

The following theorem and corollary deal with the cases in two vari-
ables. We recall that by Theorem 3.14 if the number of variables is
greater than two there are no simple singular odd function-germs.

Theorem 3.18. Let g € £591. Then g is R°™-simple if, and only if, g
is R°¥-equivalent to one of the following function-germs at 0:
Dgik/2 (wy,m) > 22wy £ 22 fork=2,3,- -

. 3 5
Eg/g : (.1’1,1'2) = X3 + Ty,

+ . 3 4
J10/2 D (w1, 10) = 2] £ Ty,

. 3 7
E12/2 : (LCl,.CCQ) = x] + 5.

Proof. The procedure is the systematic usage of the complete transver-
sal method ([5], [11]) at the level of jets and then usage of the finite
determinacy theorem. In our context, the complete transversal is a

subspace T’ of Mo ™ such that
(32) M @ LR . g 4 T 4 MR,

where R$% is the subgroup of R°¥ whose elements have 1-jet equal to
identity, and LRS- g is the tangent space to the R -orbit of ¢ at g.

We start with the 3-jet of g, which is also the starting point of the
classification without symmetry. Since linear changes of coordinates
are Zs-equivariant, it follows that, at this level, the results here are
precisely the same as in the context without symmetry. Therefore, as
it is well known, a nonzero cubic polynomial in two variables is linearly
equivalent to one of the following types:

(3.3) rivy £ 2
(3.4) TiTy
(3.5) 3

First, assuming that j3g is of form (3.3), the R¢% tangent space of

the orbit of (3.3) is Mg(Odd). The complete transversal is empty in this
case and g is finitely R°%-determined and R°-equivalent to (3.3).
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Now, assume that j3¢ has form (3.4), whose orbit has
even 5 .4 3,2 ,.2..3 4
Esven Axy, x e, wyTy, XITy, X1y )

as its R9% tangent space. So the complete transversal is T = R{z3}.
Hence, jog is R$%- equivalent to z3zy + az) and it is easy to see that
if a > 0 then j5f is R"dd—equivalent to 23wy + 23, and if a < 0 then

Jof is Ro%_equivalent to zxy — x5. In the next step we check that

the R94 tangent space to the orbit of both of these germs is /\/l S(odd)
So the complete transversal is empty and g is finitely R°%- determmed
and R°%_equivalent to x2xy £ 25. If a = 0, then T = R{x7} and jg is
R{%_equivalent to z2wy + bzl. Proceeding inductively, we obtain that
if 72go has the form (3.4) and g is finitely R°-determined then g is
Ro¥_equivalent to z3xy £+ 227 for k > 2.

Finally, assume that jig has the form (3.5). In this case, T =
R{z 73, 25} and j5g is R¢%™-equivalent to 23 + ax) + bz 3.

If a # 0, then j5g is R°¥-equivalent to x3 + x5 + bx23 and

even 5 4 2 3
E M - Xy, 11Ty, 11T, XY }

is its tangent space. So its dimension does not depend on b and it
contains the germ of x,23. It then follows from Mather’s lemma that
Jog is R°¥_equivalent to 3 + 3. As next step we obtain that g is
finitely R°%-determined. Then g iS Red_equivalent to z3 + 3.

If a=0and b #0, then jog—:v :ta:lQO and T = R{zI}. Then jlg
is R¢%-equivalent to 23 &+ x123 + axl. But LR is given by

even 2 5 .3
ggven {wh iy, 3x3as £+ a5, 18}

Its dimension independs on a and it contains z3. By Mather’s lemma,
Jog is R°%_equivalent to z3 4+ x,23. As in the previous case, we find
that g is finitely R°%- determmed so is R°%-equivalent to 23 4+ 123

If a =b=0, then jog = xl Thus, the complete transversal isT =
R{xxS, x7}. It means that ]Og is R"dd equlvalent to o3+ cxya§ + dxl.
If d # 0 we may assume that jig = 23 + cz25 + 2. But LR*¥g is

even 6
ggven A wl xS, iy, 23}

Its dimension independs on ¢ and it contains x25. By Mather’s lemma,
Jogis R°¥_equivalent to z3+x7. Asnext step we obtam that g is finitely
R"dd determined, so is R°%-equivalent to x3 + 7.

If d =0 and ¢ # 0, we may assume Jog = a3 £ x1a§. The Complete
transversal isT = R{xQ} So jig is R"dd—equlvalent to 23 £ x125 +axd.
But 29 ¢ LR°¥j5g. By Mather’s lemma, ¢ is a modulus.

Finally we show that odd function-germs with zero 3-jet are not
simple. The method of proof is same as the one used in the proof of
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Theorem 3.14, that is, the vector space of 5-jets of odd function-germs
with zero 3-jet has dimension six and we act on this space with the
linear group G'L(2) of dimension four. O

From Theorem 3.9 and the proof of Theorem 3.18, we obtain:

Corollary 3.19. The R°™-miniversal deformation of the odd-simple
map-germs are given by:
k
D F(xy,@0, M, M) =ty a3 A + Z Ay 2.
i=2

+
D2k:/2

Egjp @ F(x1, 29, M, , A1) = T3 4 25 + Mxy + AoTg + A3mw5 + M.
Jlj(:)/2 D F(xy,m9, M, , A5) =
a::l)’ + :clsz:g + Az + Aoxo + )\3513%513’2 + /\41‘%1‘1 + >\5:1:§.
Eiajp + Fx1, 20,1, , X) =
T3+ 20 4+ Az + ATy + A3x123 + Ms + Asz125 + N5

Remark 3.20. The notations for the odd-simple singularities pre-
sented above have been chosen by their resemblance with the classical
notations [1] for normal forms of R-singularities. In fact, Ag/o has
the same representative as As;, but while the latter has codimension
2k, the former has odd codimension k = 2k/2. Similarly, for Doy /2
and FEg/y, with odd codimensions % and 4, respectively, for which the
corresponding R-singularities Doy, and Eg have codimensions 2k and 8§,
respectively. The situation differs for the other odd-simple singularities.
The germ of the odd codimension 6 singularity Eis/ is R-equivalent
to the codimension 12 singularity Fj, but we stress that the latter
is unimodal. Similarly for the odd codimension 5 singularity Jllg /o In
comparison with codimension 10 unimodal R-singularity Ji.

4. SIMPLE STABLE SINGULARITIES OF WIGNER CAUSTIC ON SHELL

From classical results ([1]) we know that Lagrangian equivalence of
Lagrangian maps corresponds to stable fibred R*-equivalence of their
generating families (see Remark 2.10). Thus we introduce the following
definition in the Zs-symmetric case.

Definition 4.1. Let L and L be germs at (0,0) € R*™ of Lagrangian
submanifolds of the affine symplectic space. The germs at (0,0) of
Wigner caustics on shell E;/5(L) and E, /Q(E) are Lagrangian equiv-
alent if germs at (0,0,0) € R™ x R?*™ of the corresponding odd gener-

ating families F' and F are fibred R°¥-equivalent.
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From Remark 2.12; this means equivalence of Zs-symmetric germs
of Wigner caustics. The following definition specializes to this Zo-
symmetric context the well-known fact ([1]) that stability of Lagrangian
maps corresponds to versality of generating families (Remark 2.10).

Definition 4.2. A germ of Wigner caustic on shell is stable if its
generating family is an R°-versal deformation of an odd function-
germ, and it is simple stable if its generating family is an R°%-versal
deformation of an R°¥-odd simple function-germ.

Notice that any odd function-germ f € MECD can be written as

f(B) =1 (S(B8) — S(—p)) for some S € M3, implying the following:

Proposition 4.3. For any f € MEAD 4pere exists S € M3 such that

the generating family F' of the form (2.13) is an odd deformation of f.
By Theorem 3.9 we obtain the following corollary.

Corollary 4.4. The germ of a generating family F' of the form (2.13)
is an R°-versal deformation if and only if

08 0S
3(odd) __ even ) o o .

R{Z25) = So(-8): i=1m}.

From Corollary 4.4 we get the following realization theorem.

Theorem 4.5. Let f € M) e finitely determined germ. Then
there exists S € M3, such that the generating family F of the form
(2.13) is an R°%™-versal deformation of f if and only if there exist

By oo sh in M2 such that

(4.2) MB3dd) — [Rodd f L R{Dy, - By}

and Y hi(Br, -+, Bm)dBi is a germ of closed 1-form.

Proof. First, notice that any fuction-germ S € &,, can be decomposed

into § = St 4+ 87, where St € %" S— € £°U are given in the

following way S*(8) = 3(S(8) + S(=8)), S~(8) = 3(S(8) — S(—3)).
Then the versality condition (4.1) of F' given by (2.13) has the form

oSt ,

From the above, f must be equal to S~ and the germ of a 1-form
Z;"Zl %(5)(16]- is closed since it is just dST. On the other hand if
condition (4.2) is satisfied and o = Y"1 hi(B1, -+, Bm)dB; is a germ

M%Odd) _ LRodde + R{
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of closed 1-form then it is obvious that there exists such a function-germ
g € E7°" such that o = dg. So we take S = f + g. O

It follows from Theorem 3.14 that simple singularities for the Wigner
caustic on shell of a Lagrangian submanifold can be realized only for
curves in R? and surfaces in R*. Thus, first we apply Theorem 4.5 to
check which versal deformations of simple odd singularities are realiz-
able as a generating family of the form (2.13).

Corollary 4.6. R*-versal deformations of Ay, Asjp (for m = 1)
and DZC/Q, D(),i/2 DgE/Q, Egjo (for m = 2) are realizable as generating
families of form (2.13).

R _yersal deformations of Asjo for k > 2 (and for m = 1) and
Doyjo for k > 4, JO/2 and Ei/5 (for m = 2) are not realizable as

generating families of form (2.13).

Proof. First notice that if the codimension of the singularity is greater
than 2m then the R°%-versal deformation of it is not realizable by a
generating family of the form (2.13). This proves the second statement.
Since any smooth 1-form on R is closed this is the only restriction for

= 1. The realization of D4i/2 is obvious. For the others singularities

we apply Theorem 4.5 in the following way: for D6 /9 take hi(8) =0
and hy(8) = 3, for DgE/Q take hy(B) = B3 and ho(B) = B3 + 35163, and
for Eg ), take hi(8) = B3 and ho(8) = 361 55. O

4.1. The Wigner caustic on shell of a Lagrangian curve. Let L
be the germ at (0,0) of a curve on symplectic affine plane (R? w =
dp A dq) and, without loss of generality, assume that L is generated by
a function-germ S € M3 C &, in the usual way given by (2.7), 1 = 1.

Theorem 4.7. Let F' of form (2.13) be the generating family of L.
If dss( 0) # 0, F is fibred R°¥-equivalent to the R°™-versal defor-

mation of Asss 1 (B,p,q) — B3+ pp.
If d3S( 0) =0, £5(0) % 0 and %59(0) £0, F is R°-equivalent to the

J d v
R _yersal deformation of Aypp 2 (Bipq) = B5 + g% + pp.

Proof. From (2.13), 2£(5,0,0) = 1 (g’;S(ﬁ) + (—1)k+1§l’jT§(—ﬁ)) . Thus

dBS( 0) # 0 implies that fwfj(o 0,0) # 0 and Flrx{oyx{o} € M3, since
S € M3. Therefore, F' is an odd deformation of A, /2. By Theorems
3.9 and 3.17 we obtain that F is R°%-equivalent to R°%-versal defor-

mation of Ay (B,p,q) = 5% + pB, since 55(5,0,0) = —f.
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If § € M} and 25(0) # 0 then 5£(0,0,0) = 0 for k < 5 and
25712(0, 0,0) # 0 and consequently F' is an odd deformation of Ay/,. By
direct calculation, %(6, 0,0) =3 (%(6) + (—1)’““‘5;:1?(—@) :

Then 2:4£(0,0,0) = 0 for k < 3 and 2£-(0,0,0) = 25(0). But
%—’;(6,0,0) = —f. Soif fo(O) # 0 we obtain by Theorem 3.9 and
Corollary 3.17 that F is R°%-equivalent to R°%-miniversal deformation
of Ayt (B,p,q) = B° +qB° + pp. O

Corollary 4.8. (Geometric interpretation) If the curvature of the
germ of a Lagrangian curve L does not vanish at (po,qo) € L, then the
germ at (po, qo) of the Wigner caustic on shell consists of L only and is
Lagrangian stable. All germs of Wigner caustics of Lagrangian curves
at such points are Lagrangian equivalent.

If, at (po,qo) € L, the curvature of the germ of a Lagrangian curve
L vanishes but the first and the second derivatives of the curvature do
not vanish, then the germ at (po, qo) of the Wigner caustic on shell con-
sists of two components: L and the germ at (po,qo) of a 1-dimensional
smooth submanifold with boundary (po,qo), which is 1-tangent to L at
(o, qo) and is simple stable. Any germ of the Wigner caustic in such
a point is Lagrangian equivalent to the following germ at 0:

27
{(p,q) eR? :pZO}U{(p,Q) € R’ :pz—%q2,q§0}.

The germs of the Wigner caustics of L at points of L which do not
satisfy the above conditions are not stable.

Proof. This is an obvious corollary of Theorem 4.7, because the curva-

ture of a curve L described by (2.7), i = 1, is given by & (Z—‘g(q), q> =
3/2

. ) 2 f ‘ ,
Z%f(q)/ (1 + (%(q}) > Thus x(po, qo) = %(qo) since %(qo) =0.

P 4 2:‘€ 5
If 5(po, go) = O then % (po, go) = 53 (g0) and G5 (po, q0) = G2 (q0) O

Remark 4.9. Although the curvature of a plane curve is not an affine
invariant, the vanishing or not vanishing of the curvature is an affine
invariant. Also, where the curvature is zero, the vanishing or not van-
ishing of its first two derivatives is also an affine invariant. Thus, Corol-
lary 4.8 provides coordinate-free affine-symplectic invariant conditions
for the realization of the singularities of the Wigner caustic on shell of
a Lagrangian curve on the affine symplectic plane. Similar results for
curves on a affine plane without a symplectic structure can be found
in [8], where bifurcations of affine equidistants were studied.
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4.2. The Wigner caustic on shell of a Lagrangian surface. Let
L be the germ at 0 of a Lagrangian surface in symplectic affine space
(R*,w = dpy A dqy + dps A dgo) and, without loss of generality, assume
that L is generated by a function-germ S € M3 C & by (2.7), i = 2,
and that F' of form (2.13) is the generating family of L.
Notation 4.10. To simplify the equations, we use the following:

oI g oIS

Sij=+5775(0,0), Si;(q)

0q10q;

Then, the 3-jet of S at 0 has the form

= ———(q1, ).
94, 0q,

) 1 1 1 1
joS = 653,0(1? + 552,161%612 + 551,261193 + 650,3613

and the discriminant of j35 has the following form A(j35) =

1
@ (3532522’1 — 430’353’1 — 45%’25370 — 5373;9;0 + 650735172527133’0)

Theorem 4.11. IfA(j3S) > 0, F is R°%-equivalent to the R°*-versal
deformation of Dy - (81, Basp, q) v Bif2 — B3 + p1Br + p2a.

If A(j3S) < 0, F is R°¥-equivalent to the R°¥-versal deformation
of DZ/Q 2 (B, Basp, q) > BiB2 + B3 4 p1f1 + pafo.

Proof. By (2.15) we get that jof = j3S. If A(j3S) > 0, by linear
change of coordinates we can reduce j3 f to 5732 — B3. Then repeating
the arguments in the proof of Theorem 3.18 it is easy to see that f is
Re_equivalent to Dy, singularity. By Theorem 4.4 it is easy to see
that (2.13) is an R°%-versal deformation of f. By Corollary 3.19 we
get the result. The case A(j3S) < 0 is analogous. O

Lemma 4.12. 33705172—32271 <0 and 50735’2’1—5%72 < 0, ZfA(ng) =0.

Proof. The condition A(j3S) = 0 implies that w(t) = §S30t*+5S52,1t*+
%SLQt + %5073 and U(t) = %53,0 + %527125 + %SLQtQ + %So’gtz; have real
roots of multiplicity greater than 1. Thus polynomials Cé—”“;’(t) = %S3,0t2+
Soat+ %51’2 and %(t) = %52,1 + S1at+ %So,th have real roots. So their

discriminants are nonnegative. 0

Notation 4.13. Now we introduce the following abbreviations:

. 52,151’2 — 53705073 o — 5327050,3 - S3,OSQ,18172 + 352371
2(S305812 — S3,) 7 7 S30S10 — 53,

_ 20 () Ska-rrt
(Ss,0m1 — 12)"

(8

for n=5,7

00,n
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o= 52,151,2 — 53,05073 = 537353,0 - 5073S17QS2,1 + 35%2
L 2(SosS0 — Sty So3S21 — St
~k
Ono = 2izo () ST for n=5,7
(50,37°1 - 7’2)

Theorem 4.14. Assume S satisfies condition (4.1) and A(j3S) = 0.
Consider the following pair of conditions:

(43) 53,05172 — 52271 < 0,

(44) 50,35271 — Sig < 0.

If (4.3) is satisfied and o5 > 0, or (4.4) is satisfied and o059 >
0, then F is R°¥-equivalent to the ROdd versal deformation of D7

(B, B2y 0, q) = B3 B2 + B3 + p1Pr + pafa + q1 5.
If (4.3) is satisfied and o5 < 0, or (4.4) is satisfied and o059 <
0, then F is R°¥-equivalent to the ROdd versal deformation of D

(81, B2,p,q) = Bif2 — b5 + p1B1 + paBa + 1 55

Proof. First we assume A(j35) = 0 and condition (4.3), with o5 > 0.
Then we get Jof = JoS = (81 — 7“152) (53,051 —123) = ﬁ%ﬁm where
(Bl, ﬁg) (81 —11B2, S3,081 —1232) forms the coordinate system on R?,
since by condition (4.3) 11 # 12/S30. 095 > 0 is equivalent to or 0) >

0B3
0. Thus, f is R°*-equivalent to D6 /o By Theorem 4.4 we obtain that F

is an R°%-versal deformation of f since S satisfies (4.1). If A(j35) =
and (4.4) is satisfied with 059 > 0, then we repeat in the same way

using the coordinate system (B, B2) = (B2 — 71P1, So382 — T9f51). The
cases (4.3) and op5 < 0, or (4.4) and 05 < 0, are analogous. O

Theorem 4.15. Assume S satisfies condition (4.1) and A(j3S) = 0.
If (4.3) holds, 005 =0 and ooz > 0, or, if (4.4) holds, 059 =0 and
070 > 0, then F is R°%M-equivalent to the R°-versal deformation of
8/2 ; (51, Ba,p,q) > BB+ B3 + p1i + p2fa+ 13 + q255.
If (4.3) holds, 005 =0 and ooz < 0, or, if (4.4) holds, 059 =0 and
070 < 0, then F is R°%-equivalent to the R°™-versal deformation of
8/2 ; (51,52729, q) — BiBa— By 4+ p1fr + p2f2 + 185 + 255 .
Proof. First assume A(j35) = 0, condition (4.3) is satisfied and o5 =
0, 00,7 > 0. As in the proof of Theorem 4.14 we get Jef=7ss = 6152,
where (81, B2) = (81 — 712, Ss.001 — 1232) and aﬂs( ) =0 and gﬂé( ) >
0, since 0p5 = 0 and o¢7 > 0. Thus f is R%_equivalent to D8 /o By

Theorem 4.4, F is an R°%-versal deformation of f since S satisfies (4.1).

6/2 °

6/2 °



THE WIGNER CAUSTIC ON SHELL 21

If A(j85) vanishes, condition (4.4) is satisfied and 059 = 0, 079 > 0, we
repeat using the coordinate system (Bl, Bg) = (Ba— 7151, S0302 —T231).
The case (4.3), 095 = 0 and op7 < 0, and the case (4.4), 050 = 0 and
070 < 0, are worked out analogously. U

Theorem 4.16. Assume S satisfies condition (4.1) and A(j3S) = 0.
If either of the following two conditions are satisfied,
(4.5)

5
53,0512 — 522,1 =0, S30 #0, Z (2) Sk.5—k (—52,1)k (Sg,o)s_k # 0,
k=0
(4.6)
5
So3S21 = 812 =0, 502 #0, Z (2) Ss—rk (—S12)" (Sos)°* #0,
k=0

then F is R°%“-equivalent to the R°™-versal deformation of Egj -
(Br, B2.0,q) — BY + 55 + p1f1+ p2fo + 1155 + ¢2135 .

Proof. First we assume that A(jgS) = 0 and condition (4.5) is sat-
isfied. It implies that we get jof = joS = (3, where (81, 5;) =

1/3
((%) (61 — %Bg) ,Bg) and g;{; (0) # 0. Thus f is R°%-equivalent
) 2

to Eg/s. By Theorem 4.4 we obtain that [ is an Re4_yversal deforma-
tion of f since S satisfies (4.1). If A(j3S) = 0 and condition (4.6) is

o~ 1/3
satisfied, we repeat with (3, 32) = ((%) <Bz — %51) ,51). O

Remark 4.17. These are all odd-simple singularities that can be real-
ized as singularities of on-shell Wigner caustics of Lagrangian submani-
folds in affine-symplectic space. The odd-simple singularities Jlls /2 and
FE3/5 cannot be realized in this way because their codimensions are
too big for a Lagrangian surface in affine-symplectic 4-space. On the
other hand, for higher dimensional Lagrangian submanifolds in affine-
symplectic space, the necessary number of variables for the generating
families of on-shell Wigner caustics is at least 3 (see Remark 3.15).

4.3. Geometric interpretation. Finally, we provide the geometric
interpretation of each realization condition for simple stable Lagrangian
singularities of on-shell Wigner caustics of Lagrangian surfaces. This
also provides affine-invariant descriptions for such realization condi-
tions, which were presented in a particular coordinate system, in The-
orems 4.11-4.16. Similar results for surfaces on a affine 4-space without
a symplectic structure can be found in [10], where geometry of surfaces
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through the contact map was studied. Background for extrinsic geom-
etry of surfaces in euclidean 4-space can be found in [12]. Here, we
merely adapt it to the case of Lagrangian surfaces in affine-symplectic
4-space. Recall Notation 4.10.

Then, for the canonical euclidean metric in R*, the matrix of the
second fundamental form at (p, q) of L can be written as follows:

= S30(q) S21(q) Si2(q)
(P.) 52,1(Q) 51,2<Q) So,3(Q)

from which is defined the following determinant:

S30(q) 2521(q) Si2(q) 0

L e 0 S30(q)  2521(q) Si12(q)
4 Sa1(q) 2512(q)  Soslq) 0

0 52,1(61) 251,2(@) 50,3((1)

AL(p7 q)

and it is easy to see that
(4.7) Ar(p,q) = —16A(j;9).
Also, the Gaussian curvature at (p,q) € L is given by the formula

(4-8) H(]% Q) = 53,0((1)51,2(61) - (52,1(Q))2 + 52,1(Q)So,3(CI) - (51,2((]))2-

In extrinsic geometry of surfaces in euclidean R*, Ay and x are both
invariant under the action of the euclidean group of isometries on R*,
but neither is invariant under the action of the whole affine group on
R*. The same is true if we restrict to the action of the affine-symplectic
group on symplectic R*. However, although neither A} nor x are affine-
symplectic invariants, the following propositions allow us to use them
for classifying points in a Lagrangian surface of symplectic R*.

Proposition 4.18. The sign ( >0, <0, =0 ) of A is an affine
(and therefore affine-symplectic) invariant.

Proof. The proof follows from the following two statements:

(i) The sign of A stratifies the singularities of height functions h[¢] :
LxS*—= TR, (m,v)+— («(m),v), where ¢ : L — R?* is an embedding,
S$3 C R* is the unit sphere, and (-,-) is the euclidean inner product
in R* (see [12], Lemma 3.2, which relates the sign of Ar(p,q) to the
number of unit vectors v normal to L at (p,q) € L for which (p, ) is a
degenerate critical point of the height function hle,v] : L — R).

(ii) The stratification of the singularities of height functions h[i] is
invariant under affine transformations (see [4], Proposition A.4, which
relates singularities of height functions to contact with hyperplanes and
shows that the stratification of these contacts is affine invariant). [
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Recall that a point (p, ¢) € Lis called: (i) parabolicif Az (p,q) =0,
(ii) elliptic if Ar(p,q) > 0, (iii) hyperbolic if Aj(p,q) < 0, see [12].

From Proposition 4.18, such a classification of points on L C R*
(with symplectic structure) is affine (and therefore affine-symplectic)
invariant and, from equation (4.7), we obtain the following immediate
corollary of Theorem 4.11, which gives a geometrical characterization
of singularities fo/Q of the Wigner caustic on shell.

Corollary 4.19. Let L be a Lagrangian surface. Iff (p,q) € L is a hy-
perbolic point, the germ of Wigner caustic on shell at (p, q) is generated
by function-germ of type D4_/2 and it consists of L only, being simple
stable. Iff (p,q) € L is an elliptic point, the germ of Wigner caustic
on shell is generated by function-germ of type DZ'/Q and is Lagrangian
equivalent to the following simple stable germ at 0:

Eij2(L) = {(p,q) € R* : 3pi = p3,p2 < 0}

We also recall [12] that a parabolic point m € M? C R* is called
(i-1) an inflection point of imaginary type, if K(m) > 0,
(i-ii) an inflection point of real type, if K(m) <0, rank{II,} =1,
(i-iii) a point of nondegenerate ellipse, if kK(m) < 0, rank{Ily,} =2,
(i-iv) an inflection point of flat type, if K(m) = 0.

Again, we refer to [12] where the above classification of parabolic
points on M? C R* is related to the classification of singularities of
height functions, which, from Proposition A.4 in [4] implies:

Proposition 4.20. When A(p,q) = 0, the classification of the para-
bolic point m = (p,q) € M? C R* (with symplectic structure) given by
(i-1)-(i-1v) above is affine (and therefore affine-symplectic) invariant.

And thus, finally, we obtain the other geometric characterizations.

Corollary 4.21. If L is a Lagrangian surface, then L has no inflection
points of real or imaginary types. The germ of the Wigner caustic on
shell at (p,q) € L has simple stable Zy-symmetric singularity generated
by function-germ of type Dg.k/z or Dgt/z only if (p,q) is a parabolic point
of nondegenerate ellipse, and by function-germ of type Es/ only if (p, q)
1s an inflection point of flat type.

Proof. (4.8) and Lemma 4.12 imply that if (p, ¢) is a parabolic point of
a Lagrangian surface L then the Gaussian curvature (p, q) is nonpos-
itive. Thus, L has no inflection points of imaginary type. The simple
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observation, that, in the Lagrangian case (only), if rank{ll;, .} =1
then x(p,q) = 0, implies L has no inflection points of real type. The
second statement follows from Theorems 4.14-4.15-4.16 and the fact
that A(j3S) = 0 together with one of the conditions S50512 — S35, =
07 5370 7é 07 or 80738271 - S%,Q = O, 8073 7é O, 1mply li(p7 q) =0. [

Remark 4.22. Simply saying that (p,q) € L is a parabolic point of
nondegenerate ellipse is not enough to characterize the type of singular-
ity of the Wigner caustic on shell at (p, ¢). Therefore, for a Lagrangian
surface, the type of singularity of the Wigner caustic on shell at a
parabolic point of nondegenerate ellipse is a further affine-symplectic
invariant that allows for a finer classification of the point.
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