VOLUME-PRESERVING DIFFEOMORPHISMS ON VARIETIES AND A_Ω-EQUIVALENCE OF MAPS

W. DOMITRZ AND J. H. RIEGER

Abstract. We describe a cohomological criterion for a pair of diffeomorphic variety-germs to be volume-preserving diffeomorphic. And we show that for the class of varieties that are quasi-homogeneous with respect to a smooth submanifold this cohomology vanishes, so that volume-preserving diffeomorphic is equivalent to diffeomorphic (over C) or orientation-preserving diffeomorphic (over R). Likewise, we give a criterion for a pair of left-right equivalent mapgerms to be A_Ω-equivalent (i.e. left-right equivalent by volume-preserving diffeomorphisms on the left). And we show that for the class of weakly quasihomogeneous map-germs each left-right orbit corresponds to one A_Ω-orbit (over C) or to one or two A_Ω-orbits (over R).

1. Introduction

We study the local classification of singular varieties and maps under the action of the group of volume-preserving diffeomorphisms, which is not a geometric subgroup in the sense of Damon [11] (the tangent space fails to have the structure of a finitely generated module). The definition of a geometric subgroup G of the Mather groups A and K collects the properties that are required in the proofs of the finite determinacy and versal unfolding theorems for any such G, the central theorems for any classification. For non-geometric subgroups of A and K moduli (and even functional moduli) often appear rather quickly already in low codimension (even in codimension 0), see e.g. [14]. On the other hand, Martinet wrote 30 years ago in his book (see p. 50 of the English translation [29]) on the classification problem in unimodular geometry – i.e. the classification of map-germs under the subgroup A_Ω of A in which the target diffeomorphisms are volume preserving – that the groups involved “are big enough that there is still some hope of finding a reasonable classification theorem”. It turns out that Martinet was right – the results of the present paper imply, for example, that the classifications of stable maps for A_Ω and A agree (at least over C). Apart from A_Ω-equivalence of map-germs, we will study volume-preserving diffeomorphisms on germs of varieties V ⊂ (K^n, 0).

The following earlier work is related to our results on volume-preserving diffeomorphisms on germs of varieties. In [39], [10] the local classification problem for functions under the action of volume-preserving diffeomorphisms was first considered (leading to the so-called isochore Morse Lemma), and more recently isochore versal deformations were studied in [9] and [21]. The results of [39], [10] were generalized in another direction in [16], [17] and [18]. The starting point of the present paper are the articles [2], [4], [38] and [23]. In [2] powers of C-analytic

1991 Mathematics Subject Classification. 58C27, 58A10, 14F40.

Key words and phrases. Singularities of map-germs, Unimodular geometry, Volume-preserving (isochore) diffeomorphisms, de Rham complex, Normal forms. 1

volume forms were studied. In particular V. I. Arnol’d proved that two germs of quasi-homogeneous C-analytic hypersurfaces with isolated singularity are volumepreserving diffeomorphic if and only if they are diffeomorphic. The generalization of this result was obtained in [38] (see also [25],[26],[27],[28]). In this paper A. N. Varchenko proved that the dimension of the moduli space of germs of C-analytic volume forms under the action of diffeomorphism-germs preserving a fixed hypersurface with an isolated singularity is equal to the difference of the Milnor number and the Tjurina number of this hypersurface. (By a result of K. Saito [37] this difference is zero if and only if the hypersurface is quasi-homogeneous.)

And the results on A_Ω-equivalence of map-germs f : (K^n, 0) → (K^p, 0) in the present paper are related to the following earlier works. In [4] V. I. Arnol’d introduced the local symplectic algebra and classified singular parameterized curves of the type A_{2k} on a symplectic manifold. G. Ishikawa and S. Janeczko studied the local classification problem for parameterized curves on a 2-dimensional symplectic manifold. (In dimension 2 a symplectic form is a volume form.) All simple germs in this classification are quasi-homogeneous and the orbit of an A-simple C-analytic quasi-homogeneous germ under the action of C-analytic symplectomorphisms is the same as the A-orbit of this germ. As a consequence of our results on A_Ω-equivalence of map-germs we obtain the following generalization of this result on parameterized curve-germs in symplectic 2-manifolds: an A-simple map-germ from an n-manifold into a symplectic 2-manifold is quasi-homogeneous if and only if its A-orbit and its A_Ω-orbit coincide (in target dimension 2 the volume preserving diffeomorphisms are symplectomorphisms).

Here is an outline of the contents of the present paper. In Section 2 we describe the main equivalence relations for germs of volume forms and map-germs and we summarize our main results.

In Section 3 we define the notion of a weak algebraic restriction of the germ of a k-form to a germ of a singular variety V , which is a modification of the notion of algebraic restriction defined by M. Zhitomirskii ([41], see also [12]). The k-forms with zero weak algebraic restriction to V form a subcomplex W^∗_0 (V ) of the de Rham complex on K^n, and we will see that H^n(W^∗_0 (V )) vanishes for germs V that are quasi-homogeneous with respect to a smooth submanifold (as defined in [13]: quasi-homogeneity with respect to a smooth submanifold may be understood as a quasi-homogeneity with positive and zero weights).

In Section 4 we use the cohomology of the complex W^∗_0 (V ) introduced in the previous section to present necessary and sufficient conditions for a pair of diffeomorphic variety-germs to be volume-preserving diffeomorphic (R_Ω-equivalent for some given volume form Ω) and for a pair of volume forms to be R_V -equivalent (i.e. to be related by pull-back by a diffeomorphism preserving a given variety-germ V ). Furthermore, we show that dim_K H^n(W^∗_0 (V )) is the dimension of the R_V -moduli space and that H^n(W^∗_0 (V )) vanishes for those V that are quasi-homogeneous with respect to a smooth submanifold.

In Sections 5 and 6 we study A_Ω- and A_f -equivalence of map-germs and volume forms (in the same way as before R_Ω- and R_V -equivalence of varieties and volume forms): for A_Ω-equivalence we fix a volume form Ω on the target and require that the target (left) diffeomorphisms in a left-right equivalence of a pair of map-germs preserve Ω, whereas for A_f equivalence the map-germ f is given and a pair of volume forms on the target of f is related by pull-back by some Φ, where (Φ, Ψ) lies in the isotropy subgroup of f in the group A of left-right equivalences. We present necessary and sufficient conditions for A_Ω-equivalence of map-germs and A_f -equivalence of volume forms, and we give formulas for the dimensions of the A_f - and A_Ω-moduli spaces. Furthermore, we show that for the class of weakly quasihomogeneous map-germs each left-right orbit corresponds to one A_Ω-orbit (over C) or to one or two A_Ω-orbits (over R). The study of A_Ω- and A_f -equivalence in Section 5 is in the style of that of R_Ω- and R_V -equivalence in Section 4. In Section 6 we study the A_Ω classification of map-germs using infinitesimal methods (in the style of Mather, looking at the “tangent spaces” of A_Ω-orbits). Our results give the classification of A_Ω-orbits of maps C^n → C^p from the corresponding lists of A-simple germs f as follows: f is A_Ω-simple if and only if it is weakly quasi-homogeneous and not A-adjacent to any non-weakly quasi-homogeneous germ. In dimensions (n, p) with p < 2n it is sufficient to work with the smaller class of quasi-homogeneous map-germs, but for p ≥ 2n the wider class of weakly quasi-homogeneous germs is required for obtaining the A_Ω-simple orbits – all our examples of A-simple weakly quasi-homogeneous map-germs, which are not quasi-homogeneous, occur for p ≥ 2n.

Acknowledgements. The authors wish to express their thanks to Goo Ishikawa, Stanislaw Janeczko, Andrew du Plessis, Maria Ruas and Michail Zhitomirskii for many helpful conversations and remarks during the writing of this paper. These results were obtained while the authors were guests at the Institute of Mathematics, Polish Academy of Sciences (IMPAN) and the Banach Centre at IMPAN, respectively, where WD was supported by IMPAN and JHR by the EU programme Centre of Excellence - IMPAN-Banach Centre, ICA1-CT-2000-70024.

2. Summary of the main equivalence relations and results

Our results on the equivalence of varieties V_0 and V_1 under volume preserving diffeomorphisms (i.e. under R_Ω equivalence, where Ω is a fixed volume form on the ambient space) will be deduced from corresponding statements about the equivalence of pairs of volume forms Ω_0 and Ω_1 under pull-back by diffeomorphisms R_V preserving a fixed variety V . Likewise, our results about A_Ω equivalence of map-germs f, g : (K^n, 0) → (K^p, 0) (where Ω is a fixed volume form on K^p) will follow from corresponding statements about what we call A_f equivalence (with f : (K^n, 0) → (K^p, 0) fixed) of volume forms Ω_0 and Ω_1 on K^p below.

Convention: throughout this paper we will be considering germs of maps, coordinate changes, differential forms, vector fields etc. at the origin in K^n or K^p, and all objects are real-analytic or smooth (C^∞) when K = R and complex-analytic when K = C.

(i) R_V and IR_V equivalence. Given a germ of a variety V ⊂ (K^n, 0) and a pair of volume forms Ω_i, i = 0, 1 we have:

Ω_0 ∼_{RV} Ω_1 ⇐⇒ ∃Φ ∈ Diff(K^n, 0) such that Φ(V ) = V, Φ^∗Ω_1 = Ω_0.

And if, in the above situation, Ω_0 and Ω_1 can be joined by a smooth path contained in a single R_V -orbit then we write Ω_0 ∼_{IRV} Ω_1

(ii) R_Ω equivalence. Given a volume form Ω on K^n and a pair of germs of varieties V_i ⊂ K^n, i = 0, 1 we have:

V_0 ∼_{RΩ} V_1 ⇐⇒ ∃Φ ∈ Diff(K^n, 0) such that Φ(V_0) = V_1, Φ^∗Ω = Ω.

Notice that we obtain an equivalence V_0 ∼_{RΩ} V_1 by first applying an arbitrary diffeomorphism Φ with Φ(V_0) = V_1 that changes the volume form to Ω_1 = Φ^∗Ω, and then mapping Ω_1 back to Ω by pulling back by some Ψ ∈ R_{V0} .

For map-germs f : (K^n, 0) → (K^p, 0) we consider the following equivalences. (iii) A_f and IA_f equivalence. For the isotropy subgroup Iso(f) := {(Φ, Ψ) ∈ A : Φ ∘ f ∘ Ψ^{−1} = f} of a map-germ f and a pair of volume forms Ω_i, i = 0, 1, in K^p we have:

Ω_0 ∼_{Af} Ω_1 ⇐⇒ ∃(Φ, Ψ) ∈ Iso(f) such that Φ^∗Ω_1 = Ω_0.

And again if, in the above situation, Ω_0 and Ω_1 can be joined by a smooth path contained in a single A_f -orbit then we write Ω_0 ∼_{IAf} Ω_1

(iv) A_Ω equivalence. Given a volume form Ω on the target K^p and a pair of map-germs f, g then we have:

f ∼_{AΩ} g ⇐⇒ ∃(Φ, Ψ) ∈ A such that Φ^∗Ω = Ω, f = Φ ∘ g ∘ Ψ^{−1}. We can obtain an A_Ω-equivalence of f and g by first applying an arbitrary Aequivalence mapping g to f and Ω to some Ω_1 = (Φ^{−1})^∗Ω and then pulling-back Ω to Ω_1 using A_f -equivalence, as in the diagram below:

(K^n, 0)^g−→ (K^p, Ω, 0) Ψ Φ (K^n, 0)^f−→ (K^p, Ω_1, 0) Ψ̃ Φ̃ (K^n, 0)^f−→ (K^p, Ω, 0)

In fact, given f, g and Ω as above the following statements are equivalent: (i) f and g are A_Ω-equivalent and (ii) there exist (Φ, Ψ) ∈ A and (Φ̃, Ψ̃) ∈ Iso(f) such that the above diagram commutes.

The following theorem summarizes the main results on R_V and R_Ω equivalence (it combines the statements of Theorems 4.3 and ?? and Proposition 4.5 below). Given a germ of a variety V ⊂ (K^n, 0), we say that a k-form has zero weak algebraic restriction to V if it is equal to dα+β, where α is a (k−1)-form and β a k-form such that df ∧ α|_V = 0 and df ∧ β|_V = 0 for any f ∈ I(V ). And we denote by [Ω]_V the class of Ω in the cohomology group H^n(W^∗_0 (V )), where W^∗_0 (V )) is the subcomplex of the de Rham complex of differential forms with zero weak algebraic restriction to V (see Section 3 below for precise definitions). Finally let div(Derlog(V )) ⊂ C_n be the K-subspace of C_n (C_n the local ring of smooth or analytic function-germs on (K^n, 0)) consisting of the divergences of the logarithmic vector fields on V , then we have the following

Theorem 2.1. For a germ of a variety V ⊂ (K^n, 0) and of volume forms Ω, Ω_0, Ω_1 we have the following.

(i) Given V : Ω_0 ∼_{IRV} Ω_1 ⇐⇒ [Ω_0]_V = [Ω_1]_V .

(ii) Fixing V , the number of R_V -moduli of germs of volume forms on (K^n, 0) is equal to dim_K H^n(W^∗_0 (V )) = dim_K C_n/div(Derlog(V )).

The next result summarizes the statements in Theorems 4.4 and 4.7 (varieties V that are quasi-homogeneous with respect to a smooth submanifold were introduced in [13], in Section 3 we will see that for such V we have H^n(W^∗_0 (V )) = 0).

Theorem 2.2. Consider germs of varieties V, V_1 ⊂ (K^n, 0) and of volume forms Ω, Ω_0, Ω_1. If V is quasi-homogeneous with respect to a smooth submanifold then the following statements hold.

(i) Ω_0 ∼_{RV} Ω_1, for any pair Ω_0, Ω_1 (over K = C) or for any pair Ω_0, Ω_1 such that Ω_0|_0, Ω_1|_0 define the same orientation (over K = R).

(ii) Fixing Ω: V_1 ∼_{RΩ} V ⇐⇒ Φ(V ) = V_1 for some germ, Φ, of a diffeomorphism (over K = C) or an orientation-preserving diffeomorphism (over K = R).

For map-germs f the following theorem summarizes the main results on A_f and A_Ω equivalence (it combines the results of Theorems 5.7 and ??, Corollary 5.8 and Proposition 6.7 below). Here Lift(f) denotes the C_p-module (C_p local ring of functions on the target of f) of vector fields Y liftable over f, Lift_0(f) the submodule of Lift(f) consisting of those Y that lift to source vector fields vanishing at 0 and let div(Lift_0(f)) := {div(Y ) : Y ∈ Lift_0(f)} ⊂ C_p. And [Ω]_f denotes the class of the volume form Ω under the following equivalence (divLift_0(f)-equivalence see Def. 5.5 below): Ω_0 and Ω_1 are equivalent if Ω_1 − Ω_0 = div(Y )Ω for some Y ∈ Lift_0(f) and some (or, in fact, any) volume form Ω. Then we have the following

Theorem 2.3. For a map-germ f : (K^n, 0) → (K^p, 0) and germs of volume forms Ω, Ω_0, Ω_1 in (K^p, 0) we have the following.

(i) Given f: Ω_0 ∼_{IAf} Ω_1 ⇐⇒ [Ω_0]_f = [Ω_1]_f .

(ii) Fixing f, the number of A_f -moduli of germs of volume forms on (K^p, 0) is equal to dim_K C_p/div(Lift_0(f)) = dim_K T A · f/T A_Ω · f, where in the second term Ω is some fixed volume form and T A_Ω · f denotes the tangent space to the A_Ω-orbit through f at f.

A map-germ f is weakly quasi-homogeneous if it is quasi-homogeneous for integer weights, non-negative weighted degrees and positive total degree (for some choice of coordinates in source and target). The following is a summary of Theorems 5.14 and 5.17.

Theorem 2.4. Consider map-germs f, g : (K^n, 0) → (K^p, 0) and germs of volume forms Ω, Ω_0, Ω_1 in (K^p, 0). If f is weakly quasi-homogeneous then the following statements hold.

(i) Ω_0 ∼_{Af} Ω_1, for any pair Ω_0, Ω_1 (over K = C) or for any pair Ω_0, Ω_1 such that Ω_0|_0, Ω_1|_0 define the same orientation (over K = R).

(ii) Fixing Ω: g ∼_{AΩ} f ⇐⇒ g ∼_A f, where the target diffeomorphisms (in the elements of A) are arbitrary (over K = C) or are orientation-preserving (over K = R).

Remark 2.5. (1) One could deduce Theorems 2.3 and 2.4 on map-germs f from Theorems 2.1 and 2.2 by considering the germ of a variety Δ(f) ⊂ (K^p, 0), which denotes the discriminant of f (for n ≥ p) or the image (for n < p), and using the results in [32], [33], [8] on critical normalizations. However, we shall give direct, self-contained proofs of these theorems that apply to a larger class of map-germs f than the ones considered in [32], [33], [8]. Also notice that one could try to obtain Theorem 2.4 from its “infinitesimal version” in Proposition 6.1, which says that for weakly quasi-homogeneous maps f we have the equality T A · f = T A_Ω · f of tangent spaces, using arguments similar to the ones in [19].

(2) Our results on mono-germs f can be generalized to multi-germs, this just complicates the notation without really changing the proofs.

3. Cohomology of forms with zero weak algebraic restriction to a singular variety

Let V be a germ of a variety on K^n at 0. Let I(V ) be the ideal of smooth (K-analytic) function-germs vanishing on V .

Definition 3.1. We say that germs of k-forms ω_0 and ω_1 have the same weak algebraic restriction to V if there exists a germ of a (k − 1)-form α and a germ of a k-form β such that ω_1 − ω_0 = dα + β and df ∧ α|_V = 0, df ∧ β|_V = 0 for any f ∈ I(V ).

We say that the germ of a k-form ω has zero weak algebraic restriction to V if ω and a germ of the zero k-form have the same weak algebraic restriction to V .

This definition is a modification of the definition of an algebraic restriction to a singular set V introduced by M. Zhitomirskii for 1-forms in [41] and generalized to arbitrary k-forms in [12]. Germs of k-forms ω_0 and ω_1 have the same algebraic restriction to V if there exists a germ of a (k − 1)-form α and a germ of a k-form β such that ω_1 − ω_0 = dα + β and α|_V = 0, β|_V = 0.

It is obvious that if ω_0 and ω_1 have the same algebraic restriction to V then they have the same weak algebraic restriction to V . But it is easy to see that the weak algebraic restriction of any n-form on K^n to a variety V ⊂ K^n is zero (see Proposition 3.5) and that this is not true for algebraic restrictions of volume forms to singular hypersurfaces.

If V is a germ of a smooth submanifold then ω_0 and ω_1 have the same algebraic restriction to V if and only if ω_0 and ω_1 have the same pullback to V i.e. they have the same geometric restriction to V (see [12]). The same is true for the weak algebraic restriction to a smooth submanifold. On smooth submanifolds the notion of algebraic restriction, weak algebraic restriction and geometric restriction coincide. This is not true on singular varieties (see Example 3.4)

Proposition 3.2. If V is a smooth submanifold then ω_0 and ω_1 have the same weak algebraic restriction to V if and only if ω_0 and ω_1 have the same pullback to V . Proof. It is enough to show that a germ of a k-form ω has zero weak algebraic restriction if and only if the pullback of ω to V vanishes. We may assume that k < n. Let V be a a germ of a p-dimensional submanifold. Then there exists a local coordinate system (x_1, · · · , x_n) on K^n such that V = {x_1 = · · · = x_{n−p} = 0}. The pullback of ω to V vanishes if and only if ω =

∑_{n−p} i=1 x_iα_i + dx_i ∧ β_i, where α_i is a germ of a k-form and β_i is a germ of a (k − 1)-form for i = 1, · · · , n − p. But then ω = n−p∑ i=1 x_i(α_i − dβ_i) + d( n−p∑ i=1 x_iβ_i).

Thus ω has zero weak algebraic restriction to V .

Now assume that ω has zero weak algebraic restriction to V . Thus

ω = α + dβ, where α is a germ of a k-form and β is a germ of (k−1)-form such that df ∧α|_V = 0, df ∧ β|_V = 0 for any f ∈ I(V ).

We may write α in the following way α = n−p∑ i=1 x_iγ_i + dx_i ∧ δ_i + π^∗_V σ,

where γ_i is a germ of a k-form on K^n, δ_i is a germ of a (k − 1)-form on K^n (i = 1, · · · , n − p), σ a germ of a k-form on V and π_V : K^n ∋ (x_1, · · · , x_n) → (x_{n−p+1}, · · · , x_n) ∈ V is the germ of the standard projection on V . But dx_i ∧α|_V = 0. Thus we obtain that σ = 0 (for k < n). Therefore the pullback of α to V vanishes. In the same way we can show that the pullback of β to V vanishes. □

If V is a hypersurface then we have the following proposition.

Proposition 3.3. If I(V ) =< f >, where f is a smooth (K-analytic) functiongerm, then a k-form ω has zero weak algebraic restriction to V if and only if the pullback of ω to the regular part of V vanishes.

Proof. The pullback of ω to the regular part of V vanishes if and only if df ∧ω|_V = 0. But this means that ω has zero weak algebraic restriction to V . □

Let V be a germ of a variety on K^n, if ω has weak zero algebraic restriction to V then the pullback of ω to the regular part of V vanishes. If V is the germ of a singular curve in K^3 then the pullback of the germ of any 2-form to the regular part of V vanishes. But it is easy to see that there are 2-forms which do not have zero weak algebraic restriction to V .

Example 3.4. Let V = {x^2_1 − x^2 − x^2_3 = x_2x_3 = 0} be a germ of a variety on K^3 at 0. Then pullback of any 2-form to the regular part of V vanishes, because the regular part of V is 1-dimensional, but the germ of a 2-form dx_1 ∧ dx_2 does not have zero weak algebraic restriction to V .

The germ of the form ω = x_1dx_2 ∧dx_3 +x_2dx_3 ∧dx_1 +x_3dx_1 ∧dx_2 has zero weak algebraic restriction to V , because d(x^2_1 −x^2 −x^2_3)∧ω = 2(x^2_1 −x^2 −x^2_3)dx_1 ∧dx_2 ∧dx_3 and d(x_2x_3) ∧ ω = 2x_2x_3dx_1 ∧ dx_2 ∧ dx_3. But ω does not have zero algebraic restriction to V (see [12]).

We denote by W^k_0 (V ) the set of k-forms with zero weak algebraic restriction to V . One can show that

Proposition 3.5. Let ω be a germ of an n-form on K^n. If I(V ) ≠ {0} then ω ∈ W^n_0 (V )

Proof. If f ≠ 0 then df ∧ ω is the germ of an (n + 1)-form on K^n. Thus df ∧ ω = 0 for any f ∈ I(V ). □

It is easy to see that W^∗_0 (V ) is a differential subcomplex of the complex of differential forms on K^n. Thus we can define the cohomology groups of this subcomplex

H^k(W^∗_0 (V )) =

{ω ∈ W^k_0 (V ) : dω = 0} {dα : α ∈ W^{k−1}_0 (V )} By Proposition 3.3 if H is a hypersurface then H^∗(W^∗_0 (H)) is the cohomology of the subcomplex of forms with vanishing pullback to the regular part of H, which we denote by H^∗_{Giv}(H). These were considered in [15] and [22] in the C-analytic category (see also [13]). In [22] (see also [15]) it was proved that if V is the germ of a quasi-homogeneous C-analytic variety then H^k_{Giv}(V ) = {0} for k > 0. This result was generalized in [13].

We are interested in H^n(W^∗_0 (V )). We define a class of varieties on K^n for which this cohomology group vanishes. These are the varieties which are quasihomogeneous with respect to a smooth submanifold, as defined in ([13]).

Definition 3.6. A germ of a variety V ⊂ K^n is called quasi-homogeneous with respect to a smooth submanifold S if there exists a local coordinate system

(x_1, . . . , x_k, y_1, . . . , y_{n−k})

and positive numbers w_1, . . . , w_k (called weights) such that S is given by equations x_1 = 0, . . . , x_k = 0 and, for all t, the map

F_t : (x_1, . . . , x_k, y_1, . . . , y_{n−k}) → (t^{w1} x_1, . . . , t^{wk} x_k, y_1, . . . , y_{n−k})

sends any point p ∈ V to a point F_t(p) ∈ V , provided that p and F_t(p) are sufficiently close to 0.

This is a generalization of the classical quasi-homogeneity. Classical quasihomogeneity is quasi-homogeneity with respect to S = {0}. The quasi-homogeneity with respect to a smooth submanifold is a classical quasi-homogeneity with some of the weights allowed to be 0.

Example 3.7. Let

N = {(x_1, x_2, y) ∈ R^3 : (x^2_1 − x^2)^2 + yx^2_1x^2 = 0}.

The set N is quasi-homogeneous with respect to the curve S : {x_1 = x_2 = 0} with weights (1, 1): if (x_1, x_2, y) ∈ N then (tx_1, tx_2, y) ∈ N. In ([13]) it was shown that N is not quasi-homogeneous (in any coordinate system) in the classical sense.

Example 3.8. Let V be a germ of a subset of a smooth hypersurface H. Then V is quasi-homogeneous with respect to H. Indeed, there exists a coordinate system (x_1, x_2, · · · , x_n) on K^n such that H = {x_1 = 0}. Thus F_t(x_1, x_2, · · · , x_n) = (tx_1, x_2, · · · , x_n) maps V to V .

The vector field

E_w = k∑ i=1 w_ix_i ∂ ∂x_i . is called the Euler vector field for a coordinate system (x_1, . . . , x_k, y_1, . . . , y_{n−k}) with weights w = (w_1, . . . , w_k). If V is quasi-homogeneous with respect to a submanifold {x_1 = · · · = x_k = 0} with positive weights (w_1, · · · , w_k) then E_w is tangent to V . In fact it was proved in ([13]) that

Theorem 3.9. Let S be a smooth submanifold of R^n. Let N = {H_1 = · · · = H_p = 0}, where H_1, . . . , H_p generate the ideal of smooth (or K-analytic) function-germs vanishing on N, and suppose that the set of non-singular points of N (the points near which N has the structure of a smooth submanifold of R^n) is dense in N.

Then N is quasi-homogeneous with respect to S if and only if there exists a vector field which is tangent to N, vanishes at any point x ∈ S, and whose eigenvalues at x ∈ S corresponding to directions transversal to S do not depend on x and are real positive numbers.

Proposition 3.10. Let V be the germ of a variety on K^n. If V is quasi-homogeneous with respect to a smooth k-dimensional submanifold (k < n) then H^n(W^∗_0 (V )) = 0.

The proof the above proposition is based on the following lemma. Lemma 3.11. Let E_w be a germ of the Euler vector field for a coordinate system (x_1, . . . , x_k, y_1, . . . , y_{n−k}) with positive weights w = (w_1, . . . , w_k) and let Ω_0 be the germ of the volume-form dx_1 ∧ . . . ∧ dx_k ∧ dy_1 ∧ . . . ∧ dy_{n−k}. If ω is the germ of a smooth (K-analytic) n-form on K^n then there exists a smooth (K-analytic) function-germ g on K^n such that ω = d(g(E_w⌋Ω_0)).

Proof. Let G_t(x_1, . . . , x_k, y_1, . . . , y_{n−k}) = (e^{w1t}x_1, . . . , e^{wkt}x_k, y_1, . . . , y_{n−k}) for t ≤ 0 and x = (x_1, . . . , x_k, y_1, . . . , y_{n−k}) ∈ K^n. It is easy to see that

(G_t)^′ := d dt G_t = E_w ∘ G_t, G_0 = Id_Kn , lim_{t→−∞} G_t(x, y) = (0, y) for any (x, y) = (x_1, . . . , x_k, y_1, . . . , y_{n−k}) ∈ K^n. Thus

(3.1) ω = G^∗_0ω − lim_{t→−∞} G^∗_t ω =

∫_0 −∞ (G^∗_t ω)^′dt.

But ω = fΩ_0, where f is a smooth (K-analytic) function-germ and (G^∗_t ω)^′ = G^∗_t L_{Ew} ω = G^∗_t d(E_w⌋ω) = d(G^∗_t (E_w⌋ω)).

Thus (G^∗_t ω)^′ = d(G^∗_t (E_w⌋fΩ_0)) = d((f ∘ G_t)G^∗_t (E_w⌋Ω_0)).

It is easy to check by direct calculation that G^∗_t (E_w⌋Ω_0) = e^{t ∑ki=1 wi} (E_w⌋Ω_0). Therefore (G^∗_t ω)^′ = d((f ∘ G_t)e^{t ∑ki=1 wi} (E_w⌋Ω_0)). Combining this with (3.1) we obtain ω = d(

∫_0 −∞ ((f ∘ G_t)e^{t ∑ki=1 wi} )dt(E_w⌋Ω_0)) = d(g(E_w⌋Ω_0)), where the function-germ g on K^n is defined in the following way:

g(x, y) =

∫_0 −∞ (e^{t ∑ki=1 wi} (f(G_t(x, y)))dt.

It is easy to see that g is smooth (K-analytic), because ∫_0 −∞ (e^{t ∑ki=1 wi} (f(G_t(x, y)))dt =

∫_1 0 (s^αf(F_s(x, y))ds

where α = (

∑_k

i=1 w_i) − 1 and F_s(x_1, . . . , x_k, y_1, . . . , y_{n−k}) = (s^{w1} x_1, . . . , s^{wk} x_k, y_1, . . . , y_{n−k}) for any (x, y) = (x_1, . . . , x_k, y_1, . . . , y_{n−k}) and s ∈ [0, 1]. Multiplying weights by a sufficiently large constant we may assume that α > 1. □ Proof of Proposition 3.10. Let ω be a a germ of a n-form on K^n. It is obvious that df ∧ ω = 0 for any f ∈ I(V ). By Lemma 3.11 there exists a n-form β such that ω = d(E_w⌋β) where E_w is the Euler vector field for V . But for any f ∈ I(V ) df ∧ (E_w⌋β) = (E_w⌋df)β and E_w⌋df ∈ I(V ). Thus df ∧ (E_w⌋β)|_V = 0. □

Proposition 3.12. Let V be a germ of a variety on K^n. If there exists a germ of a vector field Y tangent to V such that Y |_0 ≠ 0 then H^n(W^∗_0 (V )) = 0.

Proof. There exists a coordinate system (x_1, x_2, · · · , x_n) on K^n such that Y =^∂_{∂x1} . If ω is a germ of an n-form then

ω = gdx_1 ∧ dx_2 ∧ · · · ∧ dx_n = d(

∫_{x1} 0 g(t, x_2, · · · , x_n)dt ∂ ∂x_1

⌋dx_1 ∧ dx_2 ∧ · · · ∧ dx_n),

where g is a function-germ. It is easy to see that

df ∧ (

∫_{x1} 0 g(t, x_2, · · · , x_n)dt ∂ ∂x_1

⌋dx_1 ∧ dx_2 ∧ · · · ∧ dx_n)|_V = 0

for any f ∈ I(V ). Thus H^n(W^∗_0 (V )) = 0. □

Remark 3.13. We can also prove Proposition 3.12 in a different way. If^∂_{∂x1} is tangent to V then x_1^∂_{∂x1} is tangent to V too. By Lemma 3.11, using the same argument as in the proof of Proposition 3.10, we obtain H^n(W^∗_0 (V )) = 0. If V satisfies the assumptions of Theorem 3.9 then V is quasi-homogeneous with respect to {x_1 = 0}.

Let C_n be the ring of smooth (K-analytic) function-germs at 0 on K^n. Let I(V ) be the ideal in C_n of function-germs vanishing on V .

Let Derlog(V ) denote the module of germs at 0 of vector fields tangent to V i.e. Y ∈ Derlog(V ) if Y (I(V )) ⊂ I(V ).

Let div(Y ) denotes the divergence of a vector field Y =

∑_n

i=1 g_i^∂_{∂xi} with respect to the volume form Ω_0 = dx_1 ∧ . . . ∧ dx_n i.e.

div(Y ) =

L_Y Ω_0 Ω_0 = d(Y ⌋Ω_0) Ω_0 = n∑ i=1 ∂g_i ∂x_i . Then div(Derlog(V )) := {div(Y ) ∈ C_n : Y ∈ Derlog(V )} is a K-vector subspace of C_n.

Proposition 3.14. H^n(W^∗_0 (V )) ∼=^{Cn}_{div(Derlog(V ))} .

Proof. Let ω_0 and ω_1 be germs n-forms on K^n. Let Ω_0 be the germ of a volume form on K^n. Then ω_0 = g_0Ω_0 and ω_1 = g_1Ω_0, where g_0 and g_1 are function-germs on K^n. And [ω_0]_V = [ω_1]_V in H^k(W^∗_0 (V )) if and only if ω_0 − ω_1 = dα, where α is the germ of a (n − 1)-form on K^n such that df ∧ α|_V = 0 for any f ∈ I(V ). Let X be a germ of a vector field such that α = X⌋Ω_0 then df ∧ α = df ∧ (X⌋Ω_0) = (X⌋df)Ω_0.

Thus df ∧ α|_V = 0 if and only if X⌋df ∈ I(V ).

We obtain that [ω_0]_V = [ω_1]_V in H^n(W^∗_0 (V )) if and only if g_0 − g_1 = div(X), where X ∈ Derlog(V ). □

Remark 3.15. Proposition 3.10 can be proved using Proposition 3.14. It is easy to show that if V is quasi-homogeneous with respect to the smooth submanifold then div(Derlog(V )) is C_n.

Definition 3.16. We say that a cohomology class a ∈ H^n(W^∗_0 (V )) is realizable by a volume form if there exists a germ Ω of a volume form such that [Ω]_V = a. We denote by [V ol]_V the set of all cohomology classes realizable by volume forms.

Proposition 3.17. If there exists a germ of a volume form with zero cohomology class in H^n(W^∗_0 (V )) then [V ol]_V = H^n(W^∗_0 (V ))

Proof. Let Ω be a germ of a volume form such that [Ω]_V = [0]_V ∈ H^n(W^∗_0 (V )). Let α be a germ of a n-form on K^n. If α|_0 = 0 then β = α + Ω is a germ of a volume form and [β]_V = [α]_V ∈ H^n(W^∗_0 (V )). □

Proposition 3.18. If H^n(W^∗_0 (V )) \ [V ol]_V ≠ ∅ then H^n(W^∗_0 (V )) \ [V ol]_V is a K-linear subspace of H^n(W^∗_0 (V )).

If L is a finite dimensional linear subspace of H^n(W^∗_0 (V )) such that L∩[V ol]_V ≠ ∅ then there exists a base a_1, · · · , a_{dimK L} of L such that a_1, · · · , a_{dimK L} are realizable by volume forms.

Proof. By Proposition 3.17, [0]_V is not realizable by a volume form. If a ∈ H^n(W^∗_0 (V )) is not realizable by a volume form then neither is λa for any λ ∈ K, because if λ ≠ 0 and there exists a germ Ω of a volume form such that λa = [Ω]_V then a = [^1_λ Ω]_V . In the same way we show that if a, b ∈ H^n(W^∗_0 (V )) are not realizable by a volume form then neither is a + b.

Let us assume that H^n(W^∗_0 (V )) \ [V ol]_V ≠ ∅. Then by Proposition 3.17 any germ of a volume form has non-zero cohomology class in H^n(W^∗_0 (V )). Let Ω be a germ of a volume form such that [Ω]_V ∈ L. Then [Ω]_V ≠ [0]_V and let [Ω]_V , [β_2]_V , · · · , [β_{dimK L}]_V be a base of L. Let a_1 = [Ω]_V and a_i = [β_i]_V if β_i|_0 ≠ 0 and a_i = [β_i + Ω]_V if β_i|_0 = 0 for i = 2, · · · , dim_K L. It is easy to see that a_1, · · · , a_{dimK L} is a base of L and a_1, · · · , a_{dimK L} are realizable by volume forms. □

By Propositions 3.17 and 3.18 we obtain the following corollary.

Corollary 3.19. dim_K[V ol]_V = dim_K H^n(W^∗_0 (V )).

Proof. If there exists a germ of a volume form with zero cohomology class in H^n(W^∗_0 (V )) then [V ol]_V = H^n(W^∗_0 (V )) by Proposition 3.17. But if H^n(W^∗_0 (V )) \ [V ol]_V ≠ ∅ then [V ol]_V = H^n(W^∗_0 (V )) \ T , where T is a subspace of codimension at least 1 by Proposition 3.18. □

4. Volume preserving diffeomorphisms on varieties

Let Ω_0, Ω_1 be germs at 0 of smooth (K-analytic) volume-forms on K^n. Let V be the germ at 0 of a subvariety of K^n. We define two equivalence relations on the space of volume forms on K^n.

Definition 4.1. We say that Ω_0 and Ω_1 are R_V -equivalent if there exists a germ of a diffeomorphism Φ : (K^n, V, 0) → (K^n, V, 0) ( preserving V ) such that Φ^∗Ω_1 = Ω_0.

Definition 4.2. We say that Ω_0 and Ω_1 are IR_V -equivalent if there exists a smooth family of germs of diffeomorphisms Φ_t : (K^n, V, 0) → (K^n, V, 0) ( preserving V ) for t ∈ [0, 1] such that Φ_0 = Id and Φ^∗_1Ω_0 = Ω_1.

It is obvious that IR_V -equivalence implies R_V -equivalence. We now prove one of the main results of the paper.

Theorem 4.3. Let V be a germ of a subset of K^n. Let Ω_0 and Ω_1 be germs of smooth (or K-analytic) volume forms on K^n. If K = R we assume that Ω_0 and Ω_1 define the same orientation of K^n.

Then [Ω_0]_V = [Ω_1]_V in H^n(W^∗_0 (V )) if and only if Ω_0 and Ω_1 are IR_V -equivalent.

Proof. First we assume that any germ of a vector field tangent to V vanishes at 0. If [Ω_0]_V = [Ω_1]_V in H^n(W^∗_0 (V )) then there exists a germ of a (n − 1)-form α on K^n such that (4.1) Ω_0 − Ω_1 = dα, df ∧ α|_V = 0 ∀f ∈ I(V ).

We use Moser’s homotopy method ([31]). Let Ω_t = Ω_0 + t(Ω_1 − Ω_0) for t ∈ [0, 1]. It is easy to see that if Ω_0 and Ω_1 define the same orientation of R^n then Ω_t is a germ of a volume-form at 0 for any t ∈ [0, 1]. We are looking for diffeomorphisms Φ_t : (K^n, 0) → (K^n, 0) for t ∈ [0, 1] such that (4.2) Φ^⋆_t Ω_t = Ω_0 and Φ_0 = Id_Kn , Φ_t(V ) ⊂ V . Differentiating (4.2) we obtain Φ^⋆_t (L_{Ut} Ω_t + Ω_1 − Ω_0) = 0,

where U_t ∘ Φ_t =^d_{dt} Φ_t. Φ_t(V ) ⊂ V if and only if U_t is tangent to V . Thus by (4.1) we have (4.3) d(U_t⌋Ω_t) = Ω_0 − Ω_1 = dα. Thus we want to find U_t tangent to V such that (4.4) U_t⌋Ω_t = α.

Let X be a germ of a vector field such that X⌋Ω_0 = α. Then df ∧α = df ∧(X⌋Ω_0) = (X⌋df)Ω_0. We have that df ∧ α|_V = 0 for any f ∈ I(V ). Thus X⌋df ∈ I(V ) for any f ∈ I(V ), which means that X is tangent to V . By the above assumption X|_0 = 0. But Ω_t = g_tΩ_0 where g_t is a non-vanishing function-germ at 0. Hence U_t =^1_{gt} X is a solution of (4.4), which is tangent to V and vanishes at 0. By integration of U_t we obtain a smooth family of germs of diffeomorphism Φ_t : (K^n, 0) → (K^n, 0) for t ∈ [0, 1] such that Φ_t(V ) ⊂ V , Φ_0 = Id and Φ^⋆_1Ω_1 = Ω_0.

To conclude the proof of the forward direction, assume that there exists a germ of vector field Y tangent to V such that Y |_0 ≠ 0. Then there exists a coordinate system (x_1, · · · , x_n) on K^n such that Y =^∂_{∂x1} . If ω is a germ of an n-form then

Ω_0 −Ω_1 = gdx_1 ∧dx_2 ∧· · ·∧dx_n = d(

∫_{x1} 0 g(t, x_2, · · · , x_n)dt ∂ ∂x_1

⌋dx_1 ∧dx_2 ∧· · ·∧dx_n),

where g is some function-germ and X =

∫_{x1} 0 g(t, x_2, · · · , x_n)dt^∂_{∂x1} vanishes at 0.

But Y |_0 ≠ 0 also implies that H^n(W^∗_0 ) = 0, by Proposition 3.12. Now we can continue in the same way as in the first part of the proof.

For the converse, assume that Ω_0 and Ω_1 are IR_V -equivalent. Then there exists a smooth family of germs of diffeomorphisms Φ_t : (K^n, V, 0) → (K^n, V, 0) (preserving V ) for all t ∈ [0, 1] such that Φ_0 = Id and Φ^∗_1Ω_0 = Ω_1. Let (Φ_t)^′ =^d_{dt} Φ_t = X_t ∘ Φ_t. Then

Ω_1 − Ω_0 = Φ^∗_1Ω_0 − Ω_0 =

∫_1 0 (Φ^∗_t Ω_0)^′dt =

∫_1 0 (Φ^∗_t L_{Xt} Ω_0)dt =

∫_1 0 Φ^∗_t d(X_t⌋Ω_0)dt.

Thus

Ω_1 − Ω_0 = d (∫_1 0 Φ^∗_t (X_t⌋Ω_0)dt ) .

X_t is tangent to V . Thus for any f ∈ I(V )

df ∧ (X_t⌋Ω_0)|_V = (X_t⌋df) ∧ Ω_0|_V = 0. But df ∧ Φ^∗_t (X_t⌋Ω_0) = Φ^∗_t (d((Φ^{−1}_t )^∗f) ∧ (X_t⌋Ω_0)) and Φ_t(V ) ⊂ V . Hence df ∧ Φ^∗_t (X_t⌋Ω_0)|_V = 0, which implies that

df ∧

∫_1 0 Φ^∗_t d(X_t⌋Ω_0)dt|_V = 0.

Thus [Ω_0]_V = [Ω_1]_V in H^n(W^∗_0 (V )). □

In [2] (see also [38], [28]) it was shown that if V is the germ of a C-analytic quasihomogeneous hypersurface with an isolated singularity then any two holomorphic volume forms on C^n are R_V -equivalent. More generally we have (for variety-germs V of any codimension and with possibly non-isolated singularities) the following

Theorem 4.4. Let V be a germ of a variety on K^n.

(1) Let K = R and let Ω_0 and Ω_1 be germs of smooth or R-analytic volumeforms at 0. If V is quasi-homogeneous with respect to a smooth submanifold of R^n and Ω_0|_0, Ω_1|_0 define the same orientation of T_0R^n then Ω_0 and Ω_1 are R_V -equivalent.

(2) Let K = C and let Ω_0 and Ω_1 be germs of C-analytic volume-forms at 0.

If V is quasi-homogeneous with respect to a C-analytic submanifold of C^n then Ω_0 and Ω_1 are R_V -equivalent.

In [38] it was shown that if H = {f = 0} is a germ at 0 of a C-analytic hypersurface in C^n with isolated singularity at 0 then the number of IR_H -moduli of volume forms on C^n is equal to μ − τ, where μ = dim_C^{On}_{< ∂f∂x1 ,··· , ∂f∂xn >} is the Milnor

number of H and τ = dim_C^{On}_{<f, ∂f∂x1 ,··· , ∂f∂xn >} is the Tjurina number of H.

Let V be the germ of a variety on K^n and let Ω be the germ of a volume form on K^n. The IR_V -orbit of Ω is the identity component of the R_V -orbit of Ω. Thus the number of R_V -moduli of germs of volume forms is equal to the number of IR_V - moduli of germs of volume forms. By Theorem 4.3 and Proposition 3.14 we obtain the following result

Proposition 4.5. Let V be a germ of a variety of K^n. Then the number of R_V - moduli of germs of volume forms is equal to

dim_K H^n(W^∗_0 (V )) = dim_K

C_n div(Derlog(V )) . Proof. Let Ω_0 and Ω_1 be germs of volume forms on K^n. If [Ω_0]_V = [Ω_1]_V in H^n(W^∗_0 (V )) then Ω_0 and Ω_1 are R_V -equivalent by Theorem 4.3. By Corollary 3.19 and Proposition 3.14 we have dim_K[V ol]_V = dim_K H^n(W^∗_0 (V )) = dim_K^{Cn}_{div(Derlog(V ))} . Now assume that Ω_0 and Ω_1 are R_V -equivalent. We also may assume that they are in the same component of an R_V -orbit. But then they are IR_V -equivalent. Hence [Ω_1]_V = [Ω_0]_V in H^n(W^∗_0 (V )) by Theorem 4.3. □

Let Ω be the germ of a fixed smooth (K-analytic) volume-form on K^n at 0, and let V_1, V_2 be germs of varieties of K^n at 0 ∈ K^n.

Definition 4.6. V_1 and V_2 are R_Ω-equivalent if there exists a volume-preserving diffeomorphism-germ Φ : (K^n, Ω, 0) → (K^n, Ω, 0) (i.e. Φ^∗Ω = Ω) such that Φ(V_1) = V_2.

Theorem 4.4 can be formulated in the following way.

Theorem 4.7. Let V, V_1 be germs of varieties on K^n at p.

(1) Let K = R and fix a germ Ω of a smooth (or R-analytic) volume-form at p. If V is quasi-homogeneous with respect to a smooth submanifold then V and V_1 are R_Ω-equivalent if and only if there exists a germ of smooth (R-analytic) orientation-preserving diffeomorphism Φ : (R^n, 0) → (R^n, 0) such that Φ(V ) = V_1.

(2) Let K = C and fix a germ Ω of a C-analytic volume-form at p. If V is quasi-homogeneous with respect to a C-analytic submanifold then V and V_1 are R_Ω-equivalent if and only if V and V_1 are C-analytically diffeomorphic.

Here is an example of a germ of a singular curve on R^2 which determines an orientation on R^2.

Example 4.8. Let V_1 = {(x_1, x_2) ∈ R^2 : x^3_2 − x^5_1 = 0} and V_2 = {(x_1, x_2) ∈ R^2 : x^3_2 + x^5_1 = 0}. V_1 and V_2 are quasi-homogeneous with weights (3, 5) and they are diffeomorphic. For example take Φ(x_1, x_2) = (−x_1, x_2). But they are not R_Ωequivalent, because any diffeomorphism mapping V_1 to V_2 changes the orientation of R^2.

5. A_Ω-equivalence of maps

We now study A_Ω-equivalence of map-germs f, where Ω is a fixed volume form on the target of f. The results about A_Ω-equivalence will follow from those about A_f -equivalence of volume forms, where the map-germ f is fixed, in the same way as the results about R_Ω were obtained in the previous section from those about R_V .

Furthermore, as mentioned already in Remark 2.5, slightly weaker versions of the results about maps f can be deduced from those about germs of varieties V , by considering vector fields tangent to the discriminant or image Δ(f) of f. More precisely, using the results in [32], [33], [8] – and in particular the necessary and sufficient conditions in theorem 2 of [8] for a vector field tangent to Δ(f) to lift over f – we could deduce our results about A_Ω and A_f from those about R_Ω and R_V (taking V = Δ(f)) for the class of maps f satisfying the conditions in theorem 2 of [8]. This class would, for example, over C include all A-finite map-germs f : (C^n, 0) → (C^p, 0) for all pairs (n, p) different from (n, 2), n ≥ 2. Nevertheless, working directly with liftable vector fields, we can avoid these restrictions – see Example 5.13 below for a weakly quasi-homogeneous map-germ f (to which our Theorem 2.4 applies) which does not satisfy the conditions in [8].

First, we recall the definition of a liftable vector field ([1], [8]).

Definition 5.1. The germ of a vector field Y on K^p is liftable or lifts over a mapgerm f : (K^n, 0) → (K^p, 0) to a germ of a vector field X at 0 on K^n if

df(X) = Y ∘ f.

(Considering homomorphisms tf from the C_n-module of source vector fields to the C_n-module θ_f of smooth sections of f^∗T K^p and ωf from the C_p-module of target vector fields to θ_f , given by X → df(X) and Y → Y ∘ f respectively, the above equation becomes tf(X) = ωf(Y ) – this notation will be used in the next section when we study the A_Ω-tangent space of f.) The C_p-module of germs of vector fields liftable over f we denote by Lift(f). The C_p-submodule of Lift(f) of germs of vector fields liftable over f to germs of vector fields vanishing at 0 we denote by Lift_0(f).

Let Ω_0, Ω_1 be germs at 0 of smooth (K-analytic) volume-forms on K^p and let f : (K^n, 0) → (K^p, 0) be a smooth (or K-analytic) map-germ.

Definition 5.2. We say that Ω_0 and Ω_1 are A_f -equivalent if there exist germs of diffeomorphisms Φ : (K^p, 0) → (K^p, 0) and Ψ : (K^n, 0) → (K^n, 0) such that Φ^∗Ω_1 = Ω_0 and Φ ∘ f = f ∘ Ψ.

Remark 5.3. The condition Φ ∘ f = f ∘ Ψ is equivalent to Φ ∘ f ∘ Ψ^{−1} = f. It means that f is preserved by A-action of (Ψ^{−1}, Φ).

Definition 5.4. We say that Ω_0, Ω_1 are IA_f -equivalent if there exist smooth families of germs of diffeomorphisms Φ_t : (K^p, 0) → (K^p, 0) and Ψ_t : (K^n, 0) → (K^n, 0) for t ∈ [0, 1] such that Φ_0 = Id_Kp , Ψ_0 = Id_Kn , Φ^∗_1Ω_0 = Ω_1 and Φ_t ∘ f = f ∘ Ψ_t for t ∈ [0, 1].

Obviously IA_f -equivalence implies A_f -equivalence.

Let div(Y ) denotes the divergence of a germ of a vector field Y with respect to the germ of the volume form Ω, i.e. div(Y )Ω = d(Y ⌋Ω) = L_Y Ω.

Definition 5.5. We say that germs of volume forms Ω_0 and Ω_1 are divLift_0(f)- equivalent if there exists a germ of a vector field Y ∈ Lift_0(f) such that Ω_1 − Ω_0 = div(Y )Ω.

Remark 5.6. divLift_0(f) is an equivalence relation. We denote the divLift_0(f)- equivalence class of a germ of a volume form Ω_0 by [Ω_0]_f . The definition of divLift_0(f) does not depend of the choice of germ of a volume form Ω. If Ω̃ is the germ of another volume form then Ω = gΩ̃. If Ω_1 − Ω_0 = d(Y ⌋Ω) for Y ∈ Lift_0(f) then Ω_1 − Ω_0 = d(gY ⌋Ω̃) and gY ∈ Lift_0(f).

Now we state one of the main results of this section.

Theorem 5.7. Let f : (K^n, 0) → (K^p, 0) be a smooth (K-analytic) map-germ. Let Ω_0 and Ω_1 be germs of smooth (K-analytic) volume forms on C^p. If K = R we assume that Ω_0 and Ω_1 define the same orientation of R^p.

Then Ω_0 and Ω_1 are IA_f -equivalent if and only if Ω_0 and Ω_1 are divLift_0(f)- equivalent.

Proof. First we assume that Ω_1 − Ω_0 = div(Y )Ω_0 and df(X) = Y ∘ f, where X is the germ of a vector field at 0 on K^n such that X|_0 = 0. We use Moser’s homotopy method ([31]). Let Ω_t = Ω_0 +t(Ω_1 −Ω_0) for t ∈ [0, 1]. It is easy to see that Ω_t is the germ of a volume-form at 0 for any t ∈ [0, 1]. We are looking for diffeomorphisms Φ_t : (K^p, 0) → (K^p, 0), Ψ_t : (K^n, 0) → (K^n, 0) for t ∈ [0, 1] such that (5.1) Φ^⋆_t Ω_t = Ω_0 and Φ_0 = Id_Kp , Ψ_0 = Id_Kn , Φ_t ∘ f = f ∘ Ψ_t. Differentiating (5.1) we obtain Φ^⋆_t (L_{Yt} Ω_t + Ω_1 − Ω_0) = 0, where Y_t ∘ Φ_t =^d_{dt} Φ_t. And Φ_t ∘ f = f ∘ Ψ_t if and only if Y_t ∘ f = df(X_t), where X_t ∘ Ψ_t =^d_{dt} Ψ_t. By the assumptions we have (5.2) d(Y_t⌋Ω_t) = Ω_0 − Ω_1 = div(Y )Ω_0 = d(Y ⌋Ω_0). But Ω_t = h_tΩ_0, where h_t is a non-vanishing function-germ at 0. Hence Y_t =^1_{ht} Y is a solution of (5.2). Multiplying df(X) = Y ∘ f by 1/h_t ∈ C_p (using the C_p-module structure of Lift(f)) we have

Y_t ∘ f = ( 1 h_t

Y ) ∘ f = df(( 1 h_t

∘ f)X) = df(X_t),

where X_t := (^1_{ht} ∘ f)X vanishes at 0, because X vanishes at 0. And Y_t vanishes at 0 too, because Y_t|_0 = Y_t|_{f(0)} = df|_0(X_t|_0) = df|_0(0) = 0.

Integrating Y_t and X_t we obtain diffeomorphism-germs Φ_t : (K^p, 0) → (K^p, 0) and Ψ_t : (K^n, 0) → (K^n, 0) such that Φ^⋆_1Ω_1 = Ω_0 and Φ_t ∘ f = f ∘ Ψ_t.

Now assume that Ω_1 and Ω_0 are IA_f -equivalent. Then there exist smooth families of germs of diffeomorphisms Φ_t : (K^p, 0) → (K^p, 0) and Ψ_t : (K^n, 0) → (K^n, 0) such that Φ_0 = Id_Kp , Ψ_0 = Id_Kn , Φ^∗_1Ω_0 = Ω_1 and Φ_t ∘ f = f ∘ Ψ_t for all t ∈ [0, 1]. Thus

Ω_1 − Ω_0 =

∫_1 0 d dt Φ^∗_t Ω_0dt =

∫_1 0 Φ^∗_t d(Y_t⌋Ω_0)dt = d

∫_1 0 Φ^∗_t (Y_t⌋Ω_0)dt,

where Y_t is a germ of a vector field on K^p such that Y_t ∘ Φ_t =^d_{dt} Φ_t. But ∫_1 0 Φ^∗_t (Y_t⌋Ω_0)dt =

∫_1 0 ( d(Φ^{−1}_t )(Y_t ∘ Φ_t) ) ⌋Φ^∗_t Ω_0dt =

∫_1 0 Jac(Φ_t)Ỹ_tdt⌋Ω_0,

where Ỹ_t = d(Φ^{−1}_t )(Y_t ∘Φ_t) is a germ of a vector field on K^p and Jac(Φ_t) = det dΦ_t.

Differentiating Φ_t ∘ f = f ∘ Ψ_t we obtain Y_t ∘ f = df(X_t), where X_t is a germ of a vector field at 0 such that X_t ∘ Ψ_t =^d_{dt} Ψ_t.

Then Ỹ_t ∘ f = d(Φ^{−1}_t )(Y_t ∘ Φ_t ∘ f) = d(Φ^{−1}_t )(Y_t ∘ f ∘ Ψ_t) = d(Φ^{−1}_t )(df(X_t ∘ Ψ_t)) = d(Φ^{−1}_t ∘ f)(X_t ∘ Ψ_t) = d(f ∘ Ψ^{−1}_t )(X_t ∘ Ψ_t) = df(d(Ψ^{−1}_t )(X_t ∘ Ψ_t)). Thus Ỹ_t ∘ f = df(X̃_t), t ∈ [0, 1],

where X̃_t = d(Ψ^{−1}_t )(X_t ∘ Ψ_t) is a germ of a vector field on K^n.

Hence ∫_1 0 Jac(Φ_t)Ỹ_tdt ∘ f = df (∫_1 0 (Jac(Φ_t) ∘ f)X̃_tdt ) . Thus a germ of a vector field Y =

∫_1 0 Jac(Φ_t)Ỹ_tdt lifts over f to a germ of a vector field X =

∫_1 0 (Jac(Φ_t) ∘ f)X̃_tdt and Ω_1 − Ω_0 = d(Y ⌋Ω_0) = div(Y )Ω_0. It is easy to see that X vanishes at 0, because X_t|_0 = 0. □

From Theorem 5.7 we get the following corollary, using the fact the IA_f -orbit of Ω is the identity component of the A_f -orbit of Ω.

Corollary 5.8. The number of A_f -moduli of germs of volume forms on K^n is equal to dim_K^{Cp}

div(Lift_0(f)) .

We now define a class of map-germs f for which div(Lift_0(f)) is C_p.

Definition 5.9. We say that a smooth (K-analytic) map-germ f : (K^n, 0) → (K^p, 0) is weakly quasi-homogeneous if it is quasi-homogeneous with non-negative degrees δ_1, . . . , δ_p and a positive total degree δ_1 + . . . + δ_p for integer weights w_1, . . . , w_n (fixing coordinates (x_1, . . . , x_n) ∈ K^n and (X_1, . . . , X_p) ∈ K^p).

For convenience, we assume that the degree of the zero function-germ is 1 (see Example 5.12 below).

Define Euler-like vector fields on K^n (with w_i ∈ Z)

E_w = n∑ i=1 w_ix_i ∂ ∂x_i . and on K^p (with δ_i ≥ 0, ∑ i δ_i > 0)

E_δ = p∑ i=1 δ_iX_i ∂ ∂X_i . The following easy proposition gives one more equivalent definition of weak quasihomogeneity of a map.

Proposition 5.10. The following conditions on a smooth (K-analytic) map-germ f are equivalent:

(i) f is weakly quasi-homogeneous with degrees δ = (δ_1, . . . , δ_p) for weights w = (w_1, . . . , w_n) in coordinate systems x = (x_1, . . . , x_n) on K^n and X = (X_1, . . . , X_p) on K^p;

(ii) E_δ ∘ f = df(E_w).

All quasi-homogeneous map-germs are weakly quasi-homogeneous. But there are weakly quasi-homogeneous map-germs which are not quasi-homogeneous.

Example 5.11. Let f : (K^n, 0) → (K^p, 0) be a map-germ A-equivalent to f̃(u, x_1, ..., x_{n−1}) = (u, g(x_1, · · · , x_{n−1}))

for some map-germ g : (K^{n−1}, 0) → (K^{p−1}, 0). Then f is weakly quasi-homogeneous. For f̃ we take weights (1, 0, · · · , 0).

Example 5.12. Let f : (K^n, 0) → (K^p, 0) be a map-germ A-equivalent to f̃(x_1, ..., x_n) = (g(x_1, · · · , x_n), 0)

for some map-germ g : (K^n, 0) → (K^{p−1}, 0). Then f is weakly quasi-homogeneous. For f̃ we take weights (0, · · · , 0). The total degree of f is 1, because the degree of the zero component function-germ is 1.

Example 5.13. In [8] f : (C^3, 0) → (C^2, 0), f(u, x, y) = (u, x^4 + y^4 + ux^2y^2) is presented as an example of a map-germ which is not generically a trivial unfolding of a quasi-homogeneous germ. This f is also an example of a weakly quasihomogeneous map-germ (for the weights (0, 1, 1)).

Notice that the map-germ f in the third example fails to be A-finite and that in the first example f is either stable (if g is stable) or it fails to be A-finite. In the next section we describe a more subtle example of a weakly quasi-homogeneous (but not quasi-homogeneous) A-simple map-germ without zero component functions (see Example 6.4).

Using Lemma 3.11 we prove the following theorem.

Theorem 5.14. 1. Let f : (R^n, 0) → (R^p, 0) be a smooth (R-analytic) weakly quasi-homogeneous map-germ and let Ω_0 and Ω_1 be germs of smooth (R-analytic) volume-forms at 0. If Ω_0|_0 and Ω_1|_0 define the same orientation of T_0R^p then Ω_0 and Ω_1 are A_f -equivalent.

2. Let f : (C^n, 0) → (C^p, 0) be a C-analytic weakly quasi-homogeneous map-germ and let Ω_0 and Ω_1 be germs C-analytic volume-forms at 0. Then Ω_0 and Ω_1 are A_f -equivalent.

Proof. Let E_w be the Euler-like vector field on K^n for a coordinate system (x_1, . . . , x_n) with weights w = (w_1, . . . , w_n) of weak quasi-homogeneity for f and let E_δ be the Euler vector field on K^p for a coordinate system (X_1, . . . , X_p) with nonnegative weights δ = (δ_1, . . . , δ_p), which are degrees of weak quasi-homogeneity of f. We may assume that δ_1, . . . , δ_k are positive integers and δ_{k+1} = . . . = δ_p = 0. Therefore E_δ satisfies the conditions of Lemma 3.11. Let Ω_1 be a germ of volume form on K^p and let Ω_0 = ±dX_1 ∧ . . . ∧ dX_p (we choose of the sign of Ω_0 in such way that Ω_0|_0 and Ω_1|_0 define the same orientation orientation of T_0R^p for K = R, and Ω_0 = dX_1 ∧ . . . ∧ dX_p for K = C).

We show that Ω_1 and Ω_0 are A_f -equivalent. By Lemma 3.11 we have

(5.3) Ω_0 − Ω_1 = d(h(E_δ⌋Ω_0)),

where h is a function-germ. From Proposition 5.10 we have E_δ ∘ f = df(E_w) and multiplying with h ∘ f we get

(hE_δ) ∘ f = df((h ∘ f)E_w),

and (h ∘ f)E_w|_0 = 0, because E_w|_0 = 0.

Hence, by Theorem 5.7, Ω_1 and Ω_0 are IA_f -equivalent. □

Remark 5.15. Theorem 5.14 can also be proved using Proposition 5.8. It is easy to show that if f is weakly quasi-homogeneous then div(Lift_0(f)) is C_p.

Let Ω be a germ of a volume form K^p and let f, g : (K^n, 0) → (K^p, 0) be mapgerms.

Definition 5.16. f and g are A_Ω-equivalent if there exists a germ of a volumepreserving diffeomorphism Φ : (K^p, Ω, 0) → (K^p, Ω, 0) (i.e. Φ^∗Ω = Ω) and a germ of a diffeomorphism Ψ : (K^n, 0) → (K^n, 0), such that

f ∘ Ψ = Φ ∘ g.

From Theorem 5.14 we obtain the following corollary.

Theorem 5.17. 1. Let f : (R^n, 0) → (R^p, 0) be a smooth (R-analytic) weakly quasihomogeneous map-germ and let Ω be the germ of smooth (R-analytic) volume-form at 0. Let g : (R^n, 0) → (R^p, 0) be another smooth (R-analytic) map-germ, then f and g are A_Ω-equivalent if and only if there exist a germ of a smooth (R-analytic) orientation-preserving diffeomorphism Φ : (R^p, 0) → (R^p, 0) and a germ of a smooth (R-analytic) diffeomorphism Ψ : (R^n, 0) → (R^n, 0) such that Φ ∘ g ∘ Ψ = f. 2. Let f : (C^n, 0) → (C^p, 0) be a C-analytic weakly quasi-homogeneous map-germ and let Ω be the germ of a C-analytic volume-form at 0. Let g : (C^n, 0) → (C^p, 0) be another C-analytic map-germ, then f and g are A_Ω-equivalent if and only if f and g are A-equivalent.

The following example explains the role of the orientation in the real case.

Example 5.18. Let f_1 : R ∋ t → (t^3, t^5) ∈ R^2 and f_2 : R ∋ t → (t^3, −t^5) ∈ R^2 (see [23]). It is easy to see that f_1 and f_2 are quasi-homogeneous and A-equivalent. But they are not A_Ω-equivalent, because their images f_1(R) = {(x_1, x_2) ∈ R^2 : x^3_2 − x^5_1 = 0} and f_2(R) = {(x_1, x_2) ∈ R^2 : x^3_2 + x^5_1 = 0} fail to be R_Ω-equivalent as germs of varieties at 0 ∈ R^2 (see Example 4.8).

6. A_Ω-classification of maps

From the work of Mather it is clear that the A-stable map-germs f : (K^n, 0) → (K^p, 0) are all quasi-homogeneous. The classification of the A_Ω-stable germs therefore coincides with the corresponding A-classification for K = C, for K = R a given A-orbit corresponds to one or two A_Ω-orbits. Also, Mather’s nice pairs of dimensions (n, p) are the same for A and A_Ω. In the present section we describe the classification of the A_Ω-simple orbits in those dimensions (n, p) for which the A-simple orbits are known and we study the foliation of A-orbits of modality one and two by A_Ω-orbits for (n, 2), n ≥ 2. We also relate the number of A_f -moduli to the dimension of T A · f/T A_Ω · f, which requires some notation for the tangent spaces to orbits.

Given a map-germ f : (K^n, 0) → (K^p, 0) we use coordinates x = (x_1, . . . , x_n) in the source and (X_1, . . . , X_p) in the target, and we also denote the vector fields ∂/∂x_i and ∂/∂X_i by e_i. Recall the usual definition of the A-tangent space T A·f = tf(M_nθ_n) + ωf(M_pθ_p), where M_n and M_p denote the maximal ideals in the local rings C_n and C_p of function-germs in the source and target of f, respectively, and where tf : θ_n → θ_f , a → df(a) and ωf : θ_p → θ_f , b → b ∘ f are homomorphisms from the C_n-module of source vector fields θ_n and the C_p-module of target vector fields θ_p into the C_n-module θ_f of smooth sections of f^∗T K^p. For the subgroup A_Ω = R × L_Ω of A we have to restrict θ_p to divergence free vector fields, the left tangent space T L_Ω · f is no longer a C_p-module. Let Λ_d denote the K-vector space of homogeneous divergence free vector fields in K^p of degree d. Notice that Λ_d is the kernel of the epimorphism

div : (θ_p)_{(d)} :=

M^d_p · θ_p M^{d+1}p · θ_p

→ H_{(d−1)} :=

M^{d−1}_p M^d_p , which maps a vector field on K^p of degree d to its divergence. Hence

dim Λ_d = dim(θ_p)_{(d)} − dim H_{(d−1)} = (p − 1)

(_{p+d−1} d ) + (_{p+d−2} d ) . The dim Λ_d vector fields ∏ l≠i

X^{αl}_l e_i, ∑ l α_l = d, i = 1, . . . , p

and (setting h_{Xi} := ∂h/∂X_i)

−h_{Xj} e_1 + h_{X1} e_j , h = ∏ l X^{αl}_l , α_1, α_j ≥ 1, ∑ l α_l = d + 1, j = 2, . . . , p are clearly linearly independent and hence form a basis for Λ_d. The tangent space to the L_Ω-orbit at f is then given by T L_Ω ·f = f^∗ ⊕_{d≥1} Λ_d. As usual, for any group of equivalences G we denote the extended pseudogroup of non-origin preserving diffeomorphisms by G_e.

The following result is the infinitesimal version (and, of course, a direct consequence) of Theorem 5.17, but we give a short direct proof.

Proposition 6.1. Let f : (K^n, 0) → (K^p, 0) be a weakly quasi-homogeneous mapgerm, then we have an inclusion

T L · f ⊂ T A_Ω · f,

and hence T A_Ω · f = T A · f. One also has T A_{Ω,e} · f = T A_e · f.

Proof. Fixing coordinates, we suppose that f = (f_1, . . . , f_p) is weighted homogeneous with non-negative degrees and positive total degree δ_1 + . . . + δ_p for integer weights w_1, . . . , w_n. Let X^α = ∏ l X^{αl}_l and |α| ≥ 0. The following elements of T A_Ω · f yield ωf(X^αX_i · ∂/∂X_i) ∈ T L · f, i = 1, . . . , p:

ωf(−(1 + α_j )X_1X^α · ∂/∂X_1 + (1 + α_1)X_j X^α · ∂/∂X_j ), j = 2, . . . , p

together with

tf(f^∗(X^α) n∑ i=1 w_ix_i · ∂/∂x_i) − p∑ j=2 δ_j · ωf(−

1 + α_j 1 + α_1

X^αX_1 · ∂/∂X_1 + X^αX_j · ∂/∂X_j )

= (1 + α_1)^{−1} p∑ j=1 (1 + α_j )δ_j · ωf(X^αX_1 · ∂/∂X_1)

(notice that ∑ j (1 + α_j )δ_j ≠ 0, for any exponent vector α, is equivalent to the weak quasi-homogeneity of f). And the remaining elements of T L · f are of the form ωf( ∏ l≠i

X^{αl}_l · ∂/∂X_i) ∈ T L_Ω · f.

The desired inclusion now follows, and the last statement is trivial, because the constant target vector fields are divergence free. □

Remark 6.2. Notice that the above proof for A_Ω = R × L_Ω cannot be adapted to A^′_Ω := R_Ω ×L, but we can obtain a corresponding result for the subgroup K^′_Ω of the contact group K for which the diffeomorphisms on the right are volume-preserving (simply exchange the roles of source and target vector fields in the above proof, and use multiplication by x^α ∈ C_n). For f quasi-homogeneous for non-negative weights w_i and positive total weight w_1 + . . . + w_n we obtain that K^′_Ω · f = T K · f, and for general f one obtains a formula for dim_K T K · f/T K^′_Ω · f. Notice that considering volume-preserving diffeomorphisms on the right is more closely related to earlier work on the isochore Morse lemma [39, 10] (and can be considered as an extension of this work on functions to the case of mappings). But, in fact, the K^′_Ω-classification of map-germs f corresponds to the classification of varieties V = f^{−1}(0) up to volume-preserving diffeomorphisms in Sections 3 and 4 in the same way as ordinary K-equivalence corresponds to the equivalence of varieties up to ambient diffeomorphisms (at least when C_n/f^∗M_p is reduced).

The criterion in the next easy lemma is sufficient for detecting in the existing classifications of A-simple orbits those which are foliated by an r-parameter family, r ≥ 1, of A_Ω-orbits.

Lemma 6.3. Consider a germ f_u : (K^n, 0) → (K^p, 0) of the form f_u = f + u · M, where f is a quasi-homogeneous germ, u ∈ K and M = X^α · ∂/∂X_j /∈ T A · f = T A_Ω ·f is a monomial vector of positive weighted degree (with respect to the weights of f). Then we have the following:

(i) The coefficient u is not a modulus for A-equivalence.

(ii) For a set of weights for which f is weighted homogeneous, let (θ_n)_0, (θ_p)_0 and (θ_f )_0 denote the filtration-0 parts of the modules of source-, target-vector fields and vector fields along f, respectively. If the kernel of the linear map

γ(f) : (θ_n)_0 ⊕ (θ_p)_0 → (θ_f )_0, (a, b) → tf(a) − ωf(b),

of K-vector spaces is 1-dimensional then u is an A_Ω-modulus of f_u.

Proof. Let f be weighted-homogeneous for the weights w_1, . . . , w_n, and associate to the target variables the weights δ_1, . . . , δ_p. Then the weighted degree of ∂/∂X_i is −δ_i so that f has filtration 0 and M has filtration r > 0.

For A-equivalence we consider the following element of T A · f_u:

tf_u( n∑ i=1 w_ix_i · ∂/∂x_i) − ωf_u( p∑ j=1 δ_j X_j · ∂/∂X_j ) = ruM.

From Mather’s lemma (Lemma 3.1 in [30]) we conclude that the connected components of K \ {0} of the parameter axis lie in a single A-orbit, hence u is not a modulus for A.

For the second statement we observe that dim ker γ(f) = 1 implies that this kernel is spanned by the pair of Euler fields (E_w, E_δ) (which is unique up to a multiplication by an element of K^∗). And M /∈ T A · f implies that the only generator of M in T A · f_u must be of the form tf_u(a) − ωf_u(b) with (a, b) a nonzero multiple of (E_w, E_δ). But E_δ has non-zero divergence, hence this generator does not belong to T A_Ω · f_u. Now Mather’s lemma implies that u is a modulus for A_Ω. □

We can distinguish three types of weakly quasi-homogeneous map-germs f : (K^n, 0) → (K^p, 0): (a) those that are quasi-homogeneous, (b) those that are not quasi-homogeneous and have an A-representative with a zero component function (their image lies in a smooth hypersurface in K^p) and (c) the remaining ones. Looking at the existing classifications of A-simple germs we see that all nonweakly quasi-homogeneous map-germs satisfy condition (ii) of the lemma above and hence have an A_Ω-modulus along the positive filtration term. Then for dimensions (n, p) with p < 2n the weakly quasi-homogeneous A-simple germs are all in fact quasi-homogeneous (i.e. of type (a)). For p = 2n and n ≥ 2 the weakly quasihomogeneous germs are of type (c) or are quasi-homogeneous, see the classification in [24]. For p > 2n and n ≥ 2 we have all three types of weakly quasi-homogeneous germs. Finally, for curves in K^p the weakly quasi-homogeneous germs for p = 2 are all quasi-homogeneous, for p ≥ 3 they are quasi-homogeneous or of type (b) (see [6, 3]).

Example 6.4. Consider the series 22_k of map germs (C^n, 0) → (C^{2n}, 0), n ≥ 3, from the classification of A-simple germs f : (K^n, 0) → (K^{2n}, 0), n ≥ 2, in [24] given by:

g_k = (x_1, . . . , x_{n−1}, x_1y + y^3, x_2y, . . . , x_{n−1}y, x_1y^2 + y^{2k+1}, x_2y^2 + y^4), k ≥ 2.

The germs 22_k are not semi-quasihomogeneous: if we write g_k = f + y^{2k+1} · e_{2n−1} then the weighted homogeneous initial part f is not A-finite. For n = 3 all the germs 22_k are A-simple, for n ≥ 4 only 22_2 is A-simple (the germs 22_{≥3} do not have an A-modulus, but they lie in the closure of non-simple A-orbits).

Now consider A_Ω-equivalence. Writing f_u = f + u · y^{2k+1} · e_{2n−1} we see that dim ker γ(f) = n − 2. For n = 3 part (ii) of Lemma 6.3 implies that the coefficient u is an A_Ω-modulus. For n ≥ 4 the germs f_u are weakly quasi-homogeneous of type (c) (take w(x_1) = w(x_2) = w(y) = 0 and w(x_i) = 1, i ≥ 3) and A_Ω-equivalent to g_k (for u ≠ 0).

Next, one obtains the classification of A_Ω-simple orbits from the existing Aclassification using the following

Remark 6.5. An A-simple germ in the existing classifications is A_Ω-simple if and only if it does not lie in the closure of the orbit of any non-weakly quasihomogeneous germ.

As an example, let us consider map-germs with target dimension p = 2. The classification of A_Ω-simple map-germs f : (K^n, 0) → (K^2, 0) in the curve-case n = 1 has been described in [23] (for target dimension 2 the symplectic forms are volume forms). For any n ≥ 2 we have the following classification over K = C.

Proposition 6.6. (i) The following map-germs f : (C^n, 0) → (C^2, 0) represent the A_Ω-orbits within the A-simple orbits (here “type r” refers to the notation in [34, 36] for the A-orbits).

A_Ω-modality 0: (x, y) (type 1); (x, y^2 +

∑_{n−2} i=1 z^2_i ) (type 2); (x, xy+y^3 +

∑_{n−2} i=1 z^2_i ) (type 3); (x, y^3 + x^ky +

∑_{n−2}

i=1 z^2_i ), k > 1 (type 4_k); (x, xy + y^4 +

∑_{n−2} i=1 z^2_i ) (type 5).

A_Ω-modality ≥ 1: (x, xy + y^5 + ay^7 +

∑_{n−2} i=1 z^2_i ) (types 6,7); (∗) (x, xy^2 + y^4 + ∑ k≥2 a_ky^{2k+1} +

∑_{n−2} i=1 z^2_i ) (types 11_{2k+1}); (x, xy^2 +y^5 +ay^6 +by^9 +

∑_{n−2}

i=1 z^2_i ) (types 12,13,14); (x, x^2y+y^4 +ay^5 +

∑_{n−2} i=1 z^2_i ) (types 16,17); (∗) (x^2 +ay^{2l+1}, y^2 +x^{2m+1}), l ≥ m ≥ 1 (type II^{l,m}_{2,2} ).

(ii) The A-unimodal orbits of map-germs f : (C^n, 0) → (C^2, 0) of lowest codimension in their K-orbit, containing the remaining A-unimodal orbits in their closures, have the following representatives (see [35]):

(x, y^4 + x^3y + ax^2y^2 + x^3y^2 + n−2∑ i=1 z^2_i ), a ≠ −3/2 (type 19)

(x, xy + y^6 + y^8 + ay^9 + n−2∑ i=1 z^2_i ) (type 8)

(x, xy + y^3 + ay^2z + z^3 + z^5) (type I).

For A_Ω-equivalence the corresponding normal forms are:

(x, y^4 + x^3y + ax^2y^2 + bx^3y^2 + n−2∑ i=1 z^2_i )

(x, xy + y^6 + ay^8 + by^9 + cy^{14} + n−2∑ i=1 z^2_i )

(x, xy + y^3 + ay^2z + z^3 + bz^5).

All A-unimodal germs therefore have A_Ω-modality at least two.

Proof. The classification of the orbits of A_Ω-modality 0 follows from the remark preceding the statement of the proposition.

For the semi-quasihomogeneous map-germs f = f_0 + f_+ the A-determinacy degree, say r, of the initial part f_0 is an upper bound for the A_Ω-determinacy degree of f. The normal forms of such f can then be obtained with the usual techniques (Mather’s lemma) applied to the Lie group A^r_Ω of r-jets of elements of A_Ω (we omit the details of these calculations).

Finally, the map-germs f = f_0 + f_+ marked by an (∗) are not semi-quasihomo-geneous. As a consequence we cannot use the A-determinacy degree of the weightedhomogeneous initial parts f_0 as an upper bound for the A_Ω-determinacy degree of f. For the germs II^{l,m}_{2,2} we can show that these are formally (2l + 1)-A_Ω-determined (for a ≠ 0). For the germs 11_{2k+1} we only know that a_2 is an A_Ω-modulus (and we can set a_3 and a_4 to zero, provided a_2 is non-zero). See also remark 6.8 (below) on the problem of A_Ω-determinacy. □

Denote the number of G-moduli (G = A or A_Ω) of a map-germ f by m_G (f), and let m_{A/AΩ} (f) := dim_K(T A · f/T A_Ω · f) be the dimension of the A_Ω moduli space. Then m_{AΩ} (f) = m_A(f) + m_{A/AΩ} (f), where m_{A/AΩ} (f) is equal to the number of A_f moduli by Corollary 5.8 and the following result.

Proposition 6.7. There is an isomorphism T A · f T A_Ω · f

∼= C^p div(Lift_0(f)) . Proof. We use the notation T_{id}A = T_{id}R + T_{id}L for the tangent space to the Agroup at the identity, rather than the usual notation T_{id}R = M_n · θ_n and T_{id}L = M_p · θ_p.

The map β : T_{id}A → C_p, (a, b) → divb is surjective with kernel T_{id}A_Ω, hence there is an isomorphism β̄ : T_{id}A/T_{id}A_Ω → C_p. And the map

γ̄ :

T_{id}A T_{id}A_Ω → M_n · θ_f T A_Ω · f

, [(a, b)] → [tf(a) − wf(b)]

is independent of the choice of (ã, b̃) ∈ [(a, b)] and hence well-defined. Its image is T A · f/T A_Ω · f and

ker γ̄ = {[(a, b)] : tf(a) − wf(b) ∈ T A_Ω · f}.

Hence C_p/β̄(ker γ̄) is isomorphic to T A · f/T A_Ω · f. And it is easy to see that β̄(ker γ̄) = div(Lift_0(f)). □

Remark 6.8. For A-finite map-germs f, that are not semi-quasihomogeneous, two questions arise: (i) is such an f always A_Ω-finite? (ii) Is there an estimate for the A_Ω-determinacy degree?

(i) Composing the above isomorphism σ : C_p/div(Lift_0(f)) → T A · f/T A_Ω · f with an epimorphism g : M_n·θ_f /T A_Ω·f → M_n·θ_f /T A·f with kernel T A·f/T A_Ω·f

(coming from the second isomorphism theorem for the vector spaces T A_Ω · f ⊂ T A · f ⊂ M_n · θ_f ) we get an exact sequence

0 −→

C_p div(Lift_0(f)) σ−→ M_n · θ_f T A_Ω · f g −→ M_n · θ_f T A · f

−→ 0.

Hence we have:

cod(A_Ω, f) = cod(A, f) + m_{A/AΩ} (f), and for A-finite f the germ f̃ of f at any point of a punctured neighborhood of the origin in the source is A-stable, hence weighted homogeneous, so that m_{A/AΩ} (f̃) = 0. Unfortunately, div(Lift_0(f)) is not an ideal in C_p, so we cannot conclude (from the Nullstellensatz) that m_{A/AΩ} (f) is finite. For plane curves, Ishikawa and Janeczko [23] have shown that cod(A_{Ω,e}, f) is equal to the delta invariant δ(f), and it is known that δ(f) < ∞ is equivalent to the A-finiteness of f. The analogue of the delta invariant for map-germs f : (K^n, 0) → (K^{2n}, 0), n ≥ 2, is the double-point number d(f), whose finiteness is again equivalent to the A-finiteness of f (see [24]), but the equation cod(A_{Ω,e}, f) = d(f) does not hold for n ≥ 2.

(ii) Suppose that for an r-A-determined map-germ f the following holds: M^l_nθ_f ⊂ T K_e · f (K_e is the extended contact group) and M^k_p ⊂ div(Lift_0(f)) (so that f is A_Ω-finite). Then f is (r + l(k + 2) − 1)-A_Ω-determined. To see this, let G_s denote the subgroup of G consisting of elements of G with s-jet the identity and apply the inverse β̄^{−1} of the isomorphism β̄ : T_{id}A/T_{id}A_Ω → C_p in the proof of the above proposition to M^k_p. It follows that T A_{Ω,k+1} · f = T A_{k+1} · f, and 2.7.3 of [7] then implies that f is (r + l(k + 2) − 1)-determined for A_{k+1} and hence for A_Ω.

References

[1] V. I. Arnol’d, Wave front evolution and equivariant Morse lemma, Comm. Pure Appl. Math.

29 (1976), 557–582.

[2] V. I. Arnol’d, Remarks on Poisson structures on a plane and on other powers of volume elements, J. Soviet Math. 47 (1989), 2509–2516.

[3] V. I. Arnol’d, Simple singularities of curves, Proc. Steklov Inst. Math. 226 (1999), 20–28. [4] V. I. Arnol’d, First steps of local symplectic algebra, Adv. in Soviet Math., D. Fuchs birthday volume, Providence, Amer. Math. Soc., 1999.

[5] V. I. Arnol’d, A. B. Givental, Symplectic geometry, in Dynamical systems IV, 1–138, Encyclopedia of Matematical Sciences, vol. 4, Springer, Berlin, (2001).

[6] J. W. Bruce, T. Gaffney, Simple singularities of maps (C, 0) → (C^2, 0), J. London Math. Soc.

26 (1982), 464–474.

[7] J.W. Bruce, A.A. du Plessis and C.T.C. Wall, Determinacy and unipotency, Inventiones Math. 88 (1987), 521–554.

[8] J.W. Bruce, A.A. du Plessis and L.C. Wilson, Discriminants and liftable vector fields, J.

Algebraic Geometry 3 (1994), 725–753.

[9] Y. Colin de Verdiere, Singular Lagrangian manifolds and semi-classical analysis, Duke Math.

J. 116 (2003), 263–298.

[10] Y. Colin de Verdiere and J. Vey, Le lemme de Morse isochore, Topology 18 (1979), 283–293. [11] J. Damon, The unfolding and determinacy results for subgroups of A and K, in Proc. of Symposia in Pure Mathematics 40, Part 1 (American Mathematical Society, Providence, R.I., 1983), 233–254 [12] W. Domitrz, S. Janeczko, M. Zhitomirskii, Relative Darboux theorem for singular submanifolds of a symplectic manifold, preprint.

[13] W. Domitrz, S. Janeczko, M. Zhitomirskii, Relative Poincare lemma, contractibility, quasihomogeneity and vector fields tangent to a singular variety, Illinois J. of Math. 48 (2004), 803–835.

[14] J.P. Dufour, Sur la stabilité des diagrammes d’applications differentiables, Ann. scient. Éc.

Norm. Sup. 10 (1977), 153–174.

[15] A. Ferrari, Cohomology and holomorphic differential forms on complex analytic spaces, Ann.

Scuola Norm. Sup. Pisa 24 (1970), 65–77.

[16] J-P. Francoise, Modèle local simultané d’une fonction et d’une forme de volume, Astèrisque S. M. F. 59-60 (1978), 119–130.

[17] J-P. Francoise, Réduction simultanée d’un croisement normal et d’un volume, Bol. Soc. Bras.

Mat. 13 (1982), 79–83.

[18] A. Fronville, Théorème de la singularité résiduelle isochore, C. R. Acad. Sci. Paris, t. 322, Série I, 1996, 857-860.

[19] T. Gaffney and A. du Plessis, More on the determinacy of smooth map-germs, Inventiones Math. 66 (1982), 137–163.

[20] T. Gaffney and L. Wilson, Equivalence of generic mappings and C^∞ normalization, Compositio Math. 49 (1983), 291–308.

[21] M.D. Garay, An isochore versal deformation theorem, Topology 43 (2004), 1081–1088. [22] A.B. Givental’, Singular Lagrangian manifolds and their Lagrangian mappings, J. Soviet Math. 52 (1990), 3246–3278.

[23] G. Ishikawa and S. Janeczko, Symplectic bifurcations of plane curves and isotropic liftings, Quart. J. Math. Oxford Ser. (2) 54 (2003), 73–102.

[24] C. Klotz, O. Pop and J.H. Rieger, Real double points of deformations of A-simple map-germs from R^n to R^{2n}, preprint.

[25] V. P. Kostov and S. K. Lando, Versal deformations of powers of volume forms, Computational algebraic geometry (Nice, 1992), 143–162, Progr. Math., 109, Birkhäuser Boston, Boston, MA, 1993.

[26] S. K. Lando, Deformations of differential forms, Trudy Mat. Inst. Steklov. 209 (1995), Osob.

Gladkikh Otobrazh. s Dop. Strukt., 167–199 (Russian).

[27] S. K. Lando, Singularities of the differential forms of the complex degree and their deformations, Singularity theory (Trieste, 1991), 289–305, World Sci. Publishing, River Edge, NJ, 1995.

[28] S. K. Lando, Normal forms of powers of volume forms, Funktsional. Anal. i Prilozhen 19 (1985), 78–79 (Russian).

[29] J. Martinet, Singularities of smooth functions and maps, London Math. Soc., Lect. Note 58, Cambridge Univ. Press 1982.

[30] J.N. Mather, Stability of C^∞ mappings, IV: classification of stable germs by R-algebras, Publ.

Math. I.H.E.S. 37 (1969), 223–248.

[31] J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965), 280–296.

[32] A. du Plessis and L. Wilson, On right-equivalence, Math. Z. 190, 163-205 (1985). [33] A. du Plessis, T. Gaffney and L. Wilson, Maps-germs determined by their discriminants, Proceedings of Hawaii-Provence Singularities Conferences, 1990, Travaux en Cours, Hermann, Paris, 1–40.

[34] J.H. Rieger, Families of maps from the plane to the plane, J. London Math. Soc. 36 (1987), 351–369.

[35] J.H. Rieger, A-unimodal map-germs into the plane, Hokkaido Math. J. 33 (2004), 47–64. [36] J.H. Rieger and M.A.S. Ruas, Classification of A-simple germs from k^n to k^2, Compositio Math. 79 (1991), 99–108.

[37] K. Saito, Quasihomogene isolierte Singularitäten von Hyperflächen, Invent. Math. 14 (1971), 123–142.

[38] A. N. Varchenko, Local classification of volume forms in the presence of a hypersurface, Funktsional. Anal. i Prilozhen 19 (1985), no. 4, 23–31 (Russian).

[39] J. Vey, Sur le lemme de Morse, Inventiones Math. 40 (1977), 1–10.

[40] C.T.C. Wall, Finite determinacy of smooth map-germs, Bull. London Math. Soc. 13 (1981), 481–539.

[41] M. Zhitomirskii, Relative Darboux theorem for singular manifolds and local contact algebra, Canadian J. of Math. 57 (2005), 1314–1340.

Faculty of Mathematics and Information Science, Warsaw University of Technology, Pl. Politechniki 1, 00-661 Warszawa, Poland, fax: +48 22 6257460 E-mail address: domitrz@alpha.mini.pw.edu.pl

Institut für Algebra und Geometrie, Universität Halle, D-06099 Halle (Saale), Germany

E-mail address: rieger@mathematik.uni-halle.de