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Summary. In the first part of the paper we study smooth solvability properties of linear
equations. We prove an extension of Mather’s theorem (1973) to skew-symmetric smooth
function matrices. For the proof of the skew-symmetric case as well as of Mather’s origi-
nal results for the cases where the coefficient matrices are general matrices or symmetric
matrices, the algebraic methods of Bochnak (1973) are applied. In the second part us-
ing criteria for solutions of linear equations we obtain sufficient conditions for smooth
solvability of generalized Hamiltonian systems on smooth constraints.

1. Introduction and statement of results. In [10] Mather studied
the existence of solutions to generic linear equations in the cases where the
coefficient matrices are general matrices or symmetric matrices. For a p× q
matrix M(x) of smooth real valued functions on Rn he considered a linear
equation

(∗) M(x)u = f(x),

where f(x) is a smooth column p-vector and u is a column q-vector. He
proved that ifM(x) is generic, i.e. transversal to allΣr, r=0, 1, . . . ,min(p, q),
at every x ∈ Rn, where {Σr} the canonical stratification by rank of the set
of real p × q matrices, and (∗) has a solution u(x) for every x ∈ Rn, then
(∗) has a local smooth solution. There are many examples showing that
this conclusion is not true if the transversality assumption is dropped. For
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example, consider n = p = q = 1 and M(x) = x2, f(x) = x; then there is
not even a continuous solution of (∗) (see [10], [5, Example 5.1]).

In this paper we prove an extended version of Mather’s theorem for C∞

linear equations with skew-symmetric coefficient matrices using Bochnak’s
theorem [2]. In the same way we can prove Mather’s original theorem with
generic square matrices and generic symmetric matrices.

Let us fix the notation we will use. We denote by En the ring of germs
of C∞ functions at 0 ∈ Rn. The set of all real (resp. real symmetric, real
skew-symmetric) p×p matrices will be denoted by Mp (resp. Sp, Ap). In this
paper we do not distinguish between a germ at 0 ∈ Rn and its representatives
on a sufficiently small neighbourhood of 0 ∈ Rn.

Let A(x) = (aij(x)) be either an arbitrary p × p matrix, a symmet-
ric p × p matrix, or a skew-symmetric 2k × 2k matrix, with aij ∈ En. Let
b1, . . . , bp ∈ En, with p = 2k in the skew-symmetric case, be function-germs
such that

(1) b(x) =


b1(x)

...
bp(x)

 is in the image of A(x) for all x ∈ (Rn, 0),

where “for all x ∈ (Rn, 0)” means “for all x in some neighbourhood of 0 ∈ Rn”.
We consider the linear equation

(2) A(x)λ = b(x), p = 2k in the case A(x) ∈ A2k,

where λ = (λ1, . . . λp)
t and we consider A(x) as a map-germ from (Rn, 0) to

Mp, Sp or A2k according to the case. We can stratify Mp, Sp and A2k by
rank.

Theorem 1.1. Suppose that b1, . . . , bp ∈ En satisfy condition (1), where
p = 2k in the skew-symmetric case. If the map-germ A : (Rn, 0) → Mp

(resp. → Sp,A2k) is transversal to the stratification of Mp (resp. Sp,A2k)
by rank, then equation (2) has a smooth solution.

We explain our basic ideas for the proof. For a p× p matrix A we know
that

ÂA = AÂ = detA · Ep,

where Â is the cofactor matrix of A and Ep is the unit p × p matrix. Then
from equation (2) we have

(2′) detA(x) · Epλ = Â(x)b(x),

and if b(x) satisfies condition (1) for A(x), then Â(x)b(x) also satisfies (1)
for detA · Ep.
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For a smooth function-germ f ∈ En with f(0) = 0 we say that f has the
property of zeros if the following statement is true:

if g ∈ En vanishes on f−1(0) then g ∈ (f)En ,

where (f)En is the ideal of En generated by f .
We will show that if A : (Rn, 0) → Mp (resp. → Sp) is transversal to the

stratification of Mp (resp. Sp) by rank, then

(i) detA(x) is irreducible in En,
(ii) detA(x) has the property of zeros (see Lemma 2.13).

Property (ii) is essential to the proof of Theorem 1.1. If detA(x) has
the property of zeros, then (2′) has a smooth solution and it is not diffi-
cult to show that so does (2). We prove (ii) using Bochnak’s theorem (see
Proposition 2.9)

When A(x) is a skew-symmetric matrix, detA(x) is the square of a
function called the pfaffian of A(x) and detA(x) is not irreducible in En.
Therefore detA(x) does not have the property of zeros. However, if A :
(Rn, 0) → A2k is transversal to the stratification of A2k by rank, then we can
show that the pfaffian of A(x) is irreducible and has the property of zeros
(Lemma 2.13).

There are many examples of smooth function-matrices which are not
transversal to the stratification of Mp by rank, but for which equation (2)
has a smooth solution. The following is a straightforward corollary of Theo-
rem 1.1:

Corollary 1.2. Let A1(x), . . . , Am(x) be matrices whose entries belong
to En such that for each i = 1, . . . ,m, Ai : (Rn, 0) → Mp is transversal to
the stratification of Mp by rank. Suppose that (detAi)En ̸= (detAj)En for
i ̸= j. Then the product of their determinants has the property of zeros and
the equation

A1(x) . . . Am(x)λ = b(x)

has a smooth solution if b(x) = (b1(x), . . . , bp(x))
t satisfies condition (1) for

the product matrix A1(x) . . . Am(x).

Also in the cases of symmetric matrices and of skew-symmetric matrices,
a similar corollary holds, but very restrictive: In both cases, commutativ-
ity Ai(x)Aj(x) = Aj(x)Ai(x) is necessary in order for the product matrix
A1(x) . . . Am(x) to be symmetric or skew-symmetric. In the case of skew-
symmetric matrices, m must moreover be an odd number.

2. Steps toward the proof of the theorem. In this section we prove
Theorem 1.1 by using several propositions and lemmas.
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2.1. Reduction of the problem

Proposition 2.1.

(i) Let A(x) = (aij(x)) be a p × p matrix with aij ∈ En. Suppose that
rankA(0) = r. Then there exist invertible p×p matrices P (x) = (pij(x))
and Q(x) = (qij(x)) with pij , qij ∈ En and a (p − r) × (p − r) matrix
Ā(x) = (āij(x)) with āij ∈ En such that

Q(x)A(x)P (x) =

(
Ā(x) O

O Er

)
and Ā(0) = O,

where Er is the unit r × r matrix and O is the zero matrix.
(ii) Let A(x) = (aij(x)) be a symmetric p×p matrix with aij ∈ En. Suppose

that rankA(0) = r. Then there exist invertible p × p matrices P (x) =
(pij(x)) with pij ∈ En and a (p − r) × (p − r) matrix Ā(x) = (āij(x))
with āij ∈ En such that

P (x)tA(x)P (x) =

(
Ā(x) O

O Er

)
and Ā(0) = O.

(iii) Let A(x) = (aij(x)) be a skew-symmetric 2k× 2k matrix with aij ∈ En.
Suppose that rankA(0) = 2r. Then there exist invertible 2k×2k matrices
P (x) = (pij(x)) with pij ∈ En and a (2k − 2r) × (2k − 2r) matrix
Ā(x) = (āij(x)) with āij ∈ En such that

P (x)tA(x)P (x) =

(
Ā(x) O

O J2r

)
and Ā(0) = O,

where

J2r =

(
O Er

−Er O

)
.

Proof. We prove the skew-symmetric case (iii); items (i) and (ii) go along
similar lines. Since rankA(0) = 2r, there exists an invertible 2k× 2k matrix
Q such that

QtA(0)Q =

(
O O

O J2r

)
.

Let
B(x) = QtA(x)Q

and write it in the form

B(x) =

(
B̄(x) C̄(x)

−C̄(x)t D̄(x)

)
, B̄(0) = O, C̄(0) = O, D̄(0) = J2r.
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Then there exists an invertible 2r× 2r matrix R̄(x) = (rij(x)) with rij ∈ En
and R̄(0) = E2r such that

R̄(x)tD̄(x)R̄(x) = J2r.

Let

R(x) =

(
E2k−2r O

O R̄(x)

)
.

Then

R(x)tB(x)R(x) =

(
B̄(x) C̄(x)R̄(x)

−R̄(x)tC̄(x)t J2r

)
.

For simplicity, we write Ē(x) for C̄(x)R̄(x);

R(x)tB(x)R(x) =

(
B̄(x) Ē(x)

−Ē(x)t J2r

)
.

We are going to show that there exist an invertible 2k×2k matrix S(x) =
(sij(x)) with sij ∈ En and a skew-symmetric (2k − 2r) × (2k − 2r) matrix
Ā(x) = (aij(x)) with aij ∈ En such that

S(x)t

(
B̄(x) Ē(x)

−Ē(x)t J2r

)
S(x) =

(
Ā(x) O

O J2r

)
.

For this purpose, we look for an invertible 2k×2k matrix T (x) = (tij(x)) with
tij ∈ En and a skew-symmetric (2k− 2r)× (2k− 2r) matrix Ā(x) = (aij(x))
with aij ∈ En such that

(∗) T (x)t

(
Ā(x) O

O J2r

)
T (x) =

(
B̄(x) Ē(x)

−Ē(x)t J2r

)
.

As a candidate for T (x), we consider a matrix of the form

T (x) =

(
E2k−2r O

F̄ (x) E2r

)
.

Then equation (∗) becomes(
E2k−2r F̄ (x)t

O E2r

)(
Ā(x) O

O J2r

)(
E2k−2r O

F̄ (x) E2r

)
=

(
B̄(x) Ē(x)

−Ē(x)t J2r

)
,

that is, (
Ā(x) + F̄ (x)tJ2rF̄ (x) F̄ (x)tJ2r

J2rF̄ (x) J2r

)
=

(
B̄(x) Ē(x)

−Ē(x)t J2r

)
.

Thus we have two equations

F̄ (x)tJ2r = Ē(x), Ā(x) + F̄ (x)tJ2rF̄ (x) = B̄.
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From the first equation we obtain

F̄ (x) = J2rĒ(x)t

and

T (x) =

(
E2k−2r O

J2rĒ(x)t E2r

)
.

From the second equation, we have

Ā(x) = B̄(x)− F̄ (x)tJ2rF̄ (x) = B̄(x)− (−Ē(x)J2r)(−J2r)J2rĒ(x)t

= B̄(x) + Ē(x)J2rĒ(x)t.

Setting S(x) = T (x)−1 we have

S(x)t

(
B̄(x) Ē(x)

−Ē(x)t J2r

)
S(x) =

(
Ā(x) O

O J2r

)
,

where
A(x) = B̄(x) + Ē(x)J2rĒ(x)t.

This finishes the proof.

From Proposition 2.1, equation (2) is equivalent to either(
Ā(x) O

O Er

)
µ1
...
µp

 = Q(x)A(x)P (x)


µ1
...
µp

 = Q(x)


b1(x)

...
b2k(x)

 ,(3)

(
Ā(x) O

O Er

)
µ1
...
µp

 = P (x)tA(x)P (x)


µ1
...
µp

 = P (x)t


b1(x)

...
b2k(x)

 ,(4)

or

(5)

(
Ā(x) O

O J2r

)
µ1
...
µ2k

 = P (x)tA(x)P (x)


µ1
...
µ2k

 = P (x)t


b1(x)

...
b2k(x)

 ,

according to cases (i), (ii) or (iii) in Proposition 2.1.
We see that

(I) if (µ1(x), . . . , µp(x))t is a smooth solution of (3), (4) or (5), then (λ1(x),
. . . , λp(x))

t = P (x)(µ1(x), . . . , µp(x))
t, with p = 2k for (5), is a smooth

solution of (2), and vice versa,
(II) A : (Rn, 0) → Mp (resp. → Sp,A2k) is transversal to the stratification

of Mp (resp. Sp,A2k) by rank if and only if so is QAP : (Rn, 0) → Mp

(resp. P tAP : (Rn, 0) → Sp or P tAP : (Rn, 0) → A2k).
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So, instead of equation (2), we consider(
Ā(x) O

O Er

)
λ1
...
λp

 =


b1(x)

...
bp(x)

 , Ā(0) = O,(6)

(
Ā(x) O

O J2r

)
λ1
...
λ2k

 =


b1(x)

...
b2k(x)

 , Ā(0) = O.(7)

Concerning (II), we have

Proposition 2.2.

(i) The map-germ(
Ā O

O Er

)
: (Rn, 0) → Mp (resp. → Sp) with Ā(0) = O

is transversal to the stratification of Mp (resp. Sp) by rank if and only
if Ā : (Rn, 0) → Mp−r (resp. → Sp−r) is transversal to the stratification
of Mp−r (resp. Sp−r) by rank.

(ii) The map-germ(
Ā O

O J2r

)
: (Rn, 0) → A2k with Ā(0) = O

is transversal to the stratification of A2k by rank if and only if Ā :
(Rn, 0) → A2k−2r is transversal to the stratification of A2k−2r by rank.

Proof. We prove case (ii). For a non-negative even number 2m, let

(8) X2k,2m = {S ∈ A2k | rankS = 2m}.

Then the stratification of A2k by rank is

(9) W(A2k) = {X2k,2m | m = 0, . . . , k}.

In this proof, we set

A(x) =

(
Ā(x) O

O J2r

)
and A(0) =

(
O O

O J2r

)
,

and for simplicity we write

X2m := X2k,2m.

Since the stratification of A2k is a Whitney stratification [4] and Ā(0) = O,
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the map-germ

A =

(
Ā O

O J2r

)
: (Rn, 0) → A2k is transversal to W(A2k)

if and only if A : (Rn, 0) → A2k is transversal to X2r. We know that

X2r =

{
P t

(
O O

O J2r

)
P

∣∣∣∣ P ∈ GL(2k,R)

}
,

and it is enough to calculate the tangent space TA(0)X2r:

Lemma.

TA(0)X2r =

{(
O B

−Bt D

)
∈ A2k

∣∣∣∣ B ∈M2k−2r,2r, D ∈ A2r

}
,

where Mp,q is the set of all real p× q matrices.

By the Lemma, A : (Rn, 0) → A2k is transversal to X2r if and only if
Ā : (Rn, 0) → A2k−2 is transversal to the stratification of A2k−2r by rank.
This completes the proof of Proposition 2.2.

Proof of Lemma. We have

TA(0)X2r

=

{
lim
θ→0

1

θ

[
(E2k + θP )t

(
O O

O J2r

)
(E2k + θP )−

(
O O

O J2r

)] ∣∣∣∣ P ∈M2k,2k

}
.

Let P ∈M2k,2k. We decompose P as

P =

(
Q R

S T

)
,

where

Q ∈M2k−2r,2k−2r, R ∈M2k−2r,2r, S ∈M2r,2k−2r, T ∈M2r,2r.

Then

P t

(
O O

O J2r

)
=

(
O StJ2r

O T tJ2r

)
,

(
O O

O J2r

)
P =

(
O O

J2rS J2rT

)
.

Now

(E2k + θP )t

(
O O

O J2r

)
(E2k + θP )

=

(
O O

O J2r

)
+ θ

(
O O

O J2r

)
P + θP t

(
O O

O J2r

)
+ θ2 P t

(
O O

O J2r

)
P.
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Thus

(E2k + θP )t

(
O O

O J2r

)
(E2k + θP )−

(
O O

O J2r

)

= θ

(
O O

O J2r

)
P + θP t

(
O O

O J2r

)
+ θ2P t

(
O O

O J2r

)
P

= θ

(
O O

J2rS J2rT

)
+ θ

(
O StJ2r

O T tJ2r

)
+ θ2P t

(
O O

O J2r

)
P

= θ

(
O StJ2r

J2rS J2rT + T tJ2r

)
+ θ2P t

(
O O

O J2r

)
P.

Therefore

lim
θ→0

1

θ

[
(E2k + θP )t

(
O O

O J2r

)
(E2k + θP )−

(
O O

O J2r

)]

=

(
O StJ2r

J2rS J2rT + T tJ2r

)
.

Now, for any B ∈M2k−2r,2r, D ∈ A2r, there exist S ∈M2r,2k−2r, T ∈M2r,2r

such that
B = StJ2r, D = J2rT + T tJ2r;

they are given by

S = J2rB
t, T = −1

2
J2rD.

Thus we have

TA(0)X2r =

{(
O B

−Bt D

) ∣∣∣∣ B ∈M2k−2r,2r, D ∈ A2r

}
,

as claimed.

We can prove Proposition 2.2(i) in the same way, calculating the tangent
space to the orbit space of (

O O

O Er

)
in Mp (resp. Sp).

Remark 2.3. The stratifications of Mp, Sp and A2k by rank are Whitney
stratifications. From Whitney’s condition (a), the map-germ Ā is transversal
to the stratification if and only if it is transversal to the stratum {O} in Mp−r

(resp. Sp−r,A2k−2r).
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Equation (6) can be decomposed into the following two equations:

(10) Ā(x)


λ1
...

λp−r

 =


b1(x)

...
bp−r(x)

 , Ā(0) = O,

and

Er(x)


λp−r+1

...
λp

 =


bp−r+1(x)

...
bp(x)

 .

Since the latter has the obvious smooth solution

λp−r+1(x) = bp−r+1(x), . . . , λp(x) = bp(x),

(6) has a smooth solution if and only if so does (10).
Similarly equation (7) has a smooth solution if and only if so does

(11) Ā(x)


λ1
...

λ2k−2r

 =


b1(x)

...
b2k−2r(x)

 , Ā(0) = O.

Thus in order to prove Theorem 1.1, in view of Remark 2.3, it is enough
to prove it in the special case where A(0) = O:

Theorem 2.4. Suppose that b1, . . . , bp ∈ En satisfy condition (1), where
p = 2k in the skew-symmetric case. If the map-germ A : (Rn, 0) → Mp

(resp. → Sp,A2k) with A(0) = O is transversal to {O}, then equation (2)
has a smooth solution.

2.2. Pfaffian of a skew-symmetric matrix. It is known that the
determinant of a skew-symmetric 2k×2k matrix A = (aij) is the square of a
polynomial in aij , 1 ≥ i ≥ j ≥ 2k, called the pfaffian of A, denoted by Pf A:

detA = (Pf A)2.

The pfaffian is given by

Pf A :=
1

2kk!

∑
σ∈S2k

sgn(σ)aσ(1)σ(2)aσ(3)σ(4) . . . aσ(2k−1)σ(2k),

which is known to be equal to∑
σ∈F2k

sgn(σ)aσ(1)σ(2)aσ(3)σ(4) . . . aσ(2k−1)σ(2k),

where (with S2k denoting the permutation group of {1, . . . , 2k})
F2k = {σ ∈ S2k | σ(2i− 1) < σ(2i+ 1), σ(2i− 1) < σ(2i), i = 1, . . . , k}.
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Let k ≥ 2. For a skew-symmetric 2k × 2k matrix A = (aij) and integers
i, j with i ̸= j, 1 ≤ i, j ≤ 2k, let Aij

ij denote the submatrix of A obtained
by deleting the ith and jth rows and the ith and jth columns. Then Aij

ij is
again skew-symmetric.

For given A, let Â = (âij) be the skew-symmetric k × k matrix defined
by

âij =


0 if i = j,
(−1)i+j−1 Pf Aij

ij if i < j,
(−1)i+j Pf Aij

ij if i > j,

For k = 1, the matrices Aij
ij for (i, j) with i ̸= j make no sense, and

for A =

(
0 a12

−a12 0

)
, we define Â =

(
0 1

−1 0

)
.

We have the following well known formula for pfaffians.

Proposition 2.5.

(12) ÂtA = AÂt = (Pf A)E2k.

2.3. Bochnak’s theorem: The property of zeros for principal
ideals of En. First we recall Hilbert’s Nullstellensatz. Let OC

n denote the
ring of holomorphic function-germs at 0 ∈ Cn. Let I be an ideal of OC

n and
let X be the germ of a complex analytic subset of Cn at 0 ∈ Cn (see [12]).
Let

V (I) := the germ of the set {z ∈ Cn | f(z) = 0 for all f ∈ I} at 0 ∈ Cn,
I(X) := the ideal {f ∈ OC

n | f vanishes on X},
rad I := the radical of I := {f ∈ OC

n | fm ∈ I for some m ∈ N}.

Proposition 2.6 (Hilbert’s Nullstellensatz).

I(V (I)) = rad I.

In the real analytic case and the smooth case, Proposition 2.6 does not
hold in general. However, thanks to Bochnak’s theorem [2] (in the smooth
case) and Risler’s theorem [13] (in the real analytic case), we know when it
holds.

Using Risler’s theorem, we can prove the real analytic version of Theo-
rem 1.1 when the coefficient matrix A(x) is skew-symmetric. With the same
argument, we can establish the real analytic version of Theorem 1.1.

We will prove Theorem 2.4 (and hence Theorem 1.1) using Bochnak’s
theorem.
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Let I be an ideal of En and let X be the germ of a subset of Rn at 0 ∈ Rn.
Let us denote

V (I) := the germ of the set {x ∈ Rn | f(x) = 0 for all f ∈ I} at 0 ∈ Rn,
I(X) := the ideal {f ∈ En | f vanishes on X},
(f)En := the ideal of En generated by f ∈ En.

Definition 2.7. We say that f ∈ En has the property of zeros if the
ideal (f)En has the property of zeros, i.e. I(V ((f)En)) = (f)En .

Remark 2.8. In this terminology, we follow Bochnak [2] and Thom [14].

For a smooth function f̃ defined on an open subset U of Rn and a point
a ∈ U , we introduce the following notation:

G(f̃) := {x ∈ f̃−1(0) | df̃(x) ̸= 0},
S(f̃) := {x ∈ f̃−1(0) | df̃(x) = 0},
On,a := the ring of analytic function-germs at a ∈ U,

En,a := the ring of C∞ function-germs at a ∈ U,

f̃a := the germ of f̃ at a ∈ U.

Proposition 2.9 (Theorem of zeros for principal ideals of En, [2, Corol-
lary 2, p. 42]). Let f ∈ On be an analytic function-germ. Then the following
two conditions are equivalent:

(i) f has the property of zeros in En: I(V ((f)En)) = (f)En,
(ii) if f̃ is a representative of f , then in a sufficiently small neighbourhood

U of 0 ∈ Rn,
G(f̃) ∩ U = f̃−1(0) ∩ U,

where G(f̃) is the topological closure of G(f̃), and for any point a ∈
S(f̃) ∩ U , any h ∈ On,a and any

g ∈ {ψ ∈ On,a | dimψ−1(0) ≤ n− 2},
if f̃a divides gh in En,a, then f̃a divides h in En,a.
Remark 2.10. Consider the function f(x1, x2) = x21+x

2
2. It is irreducible

in E2 but it does not satisfy the condition G(f̃) ∩ U = f̃−1(0) ∩ U : we have
f̃−1(0) = {0} and G(f) = ∅. This phenomenon is characteristic of real
functions. In the complex case, irreducible holomorphic functions have the
property of zeros in the ring of holomorphic functions. And f(z1, z2) = z21+z

2
2

is not irreducible in the ring of holomorphic functions.

Remark 2.11. In Bochnak’s original paper, another equivalent condition
is given:

(iii) if f divides φ2
1 + · · ·+ φ2

p then f divides φi for i = 1, . . . , p.

However, this condition is difficult to use, so we omitted it.
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2.4. Some lemmas needed to apply Bochnak’s theorem. We are
going to apply Proposition 2.9 to detA(x) and Pf A(x). In general, detA(x)
and Pf A(x) are not analytic function-germs. However, we have the following
three lemmas.

Lemma 2.12. Let φ : (Rn, 0) → (Rn, 0) be a germ of a diffeomorphism.
Suppose that f ∈ En has the property of zeros in En. Then f ◦ φ has the
property of zeros.

This lemma is obvious.
Now suppose that A : (Rn, 0) → A2k with A(0) = O is a smooth map-

germ transversal to {O} ⊂ A2k. Then the Jacobian matrix of the entries
aij(x), i < j, at 0 ∈ Rn has rank k(2k − 1):

rank
∂(a12, a1,3, . . . , a2k−1,2k)

∂(x1, . . . , xn)
(0) = k(2k − 1).

Therefore there exists a local analytic coordinate system (y1, . . . , yn) in a
neighbourhood of 0 ∈ Rn such that

(13) y1 = a12(x), y2 = a13(x), . . . , yk(2k−1) = a2k−1,2k(x);

more precisely,

aij(x) = yk(2k−1)−(2k−i)(2k−i+1)/2+(j−1).

Thus, by the definition of pfaffians, Pf A(y) is a homogeneous polynomial of
degree k in the variables y1, . . . , yk(2k−1). Moreover, we have

Lemma 2.13. Let A : (Rn, 0) → A2k be a smooth map-germ transversal to
{O} ⊂ A2k and let (y1, . . . , yn) be the local coordinate system satisfying (13).
Let U be a sufficiently small open neighbourhood of 0 ∈ Rn such that the
mapping A : U → A2k is transversal to {O} ⊂ A2k.

(i) Pf A(y) is irreducible in En for all y ∈ U and dim (Pf A)−1(0) = n− 1.
(ii) For any point a in U , the germ at a of the polynomial Pf A(y) is irre-

ducible in En,a and dim (Pf A)−1(0) = n− 1.

Property (ii) follows from (i) by tracing the arguments in §2.1, in partic-
ular Propositions 2.1 and 2.2. We will prove Lemma 2.13 in §4. In the same
way we have

Lemma 2.14. Let A : (Rn, 0) → (Mp, O) (resp. → (Sp, O), (A2k, O)) be
a smooth map-germ transversal to {O} ⊂ Mp (resp. ⊂ Sp,A2k).

(i) There exists a local coordinate system (y1, . . . , yn) in a neighbourhood
of 0 ∈ Rn such that
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y1 = a1,1(x), y2 = a1,2(x), . . . , yp2 = ap,p(x),

when A(x) is a general p× p matrix,
y1 = a1,1(x), y2 = a1,2(x), . . . , yp = a1,p(x),

yp+1 = a2,2(x), . . . , yp(p+1)/2 = ap,p(x),

when A(x) is a symmetric p× p matrix.

(ii) If we express A(x) as A(y) in the above coordinate system (y1, . . . , yn),
then detA(y) is a homogeneous polynomial in the variables y1, . . . , yp2
or y1, . . . , yp(p+1)/2 according as A(y) is a general p × p matrix or a
symmetric p× p matrix.

(iii) In both cases, detA(y) is irreducible in En,a and dim (detA)−1(0) =
n− 1.

Homogeneous polynomials are of course analytic functions. Therefore we
can apply Proposition 2.9 to detA(y) and Pf A(y) if they satisfy the condi-
tions in Proposition 2.9. In fact, we have

Lemma 2.15 (Key Lemma). Pf A(y) in Lemma 2.13 and detA(y) in
Lemma 2.14 satisfy condition (ii) in Proposition 2.9.

Lemma 2.15 will be proved for skew-symmetric matrices in §4; the other
two cases can be treated similarly.

3. Proof of the theorem. We prove Theorem 2.4 under the assumption
that Lemmas 2.13–2.15 hold.

We prove Theorem 2.4 for the skew-symmetric case. The theorem for the
other two cases, i.e. the original Mather theorem, can be proved in a similar
way.

Recall equation (2):

A(x)


λ1
...
λ2k

 =


b1(x)

...
b2k(x)

 .

We assume that A(0) = O and (b1(x), . . . , b2k(x))
t ∈ A(x)(R2k) at every

x near the origin 0 ∈ Rn and that A : (Rn, 0) → A2k is transversal to
{O} ⊂ A2k. Then from Lemmas 2.12 and 2.15, we may assume A(x) is an
analytic map-germ and Pf A(x) satisfies condition (ii) in Proposition 2.9.

From equation (2), we have

(14) Â(x)tA(x)


λ1
...
λ2k

 = Â(x)t


b1(x)

...
b2k(x)

 .
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From Proposition 2.5 we know that Â(x)tA(x) = Pf A(x) ·E2k. Then setting
b̃1(x)

...
b̃2k(x)

 = Â(x)t


b1(x)

...
b2k(x)

 ,

we obtain

Pf A(x) · E2k


λ1
...
λ2k

 =


b̃1(x)

...
b̃2k(x)

 .

SinceA(0) = O and (b1(x), . . . , b2k(x))
t ∈ A(x)(R2k), we havePf A(0) = 0

and

(15) (b̃1(x), . . . , b̃2k(x))
t ∈ Â(x)tA(x)(R2k) = Pf A(x) · E2k(R2k)

= Pf A(x)(R2k)

for every x near 0 ∈ Rn. Since Pf A(x)(R2k) = R2k for those x ∈ R2k where
Pf A(x) ̸= 0, (15) is equivalent to

(16) b̃1, . . . , b̃2k vanish on V ((Pf A)En) = {x ∈ Rn | Pf A(x) = 0},

which is equivalent to

b̃1, . . . , b̃2k ∈ I(VR((Pf A)En)).

Since, from Lemma 2.15, Pf A satisfies condition (ii) in Proposition 2.9, we
have

(17) b̃1, . . . , b̃2k ∈ (Pf A)En .

Thus, there exist λ1, . . . , λ2k ∈ En such that

b̃1(x) = λ1(x) Pf A(x), . . . , b̃2k(x) = λ2k(x) Pf A(x).

Therefore (14) has a smooth solution (λ1(x), . . . , λ2k(x))
t:

Â(x)tA(x)


λ1(x)

...
λ2k(x)

 = Â(x)t


b1(x)

...
b2k(x)

 .

Then

A(x)


λ1(x)

...
λ2k(x)

 =


b1(x)

...
b2k(x)

 where det Â(x)t ̸= 0.
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Since detA(x) = (Pf A(x))2 and Â(x)tA(x) = Pf A(x) · E2k, we know
that det Â(x)t = (Pf A(x))2k−2. Therefore

A(x)


λ1(x)

...
λ2k(x)

 =


b1(x)

...
b2k(x)

 where Pf A(x) ̸= 0.

Since dim (Pf A)−1(0) = n−1 by Lemma 2.13, for an open neighbourhood
U of 0 in Rn, the set {x ∈ U | Pf A(x) ̸= 0} is an open dense subset and we
have

A(x)


λ1(x)

...
λ2k(x)

 =


b1(x)

...
b2k(x)

 for every x near 0 ∈ Rn,

because b1(x), . . . , b2k(x) and λ1(x), . . . , λ2k(x) are smooth, hence continu-
ous.

Thus (λ1(x), . . . , λ2k(x))t is a smooth solution of (2). This completes the
proof of Theorems 2.4 and 1.1 for A(x) skew-symmetric.

We can prove the theorem for the other two cases similarly using Propo-
sition 2.9 and the properties of detA(y) shown in Lemmas 2.13–2.15.

4. Proof of Lemma 2.13. First we prove that Pf A(y) is irreducible
in En. Let A(y) = (yij), where

y1,2 = y1, y1,3 = y2, . . . , y2k−1,2k = yk(2k−1),

yi,i = 0, i = 1, . . . , 2k, yij = −yj,i, i > j.

In this case

Pf A(y) =
∑

σ∈F2k

sgn(σ)yσ(1)σ(2)yσ(3)σ(4) . . . yσ(2k−1)σ(2k).

Lemma. Let S be the germ of an analytic submanifold of Rn at 0. Let
f ∈ On be an analytic function-germ with f(0) = 0 whose restriction to S is
not the zero function on S. If the restriction of f to S is irreducible in En,
then so is f .

The proof is trivial.
We consider the two terms of Pf A(y) corresponding to

σ1 =

(
1 2 3 4 · · · 2k

1 2 3 4 · · · 2k

)
, σ2 =

(
1 2 3 4 5 6 · · · 2k

1 2k 2 3 4 5 · · · 2k − 1

)
.
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Then

sgn(σ1)yσ1(1)σ1(2)yσ1(3)σ1(4) . . . yσ1(2k−1)σ1(2k)

+ sgn(σ2)yσ2(1)σ2(2)yσ2(3)σ2(4) . . . yσ2(2k−1)σ2(2k)

= y1,2y3,4 . . . y2k−1,2k + y1,2ky23 . . . y2k−2,2k−1.

Renumber the variables y1, . . . , yn in such a way that the first 2k variables
are

y1 = y1,2, y2 = y3,4, . . . , yk = y2k−1,2k,

yk+1 = y1,2k, yk+2 = y2,3, . . . , y2k = y2k−2,2k−1.

Let

S = {y = (y1, . . . , yn) ∈ Rn | y2k+1 = 0, y2k+2 = 0, . . . , yn = 0}.
Then

(Pf A)|S = y1y2 . . . yk + yk+1yk+2 . . . y2k,

which is obviously irreducible in En. Therefore, from the above lemma,
Pf A(y) is irreducible in En.

The property dim (Pf A)−1(0) = n− 1 is almost obvious from the follow-
ing facts:

(i) the set Σ = {B ∈ A2k | rankB < 2k} is a codimension 1 stratified
subset of A2k,

(ii) (Pf A)−1(0) = A−1(Σ).

Thus, by Thom’s transversality theorem, codim (Pf A)−1(0) in Rn is 1 and
dim (Pf A)−1(0) = n− 1. This completes the proof of Lemma 2.13.

5. Proof of Lemma 2.15. We prove Lemma 2.15 for Pf A(y). The other
case is handled similarly. We are going to show that Pf A(y) of Lemma 2.13
satisfies condition (ii) in Proposition 2.9. In this case f̃ = Pf A(y).

First we show that Pf A satisfies the second condition in (ii) of Proposi-
tion 2.9.

Let a ∈ S(f̃) ∩ U , h ∈ Oa and g ∈ {ψ ∈ Oa | dimψ−1(0) ≤ n − 2}.
Assume that Pf Aa divides gh in En,a. Suppose that Pf Aa divides g in En,a.
Then (Pf Aa)

−1(0) must be a subset of g−1(0), but this contradicts the fact
that dim (Pf Aa)

−1(0) = n − 1 (by Lemma 2.13) and the assumption that
g ∈ {ψ ∈ Oa | dimψ−1(0) ≤ n − 2}. Hence Pf Aa does not divide g. On
the other hand, from Lemma 2.13, Pf Aa is irreducible. Therefore Pf Aa

divides h. Thus the second condition of (ii) of Proposition 2.9 is satisfied.
Now we prove that Pf A satisfies the first condition in (ii) of Proposi-

tion 2.9:
G(Pf A) ∩ U = (Pf A)−1(0) ∩ U.
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Lemma. Let U be a small neighbourhood of 0 in Rn and let p ∈ U . If
rankA(p) = 2k − 2s, then the order of Pf A(y) at p is s.

Proof. Since rankA(p) = 2k − 2s, from Proposition 2.1, there exist in-
vertible 2k×2k matrices P (y) = (pij(y)) with pij ∈ En and a skew-symmetric
2s× 2s matrix Ā(y) = (āij(x)) with āij ∈ En such that

P (y)tA(y)P (y) =

(
Ā(y) O

O J2k−2s

)
and Ā(p) = O.

Since detP (y)tA(y)P (y) = detP (y)2 detA(y) = detP (y)2(Pf A(y))2, we
have

Pf(P (y)tA(y)P (y)) = ±detP (y) Pf A(y)

and
Pf(P (y)tA(y)P (y)) = ±Pf Ā(y).

Thus detP (y) Pf A(y) = ±Pf Ā(y). Since A : U → A2k is transversal to the
stratification of A2k by rank, Ā : U → A2s is transversal to the stratification
of A2s by rank and Ā(p) = O, the order of the polynomial Pf Ā(y) at p is s.
Since P (y) is an invertible matrix, detP (y) ̸= 0 and the order of Pf A(y) at
p is equal to the order of Pf Ā(y) at p, which is s.

Therefore if rankA(p) = 2k − 2, then the order of Pf A at p is 1 and
d(Pf A)(p) ̸= 0. If rankA(p) < 2k − 2, then d(Pf A)(p) = 0. Thus

(Pf A)−1(0) = {p ∈ Rn | rankA(p) ≤ 2k − 2},
G(Pf A) = {p ∈ (Pf A)−1(0) | rankA(p) = 2k − 2},
S(Pf A) = {p ∈ (Pf A)−1(0) | rankA(p) < 2k − 2}.

Recall that X2k,2r = {B ∈ A2k | rankB = 2r}, 0 ≤ r ≤ k. Then

(Pf A)−1(0) ∩ U = A−1
( k−1⋃

s=0

X2k,2s

)
∩ U,

G(Pf A) ∩ U = A−1(X2k,2k−2) ∩ U,

S(Pf A) ∩ U = A−1
( k−2⋃

s=0

X2k,2s

)
∩ U,

where the A on the right hand sides is the mapping A : Rn → A2k.
It is known that {X2k,2k, X2k,2k−2, . . . , X2k,0 = {O}} is a Whitney strat-

ification of A2k, and in particular

X2k,2r =
r⋃

s=0

X2k,2s for all r with 0 ≤ r ≤ k.
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Therefore, G(Pf A) ∩ U = (Pf A)−1(0) ∩ U. This completes the proof of
Lemma 2.15.

6. Hamiltonian vector fields on constraints. Let K be an even-
dimensional submanifold of (R2n, ω) endowed with the symplectic structure
in Darboux form ω =

∑n
i=1 dyi∧dxi (see [1, 15]). A generalized Hamiltonian

system on K (generalized Hamiltonian dynamics [3, 11]) is defined as a
subbundle L of the tangent bundle τ : TR2n → R2n over K which is a
Lagrangian submanifold of (TR2n, ω̇), that is, ω̇|L = 0 for the associated
symplectic form ω̇ =

∑n
i=1(dẏi∧dxi−dẋi∧dyi). Then locally L is expressed

as
(18)
L = {v ∈ TR2n : τ(v) ∈ K, and, for any u ∈ Tτ(v)K, ω(u, v) = −dh(u)},

for a function h which is locally defined on K. In the coordinates we use,
the generalized Hamiltonian system (18) is generated by a Morse family
F : R2n × R2k → R, locally on K (see [15, 7]),

(19) F (x, y, λ) =

2k∑
i=1

ai(x, y)λi + b(x, y),

where K is defined by smooth functions ai : R2n → R, 1 ≤ i ≤ 2k < 2n,
with the maximal rank condition rank

(
∂ai
∂xl

(x, y), ∂ai∂yl
(x, y)

)
= 2k, so

(20) K = {(x, y) ∈ R2n : ai(x, y) = 0, i = 1, . . . , 2k}

and b : R2n → R is an arbitrary smooth extension of h : K → R. In
what follows we consider mainly germs of functions and mappings at zero or
representatives of such germs.

A fundamental property of such systems is their local smooth solvability,
i.e. existence, for each v ∈ L, of a smooth family α : U×(−ϵ, ϵ) ∋ (v̄, t) 7→ R2n

of smooth solutions of L in the neighbourhood U of v in L such that
α̇v̄(0) = v̄. A sufficient condition for smooth solvability of generalized Hamil-
tonian systems (see [5, 6, 8]) is the solvability of{

∂F

∂λi
, F

}
(x, y, λ) = 0, i = 1, . . . , 2k, (x, y, λ) ∈ K × R2k,

which is a linear equation for λj , j = 1, . . . , 2k (see [10, 5]) with matrix
A(x, y) = ({ai, aj}(x, y)):

(21)
(
{ai, aj}(x, y)

)
1≤i,j≤2k


λ1
...
λ2k

 =


{b, a1}(x, y)

...
{b, a2k}(x, y)

 , (x, y) ∈ K,
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where {·, ·} is the Poisson bracket induced by ω. The pointwise solvability
of (21), that is,

{b, a1}(x, y)
...

{b, a2k}(x, y)

 ∈ ImA(x, y), (x, y) ∈ K,(22)

is a necessary condition for its smooth solvability.
Smooth solutions of (21), λ(x, y) for (x, y) ∈ K, with any smooth ex-

tension to R2n define sections of the bundle L as smoothly solvable (in the
above sense) Hamiltonian vector fields with Hamiltonian

Fa,b,λ(x, y) = F (x, y, λ(x, y))(23)

=
2k∑
i=1

ai(x, y)λi(x, y) + b(x, y);

they are constrained Hamiltonian vector fields on K endowed with the re-
stricted symplectic structure ω|K (see [9]).

Let U be an open neighbourhood of 0 in R2n and let a1(x, y), . . . , a2k(x, y)
be C∞ functions on U , defining the smooth submanifold K in (20) and such
that

a1(0) = · · · = a2k(0) = 0.

Using the skew-symmetric version of the Mather theorem 1.1 we get

Proposition 6.1. IfA is transversal to the stratification W(A2k) (see (9))
of A2k by rank at (0, 0), and b ∈ C∞(U) satisfies the pointwise solvability
condition (22), then (21) has a smooth solution defined on a sufficiently small
neighbourhood of (0, 0) ∈ K.

The solutions of (21) providing stationary Hamiltonian systems on K are
given by solutions of the reduced equation

(24)
(
∂(a1, . . . , ak)

∂(x, y)
(x, y)

)t


λ1
...
λ2k

 = −


∂b
∂x1

(x, y)
...

∂b
∂yn

(x, y)

 .

It is easy to check that the solutions of (24), for which we can apply the
usual Mather theorem, are also solutions of (21). The representation of the
corresponding constrained Hamiltonian vector fields is given by the map-
ping

Φ : K × R2k (⊂ R2n × R2k) → TR2n
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defined by

(25)

xi ◦ Φ(x, y, λ) = xi, yi ◦ Φ(x, y, λ) = yi,

ẋi ◦ Φ(x, y, λ) =
2k∑
ℓ=1

∂aℓ
∂yi

(x, y)λℓ +
∂b

∂yi
(x, y),

ẏi ◦ Φ(x, y, λ) =
2k∑
ℓ=1

−∂aℓ
∂xi

(x, y)λℓ −
∂b

∂xi
(x, y),

for i = 1, . . . , n.

Let Γλ denote the graph of the smooth solution λ(x, y) of (21) with λ
extended to an open neighbourhood V of zero in R2n,

(26) Γλ(x, y) = (x, y, λ(x, y)), (x, y) ∈ V.

Now we regard (Φ ◦ Γλ)(V ) as a vector field tangent to K on V and we
denote it by XFa,b,λ

;

XFa,b,λ
(x, y) =

n∑
i=1

( 2k∑
ℓ=1

∂aℓ
∂yi

(x, y)λℓ(x, y) +
∂b

∂yi
(x, y)

)
∂

∂xi
(27)

−
n∑

i=1

( 2k∑
ℓ=1

∂aℓ
∂xi

(x, y)λℓ(x, y) +
∂b

∂xi
(x, y)

)
∂

∂yi
.

XFa,b,λ
|K is a section ofL andXFa,b,λ

is a Lagrangian submanifold of (TR2n, ω̇),
XFa,b,λ

(ai) = 0, i = 1, . . . , 2k.For λ being a solution of (24) we get a stationary
constrained Hamiltonian vector field

XFa,b,λ
(x, y) =

n∑
i=1

0 · ∂

∂xi
−

n∑
i=1

0 · ∂

∂yi

∣∣∣∣
K

.

The necessary conditions for b providing the pointwise solutions of (21) de-
fine the Poisson–Lie algebra of constrained Hamiltonian vector fields (see [5]).
By applying Theorem 1.1 we know that (21) has a smooth solution on K iff
the transversality condition for A is fulfilled and

b ∈ Ba = ⟨a1, . . . , a2k⟩+ {a1, . . . , a2k}⊥K ,

where {a1, . . . , a2k}⊥K = {h ∈ Ex,y | {h, ai} = 0 on K, 1 ≤ i ≤ 2k}. And the
space of Hamiltonians

Ha,K = {Fa,b,λ | b ∈ Ba, λ(x, y) ∈ Sa,b},

where Sa,b = {λ(x, y) ∈ Ex,y | λ is a smooth solution of (21) on K}, is a
Poisson–Lie algebra with respect to ω.

For b ∈ Ba and for a smooth solution λ(x, y) on K the Hamiltonian vec-
tor field XFa,b,λ

is tangent to K and its restriction to K is a constrained
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Hamiltonian system on K. Since we are interested in constrained Hamilto-
nian systems on a submanifold K of (R2n, ω), it is natural to identify two
Hamiltonian functions F, F ′ ∈ Ha,K such that XF |K = XF ′ |K . Let

(28) Na,K = {F ∈ Ha,K : XF |K = 0}.
Then we have naturally

Proposition 6.2. Na,K is an ideal of the Poisson–Lie algebra Ha,K .

The Poisson–Lie algebra of constrained Hamiltonian systems is defined
as the quotient algebra

Ha,K := Ha,K/Na,K .

As an example we consider the case where K is a submanifold of (R4, ω)
with ω = dy1 ∧ dx1 + dy2 ∧ dx2:

K = {(x, y) ∈ R4 : x1 = 0, y2 − y21 = 0}.
We write

a1(x, y) = x1, a2(x, y) = y2 − y21,

and ω|K = 2y1dy1 ∧ dx2 is singular on {y1 = 0}.
For a function b(x, y) ∈ Ex,y we consider the linear equation

(29)

(
0 2y1

−2y1 0

)(
λ1

λ2

)
=

(
{b, a1}
{b, a2}

)
, where 2y1 = {a1, a2}.

A smooth solution of (29) on K is a pair (λ1(x, y), λ2(x, y)) of elements of
Ex,y such that(

0 2y1

−2y1 0

)(
λ1(x, y)

λ2(x, y)

)
=

(
{b, a1}(x, y)
{b, a2}(x, y)

)
for all (x, y) ∈ K.

As A(x, y) is transversal, we know that (29) has a smooth solution on K if
and only if

(30) b ∈ Ba := ⟨a1, a2⟩Ex,y + {a1, a2}⊥K .
For b ∈ Ba and for a smooth solution λ(x, y) = (λ1(x, y), λ2(x, y)) of (29)
on K, we consider the Hamiltonian function

Fb,λ(x, y) = x1λ1(x, y) + (y2 − y21)λ2(x, y) + b(x, y).

The Hamiltonian vector field XFb,λ
is tangent to K, and its restriction to K

is a constrained Hamiltonian system on K. We see that

XFb,λ
|K(x, y) =

(
∂b

∂y1
− 2y1λ2

)
∂

∂x1
+

(
∂b

∂y2
+ λ2

)
∂

∂x2

−
(
∂b

∂x1
+ λ1

)
∂

∂y1
− ∂b

∂x2

∂

∂y2
, (x, y) ∈ K.
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Let λ′(x, y) = (λ′1(x, y), λ
′
2(x, y)) be another smooth solution of (29) on K.

Then we see that λ′(x, y)|K = λ(x, y)|K and XFb,λ′ |K = XFb,λ
|K . Thus the

restriction of XFb,λ
to K does not depend on the choice of a smooth solution

of (29) on K. We denote

(31) Xb := XFb,λ
|K .

Thus
Ha,K = {Xb(x, y) : b ∈ Ba}.

After some calculations we find that for any b ∈ Ba, there exists a function
b̄(x, y) ∈ ⟨y21⟩Ex,y such thatXb = Xb̄. And if we consider b̄(x, y) = y21ᾱ(x, y) ∈
⟨y21⟩Ex,y , then the linear equation (29) has a smooth solution on K and we
have

Xb̄ =

(
ᾱ+

1

2
y1
∂ᾱ

∂y1
+ y21

∂ᾱ

∂y2

)
(x, y)

∂

∂x2
(32)

− 1

2
y1
∂ᾱ

∂x2
(x, y)

∂

∂y1
− y21

∂ᾱ

∂x2
(x, y)

∂

∂y2
, (x, y) ∈ K.

For b̄ = y21x2 we have

{b̄, x1} = 2y1x2, {b̄, y2 − y21} = −y21
and the solution (λ1, λ2) = (x2,

1
2y1) of (29) gives the solvable Hamiltonian

vector field on (K,ω|K),

Xb̄ = x2
∂

∂x2
− 1

2
y1

∂

∂y1
− y21

∂

∂y2
.
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