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SOLVABLE SUBMANIFOLDS OF TANGENT BUNDLE AND
J. MATHER GENERIC LINEAR EQUATIONS*

TAKUO FUKUDAT AND STANISLAW JANECZKO?

Abstract. Using J. Mather results on solutions of generic linear equations the smooth solvabil-
ity of implicit differential systems is investigated. Implicit Hamiltonian systems are considered and
algebraic version of J. Mather theorem was applied in this case. For the generalized Hamiltonian sys-
tems defined by P.A.M. Dirac on smooth constraints we find the corresponding Poisson-Lie algebras
as a basic symplectic invariants of submanifolds in the symplectic space.

Key words. Symplectic manifold, singularities, Hamiltonian systems, Poisson-Lie algebras.

Mathematics Subject Classification. 37J05, 57R45.

1. Introduction. Let M be a smooth submanifold of TR™, M C TR" =
R™ x R", dimM = m. M is considered as a first order differential system. If M
is transversal to the fibers of the tangent bundle projection 7 : TR™ — R™ then M
is locally solvable at each point of M. A point (x,2) € M C TR™ = R" x R" is
called a solvable point of M if there exists a smooth curve v : R — R"™ such that its
prolongation 4 : R — TR"™ : ¢ — () belongs to M, im(¥) C M.

M is called solvable if M consists only of solvable points. If additionally the
integral curve v depends smoothly on initial conditions in a neighborhood of every
point of M then we say that M is smoothly solvable. If m | is a diffeomorphism
then M is a smoothly solvable vector field on R™. If M is not transversal to the fibers
of 7, then M may not be solvable in critical points of 7 |, and this is common
property for typical position of M. In this case M is also called the system of implicit
differential equations. Now the natural question we ask is to find a necessary and
sufficient condition for a manifold M C TR"™ to be smoothly solvable. The natural
necessary condition for a point (z,#) € M to be solvable is that

T e d(ﬂ' ‘M)(z’j:) (T(z@)M), 71'(30,3':) =x.

In what follows we call this condition the tangential solvability condition.

We can ask whether this condition is also a sufficient condition for a submanifold
M to be solvable. Although the answer for this question is negative, there is a wide
class of submanifolds of TR™ for which the tangential solvability condition is also
sufficient.

The solvability we consider is a local property. Thus we suppose M to be the
image of an embedding M = F(U), F = (f, f) : U — TR™ of an open set U of R™.
Then we have that an implicit differential equation M = F(U) of TR™, where F is
an embedding, is smoothly solvable if there exists a smooth tangent vector field X on
U such that (f(u), f(u)) = df (X (u)), for all u € U.

If an implicit differential equation M = F(U) of TR™ is smoothly solvable with
a smooth vector field X on U, then every point (zg,4o) € M is a solvable point of M.
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Moreover, integral curves of the vector field X give a family of general solutions of M
smoothly depending on initial conditions. If the smooth vector field X on U has the
form X (u) = > 1", ai(u)a%ih, where a;(u) are smooth and J f is a Jacobian matrix of
f. Then we immediately have that an implicit differential equation M = F(U) C TR™
given by an embedding F' = (f, f ) is smoothly solvable if and only if the linear equation
f(u) = Jf(u)a(u) has a smooth solution a(u) = (a1(u),-- ,am(u)). This condition
fulfilled to each u € U is a tangential solvability condition for F(U).

Now solvability of implicit differential equations becomes equivalent to a smooth
solvability of linear algebraic equations. Using the classical result by J. Mather [9]
we get the basic solvability result. We prove that if J(f1, -, fm) : U — M(m)
is transversal to X,.(m) at the origin 0, then an implicit differential equation M =
F(U) ¢ TR™ is smoothly solvable in a neighborhood of (f(0), f(0)). Here M (m)
denotes the set of all m x m real matrices and X, (m) denotes the set of all m x m
real matrices with rank 7. The more general algebraic version of this result is also
proved. The solvability results in general case are applied to implicit Hamiltonian
system which is an isotropic embedding F : R?® > U — TR?" into the tangent
bundle TR?" endowed with a symplectic structure & defined by the canonical flat
morphism between tangent and co-tangent bundles of the symplectic space (R?*",w),
(see [13]). The solvability properties of F'(U) were partially investigated in [5]. In this
paper we extend the notion of implicit Hamiltonian system allowing f to be singular.
In this case all the properties of the implicit Hamiltonian system are defined by its
parametrization F' and we will call F' a Hamiltonian mapping if it is isotropic, after
F*& = 0, solvable and F*0 = —dh for some smooth function h (called the generating
function of F'). To each F we associate f = 7o F, where m : TR?" — R?" is a tangent
bundle projection and look at F' as a vector field along f. We investigate the space
Ry of all generating functions of F' for fixed singular f (all vector fields along f).
Thus for the corank 1 case of f the generating function A for isotropic F' along f, or
more precisely its derivative d.h belongs to the ideal generated by the determinant of
a Jacobian matrix Ay = det(.J f), where e spans the kernel of the Jacobian matrix at
singular point.

The purpose of this paper is twofold: First we provide necessary and sufficient
conditions of solvability for various classes of implicit systems and search for generic
peculiarities of non-solvable points. Second we formulate and investigate the prob-
lem of solvability for implicit Hamiltonian systems as a specialized class of implicit
systems.

In Sections 2 we formulate the solvability problem, and prove the first part of
the main results of the paper: the smooth solvability conditions for the generic (in
the sense of J. Mather) differential systems (Theorem 2.2). In Section 3 we extend
J. Mather’s results weakening his transversality condition to algebraic conditions on
determinants. This result is formulated in Theorem 3.1. and Theorem 3.2. Section 4
is devoted to the non-solvable points of differential systems. We prove here (Theorem
4.1, Theorem 4.2) that the non-solvable points are isolated generically in the sense of
J.C. Tougeron. Specialization of our differential systems to isotropic ones, was done
in Section 5. In this case we applied the main results of the previous sections and
obtained the necessary and sufficient conditions for solvability of implicit Hamiltonian
systems.

2. Solvable submanifolds of tangent bundle. To come closer to our problem
we explain some sufficient conditions for a submanifold M of TR™ to be solvable. One
of them plays an important role in the proofs of our main theorems. At first we have



SOLVABLE SUBMANIFOLDS OF TANGNT BUNDLE 235

the two immediate Lemmas.

LeEMMA 2.1. Let M C TR"™ be a submanifold satisfying tangential solvability
condition.

1) If  |apr: M — R™ is either an embedding or a submersion, then M is solvable.

2) If 7(M) is a submanifold of R™ and m |p;: M — w(M) is a submersion, then
M is solvable.

This is a local problem so we may suppose that the manifold M under consi-
deration is the image of an embedding of R™.

M = F(R™), F=(f,f):R™ - TR" =R" x R" is an embedding.

Let Jf(u) denote the Jacobian matrix of f = (f1,..., fn) at u = (u1,...,u,y) € R™.
Since d(7 |ar)(T(z,5)M) = J f(u)(R™) we have immediately

LEMMA 2.2. Let M = (f, f)(R™) C TR" be as above. Then
1) M satisfies the tangential solvability condition if and only if

f(u) € Jf(uw)(R™) for every wueR™.
2) M is smoothly solvable if there exists a smooth vector field X on R™ such that

F(u) = df (X (u), VueR™ (1)

COROLLARY 2.1. Let f:R™ — R"™ be a smooth mapping with

rankdf, > %, Yu € R™.

Then there exists (always) a smooth mapping f:R™ — R" such that (f, f) :R™ —
R™ x R™ is an embedding and M = (f, f)(R™) is a smoothly solvable manifold.

Proof. Since
m
r = rankdf, : T,R™ — Tt R" > 5 Yu € R™,

we may choose local coordinates such that f is of the form

f(u:l?"',um):(ul""7ur7‘fT+1(u1""’u77L)7"'7fn(u17"'7um))'
Let aq(u),...,a,(u) be the smooth functions chosen in the following form
a1 (U) = Upg1y ey Qmr(U) = U, and m—ri1(w), ..., an(u) being arbitrary.

And consider a mapping f = (915-+:,9n) : R™ — R™ defined by equation (1), where
X(u) =", ai(u)a%i. Then (f, f) : R™ — R™ x R™ is an embedding and from
Lemma 2.2 we see that M = (f, f)(R™) is a smoothly solvable manifold. O

REMARK 2.1. Now we came to the natural question: Does some pathology of
the critical point set on M imply the non solvability ? To some extent the answer is
positive. We may formulate the following supposition: if f : R™ — R™ is stable (cf.
[10]), then for any f : R™ — R™ such that (f, f) : R™ — R” x R” is an embedding

and M = (f, f)(R™) satisfies tangential solvability condition, M has to be solvable.
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Therefore if this conjecture is true, then it implies that if M is not solvable, then f is
not stable, and therefore 7 |[5;: M — R™ is not a stable map. Here let us remind that
the two maps f : R™ — R™ and 7 [p: M — R™ are right equivalent in J. Mather’s
sense, since (f, f) :R™ — M = (f, f)(Rm) is a diffeomorphism. Thus the singular
point set is not the one of a stable map. On the other hand, the Corollary 2.1 says
that if

vank(dr |a) : Te,i (M) = To(R") 2 T,

then no matter how much pathological its singularity is, with a good partner f,

M = (f, f)(R™) becomes solvable.

Now we prove that the tangential solvability condition is also sufficient for a class
of manifolds, which we call the generic manifolds and which is much wider than the
class of manifolds M C TR™ = R™ x R™ such that the projections 7 |p: M — R™ are
C>—stable.

We saw in Lemma 2.1 that if the linear equation (1) has a smooth solution, then
the manifold M is solvable. For a condition that a linear equation (1) has a smooth
solution, we have the theorem of J. Mather ([9]). Combining Lemma 2.2 and J.
Mather’s theorem we obtain a sufficient condition for a manifold to be solvable.

Let J'(M,R"™) be the 1 jet bundle of 1 jets of maps f of M into R", and let
S.(M,R™) be the subset of all 1 jets j'f(u) € J*(M,R"™) such that the rank of the
differential df, : T,,(M) — T¢)R™ at u € M is r. Then S,.(M,R") is a submanifold
of JY(M,R™) of codimension (n —r) x (m — r), where m = dimM.

DEFINITION 2.1 (following J. Mather [9]). A manifold M C TR™ = R™ x R"
is said to be a generic submanifold of TR™ if the 1 jet extension j'(m |ar) : M —
JYH(M,R"™) is transversal to all S,(M,R™), r =0,1,..., min(m,n).

THEOREM 2.1. A generic submanifold M of TR"™ is solvable if and only if it
satisfies tangential solvability condition. Thus tangential solvability condition holds
sufficient for generic submanifolds of TR™.

Remark that the generic submanifolds form a very wide class in the set of all
submanifolds of TR™. This can be seen as follows. We suppose that the manifold M
under consideration is the image of an embedding of R into TR™:

M= (f, /)R™), (f, f):R™ = TR" =R" x R" an embedding.

Then, the 1 jet extension j(7 |pr) : M — J1(M,R") is transversal to S,.(M,R") if
and only if the 1 jet extension j'f : R™ — JY(R™,R") is transversal to S,(R™,R").
By Thom’s transversality theorem, the set of smooth maps f : R”™ — R" such that
G R™ — JYR™,R") is transversal to all S,.(R™, R"™), » = 0,1,..., min(m,n) form
an open dense set in the set of smooth maps of R™ into R™. Thus generic submanifolds
form a very wide class in the set of all submanifolds of TIR™.

Now we reformulate our problem in more accessible terms.

DEFINITION 2.2. A smooth map f :R™ — R™ is said to be tangent to a smooth

map f: R™ — R™ if the pair (f, f) : R™ — TR™ = R™ x R™ forms an embedding and
the linear equation (1) has a solution (a1(x), az(x), ..., an(x)) for every point x € R™.

We see that the tangential solvability condition becomes exactly the tangency
of the smooth map f : R™ — R"™ to the smooth map f : R™ — R", defining
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the embedding (f,f) : R™ — TR™ = R™ x R of M. If we treat f as a vector
field f(u) = Z?:1 g; (u)% then the tangency condition means that the equation
(f.X)(u) = f(u) has a solution X (u) = 31", Xi(u)aiui for any u € R™.

Now the problem we came to solve is to find conditions to be posed on a smooth
map [ : R™ — R"™ so that the image M = (f, f)(R™) is a solvable manifold for every
smooth map f : R™ — R™ tangent to f. We can also reformulate this problem in
other words as follows:

Find conditions to be posed on a smooth map f : R”™ — R™ so that the linear
equation (1) has a smooth solution (ay(u),az(u),...,an(u)) for every smooth map
f:R™ — R" tangent to f.

The result of J. Mather [9] concerning solutions of linear equation helps to give
a good answer to this problem. In the rest of this section, we will follow the notation
from [9]. Consider an n x m matrix A(u) of smooth function-germs : (R¥,0) — R

an(u) alg(u) e a1m(u)
A = | o) ) e e
an1(u)  apa(u) Ay (1)
and a column vector
g1(u)
g(u) = : :
gn(u)

A(u)b = g(u), (2)

where b is a column vector of length m.

Let E(n,m) denote the space of n x m matrices of real numbers. Let S, denote
the subset of E(n,m) consisting of matrices of rank r. Then S, is a submanifold of
codimension (n —r) X (m —r) in E(n,m).

DEFINITION 2.3. The matriz A(u) of smooth function-germs a; j(u) is said to be
generic if A: (R¥ 0) — E(n,m) is transversal to all S, =0,1,..., min(n,m).

J. MATHER'S THEOREM ([9]). Let A : (R¥,0) — E(n,m) be smooth map-germ
and let g : (R* 0) — R" be a smooth map-germ such that the linear equation (2)
has a solution b(u) for every u € RF close to the origin 0 € R¥. If the map-germ
A : (R*,0) — E(n,m) is generic, i.e. transversal to all S., » = 0,1,...,min(n,m)
at every point u € R” close to the origin 0 € R¥, then the equation (2) has a local
smooth solution b(u) defined in a neighborhood of the origin 0 € R¥.

We reformulate theorem 2.1 in the local terms. Let f : R™ — R”™ be a smooth
mapping. We may suppose that f(0) = 0 without loss of generality. Denote by
f:(R™0) = (R™,0) its map-germ at 0 € R™. Consider the Jacobian map-germ,

Jf:(R™,0) — E(n,m) given by Jf(u) = the jacobian matrix at v € R™

Now the statement of the Theorem 2.1 becomes of the following form.
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THEOREM 2.2. Let the rank of Jf(0) be equal to r. If Jf : (R™,0) = E(n,m)
is transversal to S, at 0 € R™, then, for any smooth map-germ f : (R™,0) — R"
tangent to f : (R™,0) — (R™,0), the germ of the manifold

M = (f, /)(R™) C TR" = R" x R"

at (0, £(0)) is solvable.

Proof. Let the rank of Jf(0) be equal to r. Suppose that Jf : (R™,0) = E(n,m)
is transversal to S, at 0 € R™. Since the stratification

sy

of E(n,m) satisfies Whitney’s condition (a), this implies that Jf : (R™,0) — E(n,m)
is transversal to all S;(R™,R™) at every point near the origin 0 € R™. Thus from J.
Mather’s Theorem, for any smooth map-germ f : (R™,0) — R™ tangent to f :
(R™,0) — (R™,0), the linear equation Jf(u)b = g(u) has a smooth solution b(u)
defined in a neighborhood of the origin 0 € R™. Therefore, from Lemma 2.2, the
germ of the manifold (M = (f, f)(R™), (0, f(0))) is solvable. O

COROLLARY 2.2. Let f: (R™,0) — (R™,0) be a C* stable map-germ. Then
for any smooth map-germ f : (R™,0) — R™ tangent to f : (R™,0) — (R",0), the
manifold germ (M = (f, f)(R™), (f(0) =0, f(0))) is solvable.

Proof. Since stable maps are transversal to every A—orbit in the jet spaces (cf.
[8, 10]), so they are also transversal to all S, 7 = 0,1,...,min(m,n). Thus from the
Theorem 2.1, the germ of the manifold M = (f, f)(R™) at (0, f(0)) is solvable. O

3. Algebraic version of J. Mather theorem. J. Mather’s theorem is stated
in geometric terms using the concept of transversality. However if we look more
precisely into his proof of the theorem we obtain more weak algebraic condition for
the linear equation (2) to have a smooth solution. In order to make our argument
simpler we consider our problem in the real analytic category rather than in the C'*°
category.

Consider a n x m matrix A(z) of real analytic function-germs defined at the origin
of RF :and a column vector g(x) of n real analytic function-germs defined at the
origin of RF.

Consider the linear equation

A(z)b = g(z). (3)

Let Oy, denote the ring of germs at 0 € R* of real analytic functions of k variables.
First we consider the case m = n.

PROPOSITION 3.1. Let m = n. If the ideal < detA(xz) > in Oy generated by
the determinant of the matriz A(x) has property of zeroes, (i.e. if any function h(z)
vanish on the variety defined by this ideal then h(x) belongs to the ideal), then the
linear equation (3) has a real analytic solution b(x).

Proof (cf. J. Mather [9], p.190). Let A(z) denote the cofactor matrix of A(x).
Then we have

A(z)A(x) = A(x)A(z) = detA(x) Ly,
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where I,,, is the identity matrix of size m. Then the equation (3) is equivalent to
detA(z)b = A(z)g(x).

Therefore the component functions §y(z),. .., gm(x) of the column vector A(z)g(z)
vanish on the variety {detA(xz) = 0}. The hypothesis of Proposition 3.1 implies that
detA(zx) divides the component functions g;(x),. .., gm(z) and

by (z) L g1(z)/detA(x)
i@ = | = i A - ' 7

b () Im(z)/det A(x)
is a real analytic solution of the equation (3). O

REMARK 3.1. In fact one can distinguish the three possibilities for the
analytic case and m = n. Locally, near 0 € R™ we can write detA(z) =
do(z)p1(z)" ... ¢n(x)*, where ¢o(0) # 0 and ¢;(0) = 0. Now we have the three
possibilities:

(i) All the irreducible components of C' = {z : detA(x) = 0} defined by ¢, are

reduced and of codimension 1. In this case the system is solvable.

(ii) There is a component of codimension > 2. In this case we give an example that

fulfills tangential solvability condition but is not solvable; F' = (f, f) :R?2 —
R2, f(u,v) = (u,u?v +v?), f(u,v) = (1 4 v,u). We see that M = (f, f)(R?)
satisfies tangential solvability condition f(u,v) € Jf(u,v)(R?), but M is
not solvable at (f, f)(0,0) = (1,0) € M. It tends to the Bogdanov-Takens
singularity (cf. [2]) with the unique separatrix and solution which can not be
analytic.

(iii) There is a non-reduced component of codimension 1. In this nonsolvable case
one can construct the following example: f(z1,72) = (21,2312 — %xle’g +
1a3), glzy, @) = xga%l—&—(xl —z3+ %x%)aipz. We have detA(x) = (v1—23)?
and the equation Ab = g is reduced to (z1 — 23)%is = (z1 — 23)(1 — 223).
Thus the tangential solvability condition is satisfied. The phase portrait is
given by the following equation 3—2 =z1(z1 — 23)/(1 — 223). Near z = (0,0)
the phase curves 21 = 1(x3) through the initial points (23 o, 22,0) # (0,0),
(i.e. on C = {x1 — 2% = 0}) are smooth and transversal to C. Hence the
equation (z1 — 23)d9 = 1 — 223 with z; = ¥(22) = aza + ..., # 0 takes
the form (w9 — x20)i2 = ¢+ ..., with some constant ¢ # 0. So we have
(w2 — w2,0)(t) ~ consty/t.

If we go back to the original problem of solvability, then we have immediately the
following result.

THEOREM 3.1. Let f: R™ — R™ be a real analytic map and f :R™ — R™ be a
real analytic map tangent to f. If the ideal < detJ f(x) > has property of zeros, then
the germ at (f(0), £(0)) of M = (f, f)(R™) C TR™ is solvable.

Now we consider the case where m < n. Suppose m < n. We consider an n x m
matrix A(z) of real analytic function-germs defined at the origin of R* and a column
vector g(z) of n real analytic function-germs defined at the origin of R¥. Consider the
equation

A(z)b = g(z), (4)
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where b is a column vector of length m.
Suppose that the rank of the matrix A(0) at the origin 0 € R¥ is 7. Then we
may suppose that the matrix A(z) be of the form

I, O R o
0) A’(x) ) ) where I, is an identity matrix of size r

Az) = (

ar+1,r+1($) a7’+1,r+2($) T ar+1,m(m)
and A'(x) _ Ar42,041(T)  Ari2r42(T) 0 Grp2,m(T)
an,r4+1(7) an,r+2(7) n,m ()
Consider the set
I:{I:(il,ig,...,imfr) | ijGN, r<i1<i2<...<im,T§n},
and for each element I = (i1,i2,...,im—r) € Z consider the (m —1r) x (m —r)

minor of A’(x):

ailﬂ“+1(x) ailﬂ‘+2(m) o ail’m(x)

det[A((L') — det aiz,r+1(‘r) iy, r+2 (m) T aimm(m)

Qi pir1(T) Qi prp2(T) 0 i, ()

PROPOSITION 3.2. If the equation A(x)b = g(x)has a solution b(x) for every
x € RF and if for every element I € T the ideal < det;A(x) > in Oy generated by the
(m—7)x (m—r) minor det; A(x) of the matriz A(x) has property of zeroes, then the
linear equation A(x)b = g(x) has a real analytic solution b(x).

Proof. Although the proof of this proposition is almost the same as the argument
in §7( pp.191-192) of J. Mather [9], we recall it here.

First we investigate the equation (4) at points x € R¥ where rank A(z) = m =
min(m,n). Set

Q={recRF| rank A(z) =m},
Y=RF - Q={rcR*| rank A(z) <m}.

LEMMA 3.1.

1) Q is an open dense set of R¥.

2) For every point x € ), the equation (4) has a unique solution, which we denote
by ba(x).

3) The unique solution bo(x), x € §, is analytic in Q.

Proof. 1) Is trivial.

2) Since rank A(z) = m = min(m,n), if there exists a solution b(x), which follows
from the assumption of the Lemma, then b(x) is a unique solution of (4).

3) First note that equation (1) is of the form

91(36) bl(il?)

(I, O
gu() _<O A/(m)> bon(2)
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Since z € €, there exists I = (i1,42,...,%m—r) € Z such that the sub matrix A’ (x)
has rank m — r, where
Wi r41(2)  ier2(®) G (D)
Al(z) = iy ,r41(2) Gy rt2(x) Wigm ()
Wiy +1(T) iy ry2(T) iy m ()

Set

and consider the sub equation

gr(z) = Ar(x)b,

where g;(z) =" (g1(2), ..., 9r(2). 9 (), g3, ().

Since bq(z) is a solution of (4), bo(x) is also a solution of the sub equation g;(z) =
Ap(z)b, which is analytic since gr(z) is analytic and detA(z) # 0. O

Now consider the solution at points # € ¥ where rankA(z) < m. Take any
I =(i1,%2,-,im—r) € T and consider sub equation

g1(z) = Ar(x)b,

where Aj(x) and g;(x) are defined in the same way as those in the proof of Lemma
3.1. Then, from the assumption of Proposition 3.2, the ideal < detA;(z) > satisfies
the condition posed in Proposition 3.1 that it has property of zeros. Therefore the
sub equation gr(xz) = Ar(x)b has an analytic solution by (x).

Now consider the set

Qr ={z e R |det A;(z) #0} < Q.

Note that ; is also open and dense in R,

We compare the restriction (br |q,)(z) of br(x) to Q with the restriction (b |,
)(z) of ba(x) to Q. Since both of (br |o,)(z) and (bg |q,)(x) are solutions of the sub
equation

gr(z) = Ar(x)b, r e Qy,

and the solution of the sub equation g;(x) = A;(x)b is unique on the region Q; C Q,
we have

br(z) = ba(x) Vo € Q.
Now take any other J € Z, J # I and consider the sub equation
g7(x) = As(x)b.

With the same reason, the sub equation gj(x) = A;(z)b has an analytic solution
bs(x) and we have

bJ(:lJ) = bQ(I) Vo € QJ.
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Hence we have
bJ(x):bI(z):bQ(x) Ve e QynQy.

Thus by(x) and br(x) coincide on an open dense subset ;N Q of R* and they are
analytic. Therefore they coincide on the whole R*. Set

b(z) = br(z) VI eT.

Then b(zx) is an analytic solution of all the sub equationsg;(x) = A;(x)b, and it is an
analytic solution of the whole equation g(x) = A(x)b. Thus we proved the Proposition
3.2. 0

Now let’s go back to the original problem of solvability. We have immediately.

THEOREM 3.2. Let f: R™ — R", m < n, be a real analytic map and f :R™ —
R™ be a real analytic map tangent to f. If for every element I € T, < detrJ f(z) >

has property of zeros, then the germ at (f(0), f(0)) of M = (f, f/)(R™) C TR™ is
solvable.

4. Non-solvable points are isolated generically in Tougeron’s sense. In
this section we will investigate the non solvable points. We prove that non-transversal
points, i.e. the points where Jf : R"™ — FE(n,m) is not transversal to S, are generi-
cally isolated, which implies that non-solvable points are generically isolated. Here, in
this section, the genericity notion is in the strongest sense introduced by J.P. Tougeron
[12].

DEFINITION 4.1. We say that the non-transversal points of M = (f, f)(R™) are
generically isolated if there exists an oo codimensional subset ¥, (R™, R™) of the space
C>®(R™,R™) of C*° mappings of R™ into R™ such that for any f € C°(R™,R") —
Yoo (R™, R™) non-transversal points are isolated.

Let us fix the notation. Set

C®(R™, TR™) = {(f, f) : R™ = R" x R® = TR"™ | C*° mapping}
= C°(R™,R") x C°(R™,R")
T(R™, TR™) = {(f, f) : R™ = R" x R" = TR" | f is tangent to f},

where all these spaces are endowed with the Whitney C* topology. Recall that f is

tangent to f if and only if (f, f) is an embedding and M = (f, f)(R™) satisfies the
tangential solvability condition (see Def. 2.2).

DEFINITION 4.2. Let (f, f) € T(R™,TR"). A point (z,%) = (f(u), f(u)) € M =
(f, [)(R™) is a transversal point of M if Jf : R™ — E(n,m) is transversal to S, at
u € R™ for r = rankJ f(u). Equivalently j*(my |ar) : M — JY(M,R") is transversal

to
S, (M,R") = {j'h(v) € J'(M,R") | rankJh(v) = 1},
where w1 : TR™ = R™ x R™ — R™ is the projection defined by m (x, &) = x.

We are interested in the structure of the non-generic (in the sense of the previous
sections) points and to investigate how they are located in M. We prove the following
main theorems.
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THEOREM 4.1. There exists an oo codimensional subset Yoo T(R™, TR™) of
T(R™, TR™) such that for any embedding

(f, /) e T(R™,TR") — S T(R™, TR")

non-transversal points of M = (f, f)(R™) are isolated.
Combining this theorem with J. Mather’s theorem, we obtain

THEOREM 4.2. Let X T(R™,TR™) be the oo codimensional subset of
T(R™, TR"™) given in Theorem 4.1. Then for any

(f, f) € T(R™, TR") — £, T(R™, TR")
non-solvable points of M = (f, f)(R™) are isolated.

REMARK 4.1. Let us define the set

S TR™,TR™) ={(f,f) e TR™,TR") | Jf : U — E(n,m)

is not transversal to S, for some 7r}.

Then we see

SoT(R™, TR") C %, T(R™ TR"),
codim¥, T(R™, TR") in T(R™ TR") < oo,

codimX T(R™,TR") in T(R™,TR") = oo.

This means that even if M = (f, f)(R™) is not a generic submanifold in the sense of

previous sections, non-transversal points and non-solvable points of M = (f, f)(R™)
are isolated points for a very generic (f, f), i.e. for any (f, f) € X, T(R™, TR"™) —
Yoo T(R™, TR™).

For the strong genericity result we need an appropriate transversality theorem.
Let us denote

J"(m,n) = {j"f(0) | f € C*([R™,R") and [f(0) =0}
J'R™,R") = {j"f(u) | f € C*(R™R")), uweR™}

For positive integers s > r > 0, we define the canonical projections

ﬂ-i : Js(m,n) - JT(m,n)’ F:(jsf(())) = ]rf(o)

THEOREM 4.3 (Transversality). Let W be a semi-algebraic subset of J"(m,n)
and let X1, ..., X, be a finite number of semi-algebraic submanifolds of J*(R™, R™).
Then there exists a closed semi-algebraic subset

YSw  of ("YYW having codimension > 1
such that for any C*° mapping f : R™ — R™ with

jr+k+1(0) c (ﬂ.:+k+1)fl(W) _ ZW,
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there exists a neighborhood U of the origin 0 of R™ such that j"f : U — {0} —
Jk(Rm,]R") 1s transversal to Xy,..., Xy at every point u € U except at the origin
0eR™

For the proof we refer to the more general version of Theorem 4.3 which is proved
in [4] (Theorem 1 in [4], p. 229).
Let us identify J*(m,n) with F(n,m) and set

S, (R, R"™) = {j' f(u) € J(R™,R") | ramkJ f(u) = r}

=R™ x R" x S, CR™ x R" x J*(m,n) = J'(R™,R").
For (ug,xg) € R™ x R"™, set

C*(R™,R™ u, z0) = {f € CT(R™,R")) | f(uo) = zo}.
We prove Main Theorem 4.1 using the following result

THEOREM 4.4. There exists an infinite codimensional subset oo (R™ R™; ug, x0)
of C°(R™,R™;ug,xg) such that for any C*° mapping f: R™ — R™ with
f S COO (Rm7 Rn’ Uo, I’O) - ZOO(Rma an U, :CO)

there exists a neighborhood V (ug) of ug in R™ such that j'f : V(ug) — {ug} —
JYR™,R"™) is transversal to S,.(R™,R™) for all r = 0,...,min(m,n) at every point
u € V(ug) — {uo} except at uyp.

Proof of Theorem 4.1. Set

Eoo(]Rmv]Rn) = U(u,x)eRme"Eoo(RmaRn;u7x) c COO(Rvan)
{

Yoo (R™, TR™) = {(f, f) € C®°(R™, TR") | f € oo (R™,R™)}

S T(R™, TR") =

Yo (R™ R™) x C°(R™,R™)
Yoo(R™TR") N T(R™, TR"),
where we denote TR"™ = R"™ x R" and

C*(R™,TR") = C*(R™,R") x C*(R™,R").

We claim that Yo, T'(R™, TR™) is the required one. It is easy to see that it satisfies
the condition:

it (f,f) € T(R™,TR") — 3 T(R™, TR™), then the non-transversal points of M =
(f, /)(R™) are isolated.

Now we investigate the codimension of this set. Since Yoo (R™,R"™; ug, xo) is 0o
codimensional in C*°(R™, R"; ug, xg), S0 is Lo (R™,R™) in C>°(R™,R™). Therefore

codim¥ o (R™,R") x C°(R™,R") in C(R™,TR") isequal to oo.
Define

To(R™, TR™) = {(f, f) € C®(R™, TR") | f(u) € Jf(u)(R™), VueR™},

Emb(R™, TR™) = {(f, f) € C=(R™,TR") | (f, f)is an embedding}.
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Then we have
T(R™, TR") = Emb(R™, TR™) N To(R™, TR™).
Since
Seo(R™, TR™) = Too (R™, R™) x C°(R™, R™)
and
codim¥ o (R™,R") x C°(R™,R") in C*(R™,TR") isequal to oo,
we have
codim¥ (R™, TR™) N To(R™, TR™) in To(R™,TR"™) isequal to oo.
Since
Emb(R™, TR™) isopenin C*(R™,TR"),
we see that

codim¥ oo (R™, TR™) N Ty(R™, TR™) N Emb(R™, TR")

in To(R™, TR™) N Emb(R™,TR") isequal to oo.
Since
Do T(R™, TR™) = ¥oo (R™, TR™) N T(R™, TR™)

= Yoo (R™, TR™) N Ty(R™, TR™) N Emb(R™, TR™),
T(R™, TR") = To(R™, TR™) N Emb(R™, TR™)

we see that
codimXT(R™,TR") in T(R™,TR") isequal to oo.

This completes the proof of Theorem 4.1.
To prove Theorem 4.4 it suffices to prove it for (ug,zo) = (0,0), so we reformulate
the theorem in an accessible way:

THEOREM 4.4. There exists an infinite codimensional subset ¥, (R, R™;0,0) of
C>*(R™,R™;0,0) such that for any C* mapping f : R™ — R™ with

f € COO(RmaanO7O) - Eoo(RmaRn5070)

there exists a neighborhood V(0) of 0 in R™ such that j'f : V(0)—{0} — J*(R™,R")
is transversal to S, (R™,R"™) for Vr =0, ..., min(m,n) at every point u € V(0) — {0}
except at the origin 0.

Proof. First we apply Theorem 4.3 to
W =W, =J'(m,n) and

X, =S, (R™,R") c JHR™ R"), 7=0,...,min(m,n).
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Then there exists a closed semi-algebraic subset
¥y of (™M THW) = J3(m,n) having codimension > 1
such that for any C'*° mapping f : R"™ — R™ with
7*(0) € J*(m,n) — 1,
there exists a neighborhood U of the origin 0 of R such that
' f:U—={0} - J'(R™ R") is transversal to S, (R™,R"), Vr.
Next we apply Theorem 4.3 to
W =%, CJ*m,n) and

X, = S.(R™ R") c J{R™ R"), r=0,...,min(m,n).
Then, again there exists a closed semi-algebraic subset
S of (@ TI(E) € S (m,n)
such that

codimension of ¥y in (75)7'(¥;) >1

codimension of ¥y in  J%(m,n) > 2
and such that for any C*° mapping f : R™ — R" with
3°(0) € J°(m,n) — s,
there exists a neighborhood U of the origin 0 of R such that
' f U —={0} - J'(R™ R") is transversal to S,(R™ R"), Vr=0.

In this way, we can prove inductively that there exists a closed semi-algebraic
subset

Y of J**(m,n) with codimension > k
such that for any C*° mapping f : R™ — R" with
F2HL(0) € S (m, ) — By,
there exists a neighborhood U of the origin 0 of R™ such that
gUf U~ {0} = J'(R™,R™) is transversal to S,.(R™ R™), Vr.
Set
Yr(R™,R™;0,0) = {f € C(R™,R";0,0) | j2*71(0) € X},

Soo(R™, R 0,0) = N2, S (R™, R™; 0,0).

Then ¥ (R™,R™;0,0) satisfies the condition required in Theorem 4.4.
This completes the proof of Theorem 4.4 and hence also the proof of Main Theorem
4.1.0
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5. Solvability of isotropic mappings. Now we apply J. Mather’s Theorem
to implicit Hamiltonian systems in symplectic space, i.e. M = F(R?"), where F :
R?" — TR?" with TR?" endowed with the induced symplectic structure. Let (R?",w)
be a symplectic space with w = Y7 | dy; A dz; in canonical Darboux coordinates
(z,y) = (z1,---,Tn,Y1,---,Yn). Let @ be the Liouville 1-form on the cotangent bundle
T*R?". Then df is a standard symplectic structure on T*R?". Let 8 : TR?® — T*R?"
be the canonical bundle map defined by w, 8 : TR?" > v — w(v, ) € T*R?*". Then we
define the canonical symplectic structure & on TR?",

n

W= Bd0 = d(B*0) =Y (dji A dx; — di; A dy;),

i=1

where (z,y,#,) are local coordinates on TR?™ and %0 = Y"1 (9;dx; — @;dy;). Let
F : (R?",0) — TR?" be a smooth map-germ. We say that F is isotropic if F*& = 0.
If we assume that F : (R?",0) — TR?" is an isotropic map-germ, then the germ of
a differential of 1-form (8 o F)*0 vanishes, d(8 o F)*0 = F*3*df = F*w = 0. Thus
(8o F)*0 is a germ of a closed 1-form. And there exists a smooth function-germ
h: (R?",0) — R such that (3o F)*0 = —dh. For each smooth isotropic map-germ F'
the function-germ A is uniquely defined up to an additive constant.

Let (u,v) = (U, ..., Un,v1,...,v,) € R? denote coordinates of the source space.
For local coordinates in the neighborhood (U,0) C R?" we define F' = (f, g, f,g) :
(U,0) = TR?" , and F =10 F = (f,g) : (U,0) = R?", where 7 denotes the canonical
projection, 7 : TR?™ — R?". In general, I’ can be regarded as a vector field along F,
i.e. asection of an induced fiber bundle F*TR?". By £ (Egzn-respectively) we denote
the R- algebra of smooth function germs at 0 on U (and on "the target space” R?"
respectively). To each isotropic map-germ F along F' there exists a unique h belonging
to the maximal ideal my of &y, h € my which is a generating function-germ for F.

Let F: (U,0) = TR?" and G : (U,0) — TR?" be two isotropic map-germs along
F: (U,0) —» R* and G : (U,0) — R?" respectively. Now we introduce the natural
equivalence group acting on isotropic mappings through a natural lifting of diffeomor-
phic or symplectic equivalences of F' and G. The C* map-germs F : (U,0) — R?"
and G : (U,0) — R?" are said to be symplectomorphic or symplectically equivalent if
there exist a diffeomorphism-germ ¢ : (U,0) — (U, 0) and a symplectomorphism-germ
® : (TR?",0 — (TR?",0) such that G = ® o F o . First we recall the standard equiv-
alence of Lagrange projections. Let F : (U,0) — TR?" and G : (U, 0) — TR?" be two
isotropic map-germs. We say that F' and G are Lagrangian equivalent (L-equivalent
[1]) if there exist a diffeomorphism-germ ¢ : (U,0) — (U,0), and a symplectomor-
phism-germ ¥ : (TR?" 0) — (TR?",0), ¥*& = , preserving the fibering 7 such that
G=VoFoep.

Let F : (U,0) — TR?>" and G : (U,0) — TR?" be two isotropic map-germs
along F : (U,0) — R?* and G : (U,0) — R?" respectively. We say that F and G
are L-symplectic equivalent if there exist a diffeomorphism-germ ¢ : (U,0) — (U, 0),
and a symplectomorphism-germ ¥ : (TR?",0) — (TR?*",0), U*& = w, preserving
the fibering 7 and a symplectomorphism-germ ® : (R?",0) — (R?",0), ®*w = w,
moW =>®om, such that G =VoFopand G=®oF o In this case ' and G are
naturally symplectomorphic.

To F we associate a symplectically invariant algebra R ; of all generating function-
germs, Ry = {h € & : h generates an isotropic map-germ along F}. It is easy to
check that if I and G are symplectomorphic, G = ® o F o ¢, then we have an
isomorphism ¢* : Rp — Rea. And If F has a maximal rank, then Ry = . It seems
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that if F' and G are symplectomorphic, then for h € Rp, the isotropic map-germ F
generated by h and the isotropic map-germ G generated by ¢*(h) are L—symplectic
equivalent, G = W o F o ¢. In this case ¥ : TR?" — TR?" is a symplectic lifting of
the symplectomorphism @ : R?"® — R2™, The aim of this section is to study the case
when F' does not have maximal rank and establish the structure of R 7. In the rest of
this section we study isotropic mappings with F of corank 1.

Let e € ToU span the kernel of the Jacobian matrix .JF of a corank one map-germ
F at zero. By Ay we denote the determinant of JF and by 0, the derivation into
e-direction. Let < Az > denotes the ideal generated by Az in &y.

PROPOSITION 5.1 (cf. [6]). Let F be a smooth map-germ such that F has a corank
one singularity at 0. If F' is isotropic then there exists uniquely defined function-germ
h : (U,0) = (R,0) such that O.h €< Ap > and (8o F)*0 = —dh. Conversely,
for any smooth function-germ h : (U,0) — R such that O.h €< Ap > there is a
uniquely defined isotropic map-germ F : (U,0) — TR?*" such that F = mo F and
(Bo F)*0 = —dh.

REMARK 5.1. Instead of isotropic F associated to F' we consider pairs (F',h)
with a smooth function-germ h belonging to Rpz. An algebra R of all generating
function-germs associated to F' is represented by F in the form, Ry = {h € & :
dh € Eyd(F*Egzn)}. Thus by Theorem 5.1 we get an algebra Ry of all generating
function-germs (which is also an Eg2n-module) for a smooth map-germ F of corank
one, Rp = {h € &y : O.h €< Ap >}. If F: (U,0) — TR?" is a smooth isotropic
map-germ such that F' = 7o F : (U,0) — R?" has corank one singular point at (0,0).
Then F has corank at most one at (0,0). The corank of F is exactly one if and only

if 9.(9.h/A)(0,0) = 0.

To describe R in more clear way we consider the classification of corank 1 stable
map-germs F up to symplectic equivalence. If F : (U,0) — (R?*,0) is a corank 1
stable map-germ, then F is diffeomorphically equivalent (or diffeomorphic, [8]) to one
of the Ag-type normal forms (0 < k < 2n),

k—1
(W1, ..y Wop) = (W, ...y Wop 1, WhT +szw2n ) (5)
i=1
where we use the notation (wq, ..., wan) = (U1, ..., Up, V1,.. ., Up).

Let F : (U,0) — (R®>",0) be an A-type singular map-germ. Then it is
shown in [5] that F is symplectically equivalent to the following map-germ w =
(Wi, -+ ey Wan) > (W, ..oy Wap—1, whT 4 ZZ 1 " as(w)wk =), where ay (w), . . ., ap—1(w)
are smooth function—germs such that dai,...,dax—1 and dws, are linearly indepen-
dent at the origin. In this case we can write explicitly R 7 expressed by the symplectic
moduli functions,

RFZ{hEEU:

s+ Zal w)wh, ") /0wy, >}

8w2n

And for the simple symplectic normal form - the symplectic fold we have

PROPOSITION 5.2. Let F : (U,0) — (R?",0) be an Ai-type singularity, i.e. fold
singularity. Then F is symplectically equivalent to

(’l,Ll,...,Un,’Ul,...,’Un) = (u17~"7un;v1"'7vn—17v72L)7
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And the corresponding algebra, Ry = {h € &y : {?Th E< vy >1.

Let us extend the solvability property, introduced for a smooth submanifold of a
tangent bundle defined by an immersion mapping F, to the general smooth isotropic
mapping into symplectic tangent bundle. Now we redefine the notion of smooth
solvability. Let F : (U,0) — TR?" be a smooth isotropic map-germ with a generating
function h : (U,0) — R. We say that F' is smoothly solvable if there exists a smooth
vector field X, on U such that F' = dF(X).

The geometric meaning of the solvability property is explained in the following
sufficient condition, proved on the basis of J. Mather Theorem.

THEOREM 5.1. Let F = (f,g) : U C R?" — R2" be a smooth mapping such
that F' has a corank k singularity at the origin (0,0) € R?"™ and that the jet extension
GYF - U — JYR?™ R?") is transversal to the corank k stratum X* of J*(R*", R?").
If an isotropic mapping F along F satisfies the tangential solvability condition, then
F is smoothly solvable.

Proof. Let F = (f,g) : U C R?® — R?" be a smooth mapping such that
F has a corank k singularity at the origin (0,0) € R?" and that the jet extension
GLF U — JY(R?*™,R?") is transversal to the corank k stratum X* of J1(R?", R?").

Let F = (f,g, f, §) be an isotropic mapping along F which satisfies the tangential
solvability condition:

( ch(u’ v) ) € Image JF(u,v). (6)
Since F' is a smooth isotropic mapping, F' is generated by a smooth function h:
fu,0) N\ O L.\ ¢,p0( 2
( sy )=\ 0 JF % . (7)

We know that F'is smoothly solvable if and only if

_ O I _ Oh
JE! L B A (17 is smooth, (8)
-1, O o
which, on the basis of (7) is the case if and only if
JE! < f(u,v) ) is smooth, (9)
9(u,v)

which is true if and only if the linear equation

()=o) w0
has a smooth solution (a(u,v), b(u,v)).
Since, from (6),

f(uw) ) - .
. € Image JF(u,v for every point (u,v) € U
(g(u,v) g ( ) Yy P ( )

and j'F : U — JYR?",R?") is transversal to the corank k stratum X* of
JYH(R?™ R?"), then from J. Mather’s theorem [9], Equation (10) has a smooth so-
lution and F' is smoothly solvable. This completes the proof. O
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6. Generalized Hamiltonian systems. Let K be a submanifold of R?" and
h : K — R be a smooth function on K. The notion of generalized Hamiltonian
system (generalized Hamiltonian dynamics) was introduced by P.A.M. Dirac in [3].
It is defined as a sub-bundle of TR?" over K, being a Lagrangian submanifold L of
(TR, 63), (ct. [6])

L={veTR?:w(v,u) =—dh(u) Veerk} (11)
In local coordinates which we use in the setting, the generalized Hamiltonian

system (11) can be written by linear in \ generating family F : R?" x RF — R,

F(x,y,\) = ae(z,y) e + b(z,y), (12)

]~

(=1

where K, being a complete intersection, is defined by an ideal Ix =< ay,...,a; >
having property of zeros with analytic generators a;,1 < i < k. K is a zero-level set of
the mapping a : (z,y) = (a1(2,y),...,ax(2,y)), K = {(z,y) € R*" : a;(2,y) = 0,i =
1,...,k}, and b(x,y) is an arbitrary smooth extension of the function h: K — R. In
what follows we consider the smooth K and b identified with h, and the notion Lg
for the Lagrangian variety generated by F.

Generalized Hamiltonian systems are not generic in J. Mather sense. For such
systems the necessary tangential solvability condition is also sufficient. The aim of
this section is to investigate conditions on subvarieties of symplectic space on which
the solvable generalized Hamiltonian systems may exist. We find conditions that Lg
is smoothly solvable under some properties of K and general function on K.

Let us notice that the tangential solvability condition for generalized Hamiltonian
system is reformulated to be the system of equations fulfilled in the smoothly solvable
points of L,

(O P}, 2) =0 for (2,3,3) € Cr. (13)

Concerning the solvability of the generalized Hamiltonian system Lg, we have
already the following basic result proved in [6]. L is smoothly solvable if (13) is
fulfilled on K x RF which is a very strong condition expressed in the following,

PROPOSITION 6.1 ([6]). A generalized Hamiltonian system L C (TR*", &) gen-
erated by the generating family (12) is smoothly solvable if and only if

{aj,ae} =0 and {byas} =0, 1<il<k,

on K ={(z,y) € R* :q;(x,y) =0, 1<i<k},

and 1 <k <n.Ifk=mn, then b=0.

Solvability property of Lz defines K to be an involutive, coisotropic submanifold
of (R*,w), i.e. geometrically T,K D (T,K)* = {u € T;R*" : w(u,v) = 0,Yyer,x },
and b restricts to those functions who are constant on leaves of the characteristic
foliation of coisotropic K, (cf. [11]).

REMARK 6.1. If dimK < n and K is isotropic, i.e. (TK)¥ D TK, then TK is
solvable submanifold of L with b = 0. In this case Ly can not be completely solvable
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Hamiltonian system. If dimK = n, and TK = L is solvable with b = 0, then K is
Lagrangian.

COROLLARY 6.1. Let Lp be a generalized Hamiltonian system over the submani-
fold K C R?" and its generating family F fulfills the tangential integrability condition.
Then K is a coisotropic submanifold of (R*™,w) and L is smoothly solvable.

In what follows we investigate the case when Lp is not smoothly solvable. We
clarify the properties of such L with respect to the structure of non-solvable part of
it and symplectic invariant properties of constraints. The regions of solvability on L
may be identified by analysis of (13) under some assumptions on K.

The generalized Hamiltonian system Ly is given by an immersion

¢:Cp — L C (TR?™,&)
defined by

OF OF
¢($,y7>\) = (l‘,y, aiy(xa:%A)a _%(1‘72/7)\))7 (x7ya)‘) € Cr.

Since %(x’ y,A) = ay(x,y), we have Cp = K x R¥. Then L can be written as

oF oF
Fy(x7y7)‘)7 _7(‘7’.’:1/7)‘)) € TRQ” : (.’177y,)\) € K x Rk}

Lp= ¢(CF) = {(m,y7 Oz

We find conditions for a submanifold or domain of L to be smoothly solvable.
Thus the traditionally solvable Hamiltonian system exists on a submanifold K in
the case where the generating family does not satisfy the involutivity condition in
Theorem 6.1, i.e. {a;,ar} =0 and {b,a;} =0on K, 1<i,¢<k.

Now the solvability condition (13) becomes the system of linear equations.

k

Z{ai,aj}(m,y))\j ={b,a;}(z,y), i=1,...,k, (14)

Jj=1

where A(z,y) = ({ai,a;}(x,y)) is a k x k skew-symmetric matrix with the Poisson
bracket {.,.} defined by w.
We define the set,

.
Sp={(z,y,\) € Cr Y faia;}(x,y)A; = {b,a;}(z,y), i=1,... k}

Jj=1

and its corresponding subset Sgp = ¢(§F) C Lp of Lp, which is a primary solvability
area of L.

For the implicit Hamiltonian systems, defined by singular mappings, the Poisson-
Lie algebra is formed by the solvable implicit Hamiltonian systems [7]. In this section
we search for Poisson-Lie algebras associated to generalized Hamiltonian systems.

Let @ be a submanifold of Lp. If 7 |g: @ — K is a diffeomorphism, then @ is
smoothly solvable. We showed that 7 |g: @ — K is a diffeomorphism if and only if
there exists a smooth solution A(x,y) of (14) such that

Q = 5 ({(@.y,\(@.9)) | (2.9) € K}) = ér( the graph of A(z,y)).
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Let us define
{ay, - ,ak}jg ={he&y|{h,ai} =0 on K}

If h e {ay,- - ,ak}f(, then the corresponding Hamiltonian vector field X, is tangent
to K.

THEOREM 6.1. Equation (14) has a smooth solution defined on K if and only if

be <a17"' 7ak>£w,y +{a1?'“ ’a’k}%('

Proof. Suppose that (14) has a smooth solution A(z,y) defined on K;

Al(xvy) {b7a1}($5y)
(fecamd@m) |+ | = ; . @y ek
)‘k(x7y) {b7 ak}(x,y)
Let’s consider a function h(z,y) = b(z,y) — Zf;lzl A (2, Y)am (2, y). Then
{h’al}(xvy) {b’ al}(mvy) Al(l‘vy)
: = : - ({acan}@y) |
{h, ar}(z,y) {b,ar}(z,y) Ae(z,y)

is vanishing on K. In the above calculations we have {ag, A\ } (2, y)am (2, y) = 0 on
K. Thus h € {a1,--- ,a}% and b(z,y) = S°F _ A (@, y)am (2, y) + h(z,y). Hence

m=1
b S <a17 e )ak>z‘,‘$yy + {ala e aa/k:}J[%'
Conversely suppose that b € {(aq, - ,ak>gw + {ay,--- ,ak}ﬁ- Then b(x,y) has
the form
k
b(I,y) = ZM?fb(xyy)am('ray)+h(‘ray)7 Hm 6(c".'E,y7 he {Cll,"' ’ak}fl('
m=1
Then
{b,a1}(z,y) i (z,y)
; = —(fean}@y) [ |+
{b,ax}(z,y) k()
{hval}(xvy) ;Ufl(xay)
; = —({anamt@n) |
{h,&k}(iﬂ,y) Mk(x,y)
on K since h € {ay, -+ ,ar}%. Thus —u(x,y) = —(u1(z,y), - , pe(x,y) is a smooth

solution of (14) defined on K. O

Now we introduce the following notation:
Sap = {A(x,y) | asmooth solution of (14) defined on K},

Fa,b,A(I’7y) = Zf:l ai(x,y))\i(x,y) + b(I,y), A= (>\17 e 7Ak) S Sa,ba
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HQK = {Fab)\(x7y) | )\(»Tyil/) S Sa,ln be <a17"' Clk;> +{a17"' 7ak}J]€}7
o = 00 ({20 M@ ) | (@) €K), A= Qe ) € So

PROPOSITION 6.2. If F, b x € Ha i, then the Hamiltonian vector field Xr, , , is
tangent to K and Mg 18 smoothly solvable.

a,b,A

Proof. Let Fypx € Ha k- A(z,y) is a smooth solution of (14) defined on K and
Fyp» has the form

k
Fap( Z m(z,y) + bz, y).

Since A(z,y) is a smooth solution of (14) defined on K, we have

{Fab)\vae} Y y Z{amaa/} € y) (ZE,’y) +{b’ aé}(x’y)

k
= Z{afﬁ am}(m7y)/\m($7y) + {ba ag}(l‘, y) =0

on K. Thus {F, 4., ac}(x,y) =0 on K. Hence Xp,

..o 18 tangent to K and Mg, , | is
smoothly solvable. O

THEOREM 6.2.

1) Hax ={a1, - ap}i.
2) Harx = {a1, -+ ,ar}5% is a Poisson algebra with respect to w;

if Fopn, Fapr x € Hasxc, then {Foapx, Far x} € Hax, and equivalently

Zf hvh/ S {alv t 7ak}%() then {h7h/} € {a17 e vak'r}i[%'

Proof. 1) Let Fypx € Hax. Then as seen on the last line of the proof of
Proposition 6.2, we have {F,x,act(z,y) = 0 on K for 1 < ¢ < k. Therefore

Fopa € {al, s ,ak}f{ and Hq x C {al,- - ,ak}jg.
Conversely let h € {a1,- -+ ,a}%. For any k-tuple Aj, -+, A\x € &, set
k
Z 70,7” x y m.(x7y) + h(fﬂ,y) (15)
m=1

Then we see that A\(x,y) = (A (z,9), -, \k(x,y)) is a smooth solution of (14) defined
on K and that F,,;, x = h. Thus h € H, k.

{b,a1}(z,y) Az, y)

z ~(famad@w) |+ |+
{b, ar}(z,y) Ak(z,y)
{h,a1}(z,y) A(z,y)

s - ({acamd@m) |
{h, ar}(z,y) k(2. y)
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on K since h € {a1,---,ar}%. Thus A(x,y) is a smooth solution of (14) and
Fupx(z,y) € Ho k. Then by the definition of F, ; x(z,y) and (15) we have,

k
Fa,b,)\(xay) = Z am(xvy)Am(xvy) + b(xvy) = h(xvy)

m=1

Thus h(x,y) € Ha x and {a1,- -+ ,ax}s C Ha k. This complete the proof of 1).

2) Suppose that h,h’ € {a1, -+ ,ax}7%. Then the Hamiltonian vector fields X
and X}/ are both tangent to K. Then Xy 1y = [Xn, Xp] is also tangent to K. Thus
{h,h'} € {ay, - ,ax}5. O

DEFINITION 6.1.  We say that two map-germs (ay,--- ,ar) and (Gy,--- ,ax)
are symplecticK-equivalent if there exist a symplectic diffeomorphism germ ¢ :
(R?™0) — (R?™,0) and a family of regular matrices G(x,y) € Gl(k,R) smoothly
depending on (x,y) such that

al(may) ay OQO(J},y)
: = G(z,y) . (16)
ak(z,y) ak © p(z,y)
PROPOSITION 6.3. Suppose that (ay,--- ,ay) and (ay,--- ,a) are symplectic K-
equivalent. Then
{al, e ;ak}J[z = {6_11, T ;dk}i;—l([()

as Poisson algebras.

Proof. If their symplectic K-equivalence relation is given by (16), then the iso-
morphism is given by

©* :{ag, - ,ak}%( — {ay, - ’ak}i;_l(K)
and for h,h' € {a1, - ,ar}% we have {hop,h' o} = {h,h'}op.0
PROPOSITION 6.4. Let k <n. If
rank({ai, aj}(x,y)) =0 constantly on R*",
then (ay,- - ,ay) is symplectic K-equivalent to the projection map-germ
p(z,y) = (Y1, yw)
and

2
Ha,K = <y1, T 7yk>51.,y + gIk+1,"' T,y

Proof.  Since rank ({a;,a;}(z,y)) = 0 constantly on R*", by Darboux The-
orem there exists a symplectic coordinate systems &1,...,&,,7m1,...,7, such that
a; =mn;,4=1,..., k. Hence (ay,...,ax) is symplectic K-equivalent to the projection
map-germ p(x,y) = (y1, ..., yr). This completes the proof. O
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EXAMPLE 6.1. Let k=2r. Let a = (ay,--- ,ax) : (R®",(0,0)) — (R¥,0).
rank({ai, a; }(0, o)) = k.
Then (ay,- - ,ag) is symplectic K-equivalent to the projection map-germ

p('ray) = (yla'" s Yry Ty et ;mr)

and

~
2
,Ha,K = <$17 s Ty Y1yt ayr>€x7y + 596r+17"' s Yrtst1s Yn

EXAMPLE 6.2. Let k =2r +s. If
rank({ai,aj}(x,y)> =2r constantly on R?",
then (ay,--- ,ax) is symplectic K-equivalent to the projection map-germ

p(x,y) = (yla"' yYry L1y 7$T+s)

and

2
o~ .. -
Ha,K = <-T17 y Lrtss Y1, ayT>Ew,y + 5w7-+1,"'me7-+s+1f",yn'
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