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1 Introduction

Let K be a submanifold of (R?”, w) with the symplectic structure in Darboux form o =
YL i dyi A dx;. The generalized Hamiltonian system on K (generalized Hamiltonian
dynamics [3,11,12]) is defined as a sub-bundle L of TR?", r : TR?*" — R?", over K,
which is a Lagrangian submanifold of (TR?”, »), @ |, = 0 with the associated symplectic
formo =Y | dy; A dx; — dx; A dy;. Then, locally L is expressed as

L={veTR*:t(v) €K, and, for any u € Ty()K w(u, v) = —dh(u)}, (1.1)

by function / which is locally defined on K. In the coordinates we use, the generalized
Hamiltonian system (1.1) is generated by the Morse family F : R** x R — R, which
works only locally on K'(cf. [1,7,13]),

k
Fxy,1) =) ailx )i + b(x ), (1.2)
i=1

where K is defined by smooth functions a; : R — R, 1 < i < k, with the maximal rank
condition mnk(g—fc;(x, ), g—f};(x, )=k K ={xy) e R”:a;(xy)=0,i=1...,k}and
b : R*" — R is an arbitrary smooth extension of /1 : K — R. In what follows we consider

mainly germs of functions and mappings at zero or representants of this germs.
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Fundamental property of such systems is their local smooth solvability, i.e. existence,
for each v € L, of a smooth family o : U x (—¢, €) 3 (¥, t) = R?" of smooth solutions of
L in the neighbourhood U of v in L such that ¢;(0) = 7. Condition for smooth solvability
of generalized Hamiltonian systems (cf. [4,5,9])

oF
{(—, F}x»A)=0i=1,...,kfor(x,y,A) € K x RK

8)&,',
reads as a linear equation for A;, j = 1,..., k (cf. [6,10]) with canonical matrix A(x, y) =
({ai, a;});
k
Z{ﬂi’ ﬂj}(x’ y))‘j ={balxy,i=1...,k (1.3)
j=1

where {e, o} is a Poisson bracket induced by w.
If k is even and detA(x, y) # 0 on K, then the only smoothly solvable sections of L define
the solvable Hamiltonian systems X, € I'(TK),

2 2 k

Xp = %(x; y);—x - %(x, y)a% |k, where E(x,y) = b(x y) + iz;/\i(x, y)ai(, y)
and A(x, y) is a unique smooth solution of (1.3). If K is coisotropic then {a; 4;} = 0 and
{b,a;j} = 0,1 < j < k. In this case, the generalized Hamiltonian system L is smoothly
solvable for b fulfilling the above equations, and after reduction defines smoothly solvable
Hamiltonian systems on the reduced space. The constant rank condition of A(x, y) at all
points of K is related to the special cases of submanifolds of (R?", w) like in the coisotropic
case. We denote V;, = T,K N (T,K)*, q = (%), as a kernel of A(q) at each g € K
dimVy = I The two form induced on the quotient space (T;K)®”/V, is nondegenerated
fork=1,...,2n — 1and dim(T;K)*/Vy; = k — [ is an even number | < max{k 2n — k}.
The constant rank condition of A(q) along K implies that V = | J qek Vg 1s an integrable,
characteristic distribution of @ |x and it is a smoothly solvable submanifold of L with
b = 0. It can be written in the form

k
361,‘ d 36l,‘ d
Vg = (o (6 ) — — (5, 9)~— ), et
q {; i( 3y () 9% ox (@) ay}ngk

with its sections given by smooth solutions of the equation A(x, y) € KerA(x, y), (x,y) € K.
All smoothly solvable Hamiltonian systems on K are given as solutions of Eq. (1.3) with b
fulfilling conditions of pointwise solvability of (1.3).

In this paper, we first show the properties of generalized Hamiltonian systems as a
constrained Lagrangian varieties in symplectic tangent bundle to symplectic manifold
(R?", w) equipped with the canonical symplectic structure induced by w. The basic sym-
plectic invariant, which is the kernel of w restricted to the constraint K, is directly related
to the question of solvability of Hamiltonian vector fields over K. In fact these vector fields
are constructed by smooth solutions of so-called tangential solvability condition (1.3).
The properties of solutions of this condition in the singular case of K are investigated
in Sect. 3. In Sect. 4, we present a simple proof of the Main Theorem based on series of
partial results concerning solvability domains in generalized Hamiltonian systems.
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2 Basic notations and main results

Let K (or the representative of its germ at (0, 0)) be a subvariety of (R?*, ) defined by
smooth functions (a;(x, ¥));=1,. . A singular point of K is a point where K is not a smooth
submanifold of R?" locally around that point. By X, we denote the singular point set of
K. Suppose that

da; d0a;
rank (ﬂ(O, 0), ﬁ(o; 0))
0%; dyj 1<i<kl<j<n

=T

Changing the order of a; (%, y), - - -, a; (%, ¥), we may assume that da; (0, 0), - - -, da,(0, 0) are
linearly independent. We set

K, = {(x;y) € Rzn | dl(x»y) == ar(x:y) = 0}. (2.1)

Note that if K is smooth, then r = k and K, = K. Let us introduce the Hamiltonian
immersion mapping ¢ : R¥* x Rk — TR?",

oF oF
d)(x: yy )") = (x) j/, 8_(x; y; )")) __(x; yx )")) (22)
y ox

Then, the generalized Hamiltonian system on K is given in the form
oF oF
Le = UK xR = (53 52 1)~ 1) | w3 4) €K xR} (23)

with the tangential solvability condition

)\1 {b) "Zl}(ny)
Axy) | © | = : , (xy) e K C R, (2.4)

Ak {b, ar}(x, J’)

By Sr, we denote the tangential stationary set,

k
Sr={(xy1) ek x RX Z{“i’ aj}(x% A = {b a;}(x,y), 1 <i < k} (2.5)
j=1

and its image Sr in the tangent bundle TR?”, 7 : TR?>" — R?"; Sy = ¢(S¢) (C Lf). For a
smooth solution A(x, y) of Eq. (2.4), we set

Qiy = {62 Alx p)) : (% y) € K} (2.6)
Lemmal (1) Lr Nt~ YK — Zx) is a Lagrangian submanifold of (TR*", @).
(2) The restriction of ¢ to the regular point set of K
¢ lk—zoyxrs: (K — T) x RE > Lpn o771 (K — 2k)
is a diffeomorphism, and for a point (x, y) € K — X, the restricted map
¢ liyxre: {69} x RE - Lp 17 (5, 9))

is an affine isomorphism with ¢(x,y,0) = (x, ¥, %(x, ¥), —g—i(x, ).
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(3) Let (x,y) € Xk and let rank (g—fc;(x, ¥), 3_?;(’6’ y)) =r < k. Then,

¢ Loy (@)} X RS - Lp N7 (%,9)) C TippR>
is an affine map of rank r with ¢(x,y,0) = (%, y, %(x, ¥), —%(x, ¥)).
Definition 1 We say that a set of smooth functions (A1(x, y), - - -, Ax (%, ¥)) in the neigh-

bourhood of (0, 0) is a smooth solution of (2.4) defined on K if it satisfies Eq. (2.4) at every
point (x, y) of K.

Definition 2 Let Q be a subset of Lr. A solution of Q is a Cl-curve y : (—¢,€) — R?"
such that (y (¢), %(t)) €eQ —e<t<e

In what follows we often abbreviate (x, y, %, y) € TR2" to (g 9)-

Definition 3 Let Q be a subset of Lr. A point (¢, ¢) € Q is a solvable point of Q if there
exists a solution y of Q such that

dy
—0:‘
dt() 4

Q is solvable if Q consists only of solvable points.

Next we define the notion of smooth solvability of subsets of Lr. First we give a definition
for the case where K is a smooth submanifold of R?" and Q is a smooth submanifold of
Lr. Note that in this case, by Lemma 1, L is a submanifold of TR?” and ¢ : K x RF - L
is a diffeomorphism.

Definition 4 Suppose that K is a smooth submanifold of R?” and Q is a smooth subman-
ifold of Lr. Let

Q=¢"1(Q) c K x RX.

Note that in this case ¢ is a diffeomorphism and Q is a smooth manifold. We say that a
point (g0, go) € Q with (g0, go) = ¢(q0, 20), (g0, 20) € Q is a smoothly solvable point of
Q if there exists

a small neighbourhood W of (g, A0) in Q, a positive number € > 0 and a smooth map
7: W x (—¢,€) > R

such that for every (¢, 4) € ¢(W) (C Q) with (g,4) = ¢(g. 1), (1) € W, the curve
Yigh) * (—¢, €) > R?" defined by

V(q,k)(t) =7(gMt)
is a smooth solution of Q with initial condition
dY(g .
(g (©) —22(0) = (¢.4) = $(q, 2).
We say that Q is smoothly solvable if Q consists only of its smoothly solvable points.

If K is singular, for a definition of smooth solvability of subsets of Lr, we consider subsets
Q of Lr such that

QN1 YK — Tg)is dense in Q. (2.7)
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For such a subset Q, let Q be a subset of ¢ ~1(Q) (C K x R¥) such that

#(Q =Q and Q=QN (K — =g) x RK) (2.8)

where for a subset B of R x R¥, B denotes the topological closure of Bin R?* x RX, Since
K — Xk is dense in K, such Q is uniquely determined.

Definition 5 (General case) Let Q be a subset of Lr satisfying (2.7) and let Q be a
subset of ¢ 1(Q) satisfying (2.8). We say that a point (g9, g0) € Q with (g0, o) =
(g0, M), (o, ho) € Q is a smoothly solvable point of Q if there exist a submanifold
N of R¥" x RK and a small neighbourhood W of (o, 10) in R¥" x Rk with QN W c N, a
positive number € > 0 and a smooth map

7 (NNW) x (=€) > R,

such that for every (¢, ¢) € Q N ¢(W) with (g, ¢) = ¢(g 1), (¢ A) € QN W, the curve

Vg : (=€ €) — R?" defined by Yig)(t) = 7(q A, t) is a solution of Q satisfying the initial

condition

dyign)
dt

We say that Q is smoothly solvable if Q consists only of its smoothly solvable points.

(V(g0)(0), 0)) = (g ) = ¢(g, 1).

Let Lr(C TR?") be a generalized Hamiltonian system on K generated by a Morse family

k
Fxy) =Y ailsyri+bxy),  F:R” xR >R (2.9)
i=1

with {a;(x, y), 1 < i < k} functions defining K no longer submanifold of R?”* (as it was in
(1.2) and a smooth function b : R¥* — R.
Main Theorem.

Suppose that

(1) the rank of the matrix ({a;(x, y), a;(x, y)}) is constant on K,
(2) the set of regular points K — Xk is dense in K and
(3) for every point (x, y) € K,

{b, dl}(x, )’)
: € ({ai, aj} (% y)) (Rk) . (2.10)
{b: dk}(x) J’)

Then, Sr is smoothly solvable. Moreover, any smoothly solvable subset of Lr is a
subset of Sg.

Let us notice that the second assertion of Main Theorem is a consequence of the following
fact,

Proposition 2 Any solvable subset of Lr is a subset of Sp without any assumptions made
on K and the matrix ({a;(x, y), a;(x, )}).
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Proof Let Q be solvable subset of Lr. Suppose that (x, y, %, ) = ¢(x, ¥, 1) is a solvable point
of Q. Then, there exists a solution y : (—¢, €) — K (C R?") of Q such that (x,y, &) =
(y(0), dy /dt(0)). Since y (¢t) € K for all ¢ € (—¢, €), we have ap(y(t)) =0, £=1,---,k
Therefore

n

_ N dae AV
d(ae(y(0)/dt = Zl o VO

i=

day AYnti,
)+ a_yi(y(t))_dt (t)=0.

Thus,
n
day . Odag )
> — o)k + —— ()5 = 0.
= % dyi
On the other hand, since (x, 3, %, 7) = ¢(x, 5, A), we can write
k

oF da ab
ki=—@wpN) =Y —@NAn+ —x)
dyi = i dyi
k
oF 0dyy, b
yi=—— 2> A)=— - W Am — — » V)
V=0 (%3, 1) ,;::1 o % Y)2m o (% 7)

Then using these equations, we have

n
361@ 36%
0= a. W Xi n W Vi
;:1 ox; (% y)%; + 5 (% y)yi

n k
day o, ab
=) —MHy —@»im + )
" day k da b
Y — @)D @+ (&)
i—1 33/,‘ =1 Bx,' 8xi

k
= — Y {at, am}(® y)hm — {ae, b y)

m=1
Thus, (A1, - - -, Ag) is a solution of (2.4) and (x, 3, %, ) = ¢(x, 9, 1) € SF. O
Example 1 Let us consider the cuspidal surface,

K={xy) cR|a1(xy) = y2 a2(x9) = ¥ — 3}
K ={(xy) € R* | a1(x ) = y2).

We have
{a1, ax} = —2x;,
b
b: = -7
{b a1} o
ob b
b, = —2xy— — 3y°—
{b, ay} X2 2 )1 %1
with the structure Eq. (2.4),
ob
—2xoAy = —— (2.11)

axz,
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Fig.1 K C K

2x2A1 = —2962— — 3y - (2.12)
Y2

Let Lr C TR* be generated by a family

F(x 9, A) = y271 + (03 — x9)ha + 321 + 91,

0 d 0 0
Lr = {(3y?h2 + 1)— + A1— — 52— + (2x2h0 — 2x0x1) — | (A1, A2) € R?).
r={By12 )ax1 v 25 (2212 21)3y2|(1 2) }
We get
39
)\1=—5y1x2, Ay = X1

as a unique smooth solution of Eq. (2.4). Thus, the Hamiltonian vector field

9 3., 9 9
Sp= (14 3y%))— — 2y2py 0 2 0
F= 0 3m)as — oy =y

is tangent to K (see figure 1.).
As the special cases of Main Theorem, we have the following two theorems

Theorem 1 Let k < n. Suppose that the set of regular points is dense in K. Then, Lr is
smoothly solvable if and only if

{aiaj} =0 and {ba}=0 onkK 1=<ij=<k (2.13)

Proof 1f (2.13) holds, then all 1 € R* are solutions of (2.4) and we have Ly = Sr. Then
from Main Theorem, Lr is smoothly solvable. Conversely if Lr is smoothly solvable, then
by Proposition 2, Lr = Sg. Hence, all A € R¥ are solutions of (2.4), which happens only if
{ai, aj} = 0 on K, what defines the coisotropic leafs (Lagrangian in the case if k = ») and
the condition {b,a;} = 0on K 1 <, j < k gives the constancy of b on leafs. O
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Theorem 2 Suppose that det({ae, am}(x,¥)) # 0 on K. Then,

(1) kis even and K is a smooth submanifold of R** of codimension k,
(2) there exists a unique smooth solution A(x, y) of (2.4) defined on K and Sp = Qj(x,)-
Moreover, Sp = Q) (x,y) is a unique smoothly solvable subset of L such that t(Q) = K.

Proof Since ({ay, am}(x, ¥)) is a skew-symmetric matrix, if det({a, a,,}(x, )) # 0, then the
rank of ({ay, a,, }(x, y)) is the size k of ({a¢, a,}(x, )) and it is even. Moreover, since

t
da; da; O 1 da; Ja;
({alx am}(x, y)) == (a_l _l) N (_l _l>
X 3Y; -1, O dx; 3y
and since the rank of ({ay, a,,}(x, »)) is k, rank (g—fc; g—;’;) = k. Therefore, K is a smooth
submanifold of R?" of codimension k. Next, since ({ay, 4,,}(%, y) has the maximal rank ,
there exists a unique smooth solution A(x, y) of (2.4) defined on K and Sr = Qj(x,)- Since

T |Q~A(x,y): Qiwy — K is a diffeomorphism, by Proposition 1, S = Q)4 is a unique
smoothly solvable subset of Lr such that t(Q) = K. O

3 Solutions of solvability equations
In this section, we check the existence of smooth solutions of Eq. (2.4) and get results
which we use in the proof of the Main Theorem.

From now on throughout this section, we suppose that (0,0) € K and the rank of the
matrix (0a;/9x;(0, 0) da;/9y;(0, 0)) is r. First we investigate the bundle structure of the
kernels and images of A(x, y) = ({a;, a;}(x, ¥)).

For a small neighbourhood U of (0, 0), K, N U is a codimension r smooth submanifold
of R? and K N U C K, N U. Considering A(x, y) as a linear mapping, we set

A= | (@) x Al )R
(xy)eK.NU
Ny = thekernel of A(w, y) = {1 € RK | A(x, y)A = 0}

Niouw = | (&) x Ny
(xy)eK.NU

Nerw = | (@) x Nigy)
(xy)eKNU

Proposition 3 Suppose that
rank of ({a;, a;}(x, y)) is constant and equal s on K, N U.
Then,

(1) Ak, nu is a smooth vector bundle over K. N\ U of rank s.

(2) Axknu is a topological vector bundle over K N U of rank s.

(3) Nx,nu is a smooth vector bundle over K, N U of rank k — s.
(4) Nknu is a topological vector bundle over K N U of rank k — s.

Proof (1) Since the rank of ({a;, a;}(x, y)) is constant and equal s on K, N U, Ax,nu
is a vector bundle over K, N U of rank s. It may be smooth or not. Choosing U
small enough, we may assume that there exist vectors ey, ---,e; € R¥ such that
{A(x, y)e1, - - -, Alx, y)es} is a basis of A(x, y) (R¥) and they depend smoothly on (x, y) €
K, NU. Thus, Ag,nu is a smooth vector bundle over K, N U of rank r.
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(2) This case is a direct corollary of 1). The smoothness is spoiled on X.

(3) Letey, - --,e; € RK be the same vectors as in the proofof 1). Letes41, -+ -, ex € RX be
vectorssuch that{e;, - - -, e5, €541, - - -, €x} isabasis of Rg. Since {A(x, y)ey, - - -, A(x, y)es}
isabasis of A (x, y)(]Rk), then Aegy(«, y)isalinear combination of {A(x, y)ey, - - -, A(x, y)es):

S
AW yesti(ny) = Y asrij(®% )AK Yej.
j=1

Then, {es1— Y i1 ts+1,/(% ¥)ejs - - -5 ex — Dy akj(% y)ej} is a basis of Ny, ) and they

depend smoothly on (x, y) € K, N U. Thus, N,y is a smooth vector bundle over
K, NU of rank k — s.
(4) This case is a direct corollary of 3). The smoothness is spoiled on .

Let us recall the definitions of Sy and Sr (see (2.5)) and set
S lknu = {(x 5, 2) € (KN U) x R : (x,5,2) € S¢)
Sk Ik = ¢(SF kow) (C L)
Sr lkenu = (@2 2) € (K NU) x R : (5,9, 4) € S¢)
Sk |,nu = ¢Sk |x,nu) (C L)

As a corollary of Proposition 3 we have,

Proposition 4 (Relation of Sr and Nxn)
Suppose that

rank ({a;, a;}(x, y)) is constant and equal to s on K, N UL

Let M(x, y) be a smooth solution of (2.4) defined on K, N U. Then

Sklkou =2+ Nikew == | {=2)} x (x9) + N(x ),
(xy)eKNU

Sk lk,nu = A+ Ni.nu == U {(x 9} x (A% y) + N(x 9)).
wy)ek,NU

Proof Let (%, 9, i) € Sp |knu, then by definition

({aix y), aj(x YN = {b,a}(x y) =" (b, ar}x y), ..., (b ar}(x ).
Since A(x, y) is a solution of (2.4) defined on K, N U, then

({ai(x, ), aj(x, Y)HA(x, y) = {b, a}(x, ).

Therefore, ({ﬂi(x»}’): aj(x:y)})()\(x: y) —n) ={b ﬂ}(x,}’) = 0 and (x, Y A, J’) — ) €A+
Nxny- This proves Sk lknuC A + Ngnu. The opposite inclusion can be proved similarly.
The proof of Sp |k.nu= * + Nk.nu is the same. O

Lemma 5 Letai(x),-- -, ax(x) be smooth functions on R™ such that the variety K = {(x €
R™ | ap(x) =0, £ =1,...,k} is smooth or the set of regular points of K is dense in K. Let
X be a smooth vector field on R™. If

Xaix)=0,i=1,...,k onk,

Then, the integral curves of X preserve K.
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Proof In the case if K is a smooth submanifold of R” the condition Xa;(x) = 0,i =
1,...,k onK implies that X is tangent to K and we may regard X as a smooth tangent
vector field on K. Therefore, integral curves of X preserve K.

To prove the Lemma in singular case, it suffices to prove that for any point x € K there
exists a small number € > 0 such that for an integral curve y : (—¢, €) — R™ of X with
y(0) = x, we have y(—¢,¢) C K.

Let g denote the singular point set of K. For a point x € R, let y,(f) denote an
integral curve of X with y,(0) = x. Now we have two cases

(1) xp € K — Xk. In this case, from the argument workout in smooth case, there exists
a small number € > 0 such that for an integral curve y, : (—¢, €) — R of X with
Yx,(0), we have y(—¢,¢) C K.

(2) x0 € k. In this case let yy, : (—€9, —€9) — R™ be an integral curve of X such that
7x,(0) = x9. Suppose that there no exist small numbers ¢ > 0 with 0 < € < ¢g such
that y(—¢, €) C K. Then, there exists a series of real numbers {t; | £ € N} such that

elglgo te=0 and yy(t) ¢ K

We take €9 € N large enough. Then, yy () ¢ K Let B(x, §) denote a §-
neighbourhood of x in R™:

B, 8):={yeR" ||y —«x| <$é}.
Since R” — K is open in R”, there exists §; > 0 such that
B(yxo(tgo), §1) Cc R" — K.

Then, by the fundamental theorem of ordinary differential equations, there exists
82 > 0 such that

if x € B(xo,82) then yx(te,) € B(yx(tey) 81).
Since K — Xk is dense in K, there exists a point x € B(xp, §3) N (K — X ) # . Then
J/x(téo) € B(on(tlo): 51) C R™ — K

Since x € K — Xk, this contradicts the assertion of the first case, for which we can
take ¢y, arbitrarily small. Thus, there exists a small number € with 0 < € < €g such
that y,,(—€, —€) C K.

Proposition 6 Suppose that the set of regular points of K is dense in K. Let (xo, y9) € K
and U be a neighbourhood of (xo, yo) in R*". If the linear Eq. (2.4) has a smooth solution
A y) = M@ y), ..., Ax(x ) defined on K, N U, then the set

JdF oF
Qk(x,y) = {(x, Y 8—y(x:}’: )»(x:y)); _a(x: Y )\(x’ y)) | (x’ y) eKN U} (C LF)

is smoothly solvable.
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Proof LetA(x,y) = (A1(%,¥), ..., Ax(x, ¥)) be a smooth solution of (2.4) defined on K, N U.
Consider the following vector field

n

oF 9  OF 9
X = 2 )\, 2] - > ) )" ’]
A(x) ?_1 o (5 9 A% ) % 3w 9, A, 9)) ;

n k b
= Z Z L6 A% y) + — 5, (x,y))

im1 =1 i Xi
n k

Z () )+—(x, y))—

-1 =1 0N
on K, N U. Since A(x, y) = (A1(x%,9), . .., Ak (%, ¥)) is a solution of (2.4) defined on K, N U,
we see that X;(,)(@)) = 0 on K, N U for £ = 1,---, k. Therefore, Xj () is a smooth
tangent vector field on K, N U. Now choosing U small, we may assume that K, N U is
diffeomorphic to a Euclidean space. Therefore, we can apply Lemma 5 to this situation

and we see that the integral curves of X;,,,) preserve K. Let us define

N = {09 r(x%) | (xy) e K NU)}.

Then, N is a 2n — r dimensional submanifold of R*” x R¥. Taking U/ small enough, if
necessary, there exists a positive number € > 0 such that for every (x, y) € K, N U, there
exists an integral curve

Yiny) : (=€ €) — RZ”OfX,\(x,y)such that y(y,)(0) = (%, ).

Consider the map
7 :N x (—¢,€) > R defined by  7((% 3 A% ¥), £) = V(xy)(©).

Since Xj,(x,) is a smooth vector field on K, N U, 7 : N x (—¢,€) = R is a smooth map.
Thus, for a point (g, ¢) = ¢(g, 1(q)) € Qj(x,) the curve

Vi)t (—6€) = R* defined by y(g10)®) = 7(@ M t) = y4(t)

is a solution of LF with initial condition

(yw,,»m) ‘”("” 2D 0)) = (g, 4) = $(g Mq)).

From the definition of Q;,) and the fact that y(,,)(¢) is an integral curve of Xj ), we
see that (V(xy)(£), dV(xy)/dt(t)) € Qi(xy)- Hence, y(41(g) is a solution of Qj(x,). Now by
Definition 5, (7, 4) = ¢(q A(q)) (€ Qx(xy) is a smoothly solvable point of Q). Thus,
Qy(x,y) is smoothly solvable. O

Proposition 7 Let U be a small neighbourhood of (0, 0) in R*". Suppose that

(D) ({b,a}®y), -, {b ar}(x y) € A y)(R) for every (x,y) € K, N U and
(2) the rank of ({a;, aj}(x, y)) is constant and equal s on K, N UL

Then, Eq. (2.4) has a smooth solution defined on K, N U.

Proof Suppose that the rank of ({a;, a;}(x, y)) is constant and equal s on K, N UJ. Then by
Proposition 3, Ax,ny is a smooth vector bundle of rank s on K, N U. Choosing U small
enough and changing the order of the standard normal vectorse; = (1,0,---,0),---, ex =
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(0,---,0,1), we may assume that the image of the first s vectors {A(x, y)e1, - - -, A(x, y)es} is
a basis of A(x, y)(R¥).

Since ({b, a1}(x%, y), - - -, {b, ar}(x, ¥)) € Alx, y)(Rk) for every (x,y) € K, N U, it is a linear
combination of A(x, y)ey, - - -, A(x, ¥)es;

S
(b a}m ), - b ar) @ y)) = Y 2ilx 9)AR y)(er).
i=1
Since {b, a1 }(x, ), - - -, {b, ax}(x, y) are all smooth on K, N U and A(x, y)e1, - - -, Alx, y)es
are linearly independent, the coefficients A1 (%, y), - - -, As(x, ¥) are smooth functions. Then,
A y) = R y), -, As(x,9), 0, - - -, 0) is a smooth solution of (2.4) defined on K, N U. O

For a smooth solution A(x, y) of (2.4) defined on U N K, let X, ) denote a vector field
defined by

n

X > P y) + Zk: Ot i) |
)\.(x,y) = _ 2] _ 2] L\X _
st 0yj = 9y; 0x;

da

d
— @ rexy) | —.
1 9% 3y

M~

~
Il

n
ab
- Z a—(x, y) +
— \ Ju;
j=1

Proposition 8 Let A(x,y) be a smooth solution of (2.4) defined on U N K,. Then, the
Sfollowing properties hold:

(1) Thevector field X, x,y) is a smooth tangent vector field on U N K, and its integral curves
y (¢) are solutions of Sp |k,nu. Moreover, integral curves of X; () with y(0) € K are
solutions of Sk |knur-

(2) For a point (xo, y0) € K N U, let (x0, yo, %0, J0) = ¢ (%0, Yo, A(x0, ¥0)). Then, an integral
curve y (t) of X;,(x,y) such that y (0) = (xo, yo) is a solution of Sp |knu satisfying

(y(0), dy /dt(0)) = (x0, yo, %0, J0).

(3) Let (x0, yo, %0, 0) = (%0, Y0, M0) € Sk |knu and let p(x, y) be a smooth section of the
smooth bundle Nynk, such that A(xo, yo0) + (%o, yo) = ro. Then,

(3-1) (A + ) y) is a smooth solution of (2.4) defined on K, N U and
(3-2) thereis an integral curve y (t) of the vector field X ;.1 ;1)(x,y), Which is also a solution
of Sk |knu, such that (y(0), dy /dt(0)) = (o, yo, %o, J0)-

Proof The first assertion 1) follows already from Proposition 6. Since X(a;) = 0 for
i=1---,konK from Lemma 5, integral curves of Xin(xy) with y(0) € K preserve K.
Hence, they are solutions of S |knu. The fact that the integral curve y (¢) of X; (%) such
that ¥ (0) = (%o, ¥o) is a solution of S |knys is already proved in the proof of Proposition
6. Now (x0, yo, %0, J0) = @ (x0, Yo, A(x0, y0)) and y(¢) is an integral curve of Xj ;) with
y(0) = (x0, o). Therefore, we have

(7(0)’ dV/dt(O)) - (.?CO, Yo, Xk(x,y) (x01 J’O)) - ¢(x0; Yo, )\.(XO, }’0)) = (xO; Yo, .560, )70);

which proves assertion 2) of the proposition.

For assertion 3), let A(x, ) be a smooth solution of (2.4) defined on K, N U and let u(x, y)
be a smooth cross section of the kernel bundle Ni;nx, such that A(xo, y0) + (x0, ¥0) = Ao.
Then, (3-1) is obvious. Now let y(¢) be an integral curve of X (y;)4u(xy with y(0) =
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(%0, ¥0) € K. Since A(xo, y0) + w(x0, ¥0) = Ao, Applying 2) to this integral curve y (¢) of
X(xy)+u(xy)» We see that y (¢) is a solution of Sk [k such that

(y(0), dy /dt(0)) = ¢(x0, yo, L(x0, ¥0) + (%0, ¥0)) = ¢ (%0, Y0, 20) = (%0, Yo, %os J0)-

This completes the proof of 3). ]

4 Proof of the main theorem
The last statement of the theorem saying that any smoothly solvable subset of Lr is a
subset of Sr follows from Proposition 2.

Now let us prove the first conclusion that Sg is smoothly solvable, verifying that Q = Sr
satisfies the conditions in Definition 5. Let

(g0, 40) = (%0, Y0, %0, J0) = ¢(qg0, 20) € Sk, (g0, A0) € SF

and let U be a small neighbourhood of (x, y0) in R?”. We take Sf |x as N in Definition 5,
and U x RK as W;

N:§F|Kp WZUXRk, NHWZSFHQQU-

By the assumptions of Main Theorem, the generating function F(x, y, 1) satisfies the con-
dition in Proposition 6. Then by Proposition 7, there is a smooth solution A(x, y) of (2.4)
defined on K, N U. Therefore from Propositions 2 and 3, S | K,nu is a smooth vector
bundle on K, N U. Hence, NN W = S | K,nu is @ smooth submanifold of R2" x Rk,

Lemma 9 There exist a positive number € > 0 and a smooth map
7:(NNW) x (=€ €) =SF [k.nu x(—¢ €) — R¥
such that for every (q, ) € S N ¢(W) = Sk |knu, with (g §) = ¢(q, A) and
(4 2) € QNW =38F |knu,

the curve Y45 : (€ €) — R?"  defined by Vign) (&) = V(@ A t)
is a solution of Q = Sg |xnu with initial condition

dyigs .
Va0 —2(0) = (@.) = (g 1)
Proof LetA(x, y) be the smooth solution of (2.4) defined on K,.NU. Then, from Proposition
4,
Se lk,nu= * + N.nu == U {(x 9} x (A% 9) + N(x ).

(wy)eK.nU

Since, by Proposition 3, Nk is a smooth vector bundle on K. N U, it has locally (k — r)
independent smooth cross sections

el(x; y); ) ekfr(x’ J/)»

which span N, at each point (x, y) € K; N U. So, elements of N(4,,) can be written as a

linear combination of €1 (x, ), - - -, ex—, (%, ¥),

k—r
> miexy), wieR
i=1
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Then for each o = (i1, - - -, pr—r) € RX7, A, 9) + Zg:lr wiei(x y) is a smooth solution
of (2.4). At each point (x, ¥) € K, N U, considering Zf:_l' wiei(x, y) as an element of RX, let
(v1(% 9), - - -, v (%, ) be its coordinates in Rk,

k—r
Y wieixy) = W@ ), - vk ) = vz y) € RY, (4.1)
i=1

Now for u = (i1, - - -, pig—y) € RE7, letting v(x, y) be defined by (4.1), consider a vector
field X, (x,)4. defined by

X/\(x,y)+u = XA(x,y)JrV(x,y)

" ob X day 9
= T(x’ y)+ Z T(x» P (Ae(x y) + ve(x ) Fv
j=1 Vi =1 % Y
" | ab £ day 9
I @+ @0 y) + vels ) |
5 0x; ox; ay;
j=1 / =1 """ J

Since A(x, y) + Zi:{ wiei(x, y) is a smooth solution of (2.4), by Proposition 8, the vector
field X, (xy) 41 = Xi(xy)+v(xy) iS @ smooth tangent vector field to K, N U and its integral
curves are solutions of Sk |k,nus- BY ¥i(xy)+.(t), we denote the integral curve of X (y,5)4 1
passing through (x, y) at £ = 0; ¥3(xy)4.(0) = (%, ¥).

Now consider the map j : S¢ lK.nu X(—€,€) = R?" defined by

k—r
7y A% y) + Z wiei(x y), t) = Vk(x,y)+u(t)'
i=1
Recall that every element of Sf | K,nu can be written in the form A(x, y) + Zf;lr wiei(x, y).
Now the map 7 : Sf | Knu X(—€ €) = R2" satisfies the conditions in Lemma 9 as follows.

First, by Proposition 8-1), integral curves of y; (x4, (f) of Xj ()1, satisfying initial
condition ¥ (yy)+4(0) = (x¥) € K of Xj ()4, are solutions of Sr [knu-. Let (g, 4) =
(% 9% 3) € SF |k,nu-Then, (% 5, 3) = ¢ 3 Ax y)+Y1_ piei(x y) forsome . € K.
The integral curve y; (x,y)4 4 (t) of Xj,(x,5)+ . satisfies the condition y(x,y)1,(0) = (%, ). Then
by Proposition 8-3),

(*, y) = dyk(x,y)+[£/dt(0)'

This completes the proof of Lemma 9. ]

Now by Lemma 9 and Definition 5, (o, o) is a smoothly solvable point of Sg. Thus,
every point of S is a smoothly solvable point of Sr Nt~ 1(U/) and Sr Nt~ 1(U) is smoothly
solvable. This completes the proof of Main Theorem. O
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