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On Arnold’s singularities of type Bk, Ck, F4

Abstract. It is shown that using Tougerorfs version o f the Implicit Function Theorem (cf. 
[4 ]) the classification theorem of Arnold [1 ] can be completely proved.

1. Definitions. Let E„ denote the ring of germs at Oe/T of C00-functions, 
/: R" -*■ R and m„ the ideal consisting of all / with /(0) = 0. m„ is the 
unique maximal ideal in E„ and m„ = <x,, x„)  the ideal generated by 
Xj, . x„ (see [3]). Let L be a smooth submanifold of R", dim L = n— 1, and 
OeL.

Two germs /, ge m„ are called GL-right equivalent if there exists a C°°- 
diffeomorphism Ф: (R"; 0) ->(/?", 0) such that f  = go<P and <P{L) = L.

Notation: f  ~~ g.

We choose a local chart in (R", 0), |x1, . . . ,x n} such that the 
submanifold L has a form L = {(хг, . . x„)e R"; = 0]. For / e (such /
is called a singularity), we define:

The G -̂right codimension of /, codimL(/) = dim  ̂m j l ( f ) — 1, where the 
ideal 1(f) is defined as follows

derivatives of / (cf. for example [4]). The GL-right codimension of / is equal 
to the codimension of the orbit of / in mj under the right-action of the 
group of all diffeomorphisms of (Rn, 0) preserving L. Examples: Direct 
computations gives us, codimL( ± + x%) = к — 2, codimL(x̂  x2± x k2) = k — 2, 
codimL(± x f  + *!) = 2.

The quotient space Jk = EJmk+x is called the jet space. Let /  be the 
canonical projection /: E„->Jk. By // we denote the к-jet of the germ /. 
A germ / is called GL-right determined by its k-jet or GL-k determined

if/ /  = jkg=>f  ~ g for all geEn. Let detL(/) be the smallest integer such

i.e., 1(f) is the ideal of E„ generated by xt -z— and remaining partial
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that / is GL-right determined by its A;-jet. If no such integer exists we write 
detL(/) = oo.

Let F : Mk xGkL -+ M k, be a right C^-action of the group of к-jets of 
diffeomorphisms belonging to GL, acting on a C°°-manifold M k 
= m„/m£ + 1 cr Jk. F: (u, s)-> F(u, s): = j k( f  og), where / and g are two 
représentants of ueM k and seGkL respectively. For each open subset U of M k 
we denote by rj(U) the number of G -̂orbits of this action which meets U (the 
intersection of the orbit and the set U is not empty). Let / g ml and rj(f, к) : 
= inf t]{U). If there exists K, Ne  N such that for all к ^ K, t](f, к) ^ N, 

v* f
then / is called simple.

2. Right GL-equivalence, simple singularities Bk, Ck9 F4. First of all we 
have an important restriction.

Proposition 2.1. I f  f e m l ,  where 3, then f  is not simple.
Proof. As we know rj(f, 3) = oo for the group G of the germs of 

diffeomorphisms preserving zero (see e.g. [2]). The function r j ( f  3) for the 
group Gl is greater or equal than the function r\{f, 3) for the group G. Thus 
f e m l ,  n ^ 3, is not simple.

For further considerations we assume that f e m l .  Let us consider the 
restriction of / to L = (x j = 0], i.e., /: (x2, ..., xn) ^ f ( 0, x 2, ..., x„). Let q 

denote the rank of the Hessian matrix (d2f(dxi dxj (0)), 2 ^ i, j  ^ n. As we 
know, one can diagonalize the Hessian to put /  into the form, that j 2f

П

=  X  where ef is 1 or —1.
i = n -  Q + 1

P r o p o s it io n  2.2. I f  f  e mI and q  is as above, then there exists Ф e GL such
that:

/оФ  = £+ X eixh
i=n—Q+ 1

where Ç has a representative which depends only on x1? x2, ..., xn_e, 1 < q 
^  n— 1.

П

Proof. We can write f  = g+  X eix? some coordinate system,
i=n-e+i

where geml  and j 2g is a quadratic form in the variables x l5 x2, ..., x„_e. 
We treat fy(x) = f (y,  x), x = (x„_(?+1, ..., хи), y = (xl5 ..., x„_e) as a 
function of x parametrized by y. x0 is a critical point of fyQ if and only if

n

dfyo(xo) = dxf ( y o, x o) = 0, i.e., dx(g(y0, x 0)+  £  = °- ВУ the
i =  n — Q+  1

Implicit Function Theorem we can solve the last equation for x in terms of 
y, say x = (p(y), near 0, <p(0) = 0. Hence, there exists a neighbourhood U of 0
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in R" g such that the critical point (y, <p(y)) of fy is non-degenerated for 
yeU.

Let Gl b 0 1 : (y, x) -> (Y, X) = (y, x — q>(y)). Then, there exists a 
neighbourhood F of 0 in R" such that if (Y, X ) e V, then the only critical 
point of fy{ ‘ ) ’. = f  оФ^1 (y, •) is at x = 0. Thus by Taylor’s Theorem we 
have f  (y, x) = f  (y, Q) +B(y, x) -x2, where B(y, x) is a bilinear form 
depending smoothly on (y, x). By the generalized Morse Lemma we have a 
local diffeomorphism Ф2, GL эФ2: (y, x) -► (У, X) = (у, Q(y, х)), such that 
/(y, x) = f (Y,  0) + Б(0, ty-X2. Thus taking £ to be the germ of Y -* f (Y ,  0) 
we have the required result. ■

Corollary 2.3. The germ £ in Proposition 2.2 has the form:

£(x1? ..., x„_e) = x, P(xu ..., x„_e) + 0 (x_2, ..., x„_e), 
where P e m„_e, qe

Definition 2.4. A germ / e m2 is said to be stable GL-equivalent to the 
germ £em2_ e if there exists $eG t such that

/оФ  = £ + £  £,• xf , e ,=  ±  1 •
1 =  n -  e + 1

Theorem 2.5 ([1]). The complete list of simple singularities up to the 
stable Gi-equivalence is as follows:

Bk±: f =  ± x \ + x 2 2),

Ck±: f  = x 1 x2± x k2,

F}:  f  = ±x\ + x\.

Before we proceed to the proof of this theorem we will prove a few 
results: n

Lemma 2.6. Let Q be the quadratic form, Q(y) = £  г,у? and x
i = n - Q + 1

= (Xi, ..., у = (у„-в + 1, ..., уn)> The germ f (x )  + Q(y)em2 is simple if
and only if f  e m2_e is simple.

Proof. (A) Let к ^  3. At the first step we show the following 
equivalence

f {x )  + Q (y) e (g (x) + Q (y)) GkLo f e  gGk(L),

where n is the projection, n: R"^>R"~e, gEmh~e.
We prove “=>” only, because “ <=” is trivial.
By the assumption, there exists a diffeomorphism <PeGL such that

(i) / (/+Ô ) = / ( ( 0  + 0 оФ)>

Ф: (x, у) -> (X (x, y), Y (x, y)) = (A1x + A2y(mod m2), Bl x + B2y{mod m2)), 
where Au A2, J3l5 B2 are the matrices.
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On the basis of (i) and Corollary 2.3

(*i Pi(x) + Q(y))(mod m*) = P2(X{x, y)) + Q(Y{x, y)))(mod mj).

From this relation it follows that

B2 = I (identity), Bl = (bu), bu = 0 if j  ф 1.

0eG L implies: Ax = (ajj), a\j = 0, 2 ^ j  ^ n — q; A2 — (aj), afj = 0, 
1 ^ 7 ^ 0- Now we solve the following equation:

Q ( y ( - ,  < p ( - ) ) ) - Q ( < p ( - ) )  =  0 , <p: я - » - * * » .

After the substitution Y(x, y) = y + /(x, у), P(x, y) = Bt x(mod m̂ ) we get

Thus, in the end, we obtain the equation 2qy{-) + P (•,(/>(•)) = 0 , which 
satisfies the assumptions of the Implicit Function Theorem. In some 
neighbourhood of 0eP "-t\ <2(Y(x, <p(x))) = Q((p(x)).

Let h(x) : = g(X(x, cp(x))), so we have: // ~ j kh. It is easily seen that 
Ип~вэ x X ( x ,  (p(x))e Rn~e belongs to GML}.

(B) As we know (see e.g. [4 ]) the tangent space to the G -̂orbit of a 
= j krjeJk has a form

We denote W = [це m̂ : g(x, 0) = 0}. It is easy to see that W a J (/ + 0 . In 
this way the space V c  mj/mj+1 generated by all monomials of variables x 
= (xb ..., x„_e) is complementary to j kJ ( f + Q ) in trtj/mj+ l. Therefore V  : 
=/ (/ -1-0 + F is transversal to the orbit (/+ 0 G£.

Let 0 be an open neighbourhood of (/ + 0  in ml such that, for every ц 
in 6, {Dir})|o Ф 0. So, for every v}e £> we have J (rj) ю Щ i.e., every orbit in Jk 
intersecting /  (( is transversal to V. Now we are ready to construct the 
following mapping H: V  -*■ H{jk{f+Q) + o ) : = j kf + a , H is
an isomorphism, DH = id. If f + Q  is simple, then / is simple because 
r}{f+Q, k)< oo implies rj{f, k) < oo by isomorphism H. The converse is true

к к

by the same argument and transversality of all orbits in /  6 to V, q.e.d.
Proposition 2.7. Let f e m l  and L ~  {x1 =0 } ;  then: if f  is simple, then 

there exists <Pe Gl such that f  о Ф — g (x l5 x2) + Q and gE Q is non-
degenerated quadratic form in the remaining variables x3, ..., x„.

П

Z  Sj Pi (x, y) (2yf + Pi (x, y)) =  0, P = (P, -  Q +  1 9 • • • 1 P n )  •

TA°Gi) = j kJ(t}h

where
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Proof. At three steps.
Let corank f\Xi = 0 — 2; then on the basis of Proposition 2.2 there exists 

Ф'eGL that / оФ' = g’(x l5 x2, x3) + g, and g'(xu x2, x3) = xt P (xu x2, x3) + 
+ e(x2, x3), Qemj, Pem 3. Proposition 2.1 excludes the case Pe mf. Hence 
we have the two forms to which g' can be reduced: either

(i) *i *2 + e i(* 2> *з).
or

(ü) xÎ + q2(x u x2, x3), e2e wi-

St ep A. Let us consider case (i).
One can notice that (i) reduces to the form

(iii) /i = x i x2 + axf + fix2 x3 -f yx3 (mod m3 ).
So, we confine our considerations to such germs and show that at every 
open neighbourhood of (iii) there exists the germ

(iv) f 2 = xx x2 + a' x\ + p' x\ x3 4- / xf (mod mf),

which is not equivalent to (iii):
Let us take

P: (*i, x2, x3) -» (xi (1 + at X! +a2 x2 + a3 x3)(mod mf),

x2 + xf + b2 x\ + b3x3 + bA x l x2 + b5 Xi x3 + b6 x2 x3 (mod mf),

c, x, + c2 .y2 + c3x3 (mod mf)).

It is easy to verify that the condition j\ op = f 2 gives the following necessary 
conditions on the coefficients of the diffeomorphism p, yc2 = 0, oc + pc2 = ot', 
Pc3 = ycf == У, where c3 Ф 0. By the first condition we have two 
possibilities:

(a) y = 0 then the neighbouring germ: a' = a, ft' — ft, у' Ф 0 is not 
equivalent to f x.

(b) c2 — 0, then it suffices to take y' = y, p' = P and a neighbouring to 
a'. In this case the germ f 2 is not equivalent to j\.

Step B. For case (ii) we consider the following subspace of mf: V 
= \bxf + £  x ixJ2x3aijk} c :J3. It is easy to see that the orbits of G[

i + j + fe = 3
intersect V along the submanifolds of codimension ^ 1 and these 
submanifolds can be parametrized by d, ah bh ch i = 1, 2, 3, provided with 
the diffeomorphisms preserving V:

Gl b Ф{а,й,Б,ё\' {xlt x2i x3)^ ( x 1{d + a1xl +a2x2 + a3x3)(mod mf),

b\ X\ + b2 x2 + b3 x3 (mod mf), сл Xj + c2 x2 + c3 x3 (mod mf)).
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Thus their dimensions are not greater than 10. On the other hand, dim V 
=  11, so these facts prove non-simplicity of (ii).

Step C. In the previous steps we proved that: if f  e m2 is simple, then / 
is equivalent to g{xx, x2) + Q.

Let gem 2, we consider the right action: m2/m\ x GL -> m2/m2. It is easy 
to see that every open subset of m2/m2 intersects infinitely many orbits, 
namely: The above defined action reduces to the action m2/m2xG l 
-> m2/m2, because for every gem 2 and <I>eGL j 3(go<P)—j 3 g -j1 Ф. As we 
know dim G[ = 3, and dim m2/m2 = 4. Hence, every orbit of G\ in 
has the codimension ^ 1, q.e.d.

On the basis of Proposition 2.7 we are interested in germs depending 
only in two variables.

Corollary 2.8. The set of non-simple germs in m2 has the codimension 3. 
P roo f o f Theorem 2.5.
Lemma 2.9. I f  f e  m2, corank / |х = 0 = 0 and f  is simple, then there 

exists <I>eGL such that: f  оФ = ±x* ± x 2, к ^ 2.
These singularities are denoted by Bk (according to Arnold [1]). 
Proof. At first we shall show that the к-jets ± x \ ± x 2 are sufficient. As 

is well known (e.g. [4]) the sufficient condition for the k-determinacy as 
follows

(*) mk + 1 с  тУ(/)=> / is k-determined.

In our case J (± x \ ± x 2) = <x*>£ + nt <x2>. For proving (*) we must verify 
that for every monomial xil xj2, i+ j  =  k + l there is a decomposition: x\x}2 
= x\h1+ x 2h2, hx e m, h2e m2. It is true because for i <k> i = k, i = k-f  1 we 
can take respectively hi = 0, h2 = x\ xj2~l ; hi = x2, h2 = 0 ; hx = xx, h2 = 0. 

If corank f\x = 0 = 0 we can reduce / to the form

/ = xx Pi (xi, x2)± x 2, Pi (x l5 x2) = ai Xi +a2x2 (mod nt2).

Let us consider the following cases:
1° ax Ф 0, ai + ia 2 Ф 0, then

ax x2 + a2 Xi x2± x 2 (mod m3) = ± (x 2±^a2Xi)2 +(ах T ia 2)x 2 (mod m3)

is equivalent to ± x 2± x j (mod m3)eJ32.
2° üi =  0, a2 Ф 0, then

a2Xi x2± x 2 (mod m3) = + (x2 ±|a2 Xi)2T ia 2 x2 (mod m3)eB 2.

3° ai Ф 0, ax +$a2 = 0 and ax =0, a2 = 0, then 

xi P\ x2)± x 2 ~ Xi P 2(xi, x2)± x 2, P2em 2 (~ ,  equivalency).

Let P2(Xi, x2) = bi x2 + x2Q i(x i, x2) (mod m3) and

bi Ф 0;
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then

*i P2 (X1 , *г)± * 2  = Ьг x? ± (x2± ix j  Qx)2 (mod m 4)eB3;

b, =  0 ;
then

*1 P2(x1? * 2) ±*2  ^з(*ь  x2)± x j,

where P3em3, P3 (*i, * 2) = ^2*1 + *2 (Ы * 1> * 2) (mod m4).

If b2 Ф 0, then хх P3± x 2eB4.
If b2 = 0, b3 = 0, Ф 0, then x1 Pk(xu x2)±x|eBk+1.
Thus we obtain the singularities of type Bk.
Corollary 2.10. The codimension of the singularity Bk in m2 is equal 

to k — 2.
If corank / 1 = 1, then, by Proposition 2.7, f  em2\ m2 and we can

reduce / to the form:

/ = Xj P (x1? x2)±x*, к ^ 3, where Pem 2\mf.

There are two cases for P(x l5 x2) = ax xx +a2 x2 + (mod m2),

(a) ax = 0 .

It is easy to see that the к-jet x1x2± x 2 is sufficient. Thus we have the 
singularities of type Ck.

(b) a2 = 0 .

In this case / is equivalent to such germ that the к-jet of / has the form
k-2

(*) ±X?+Xi X C«*2± * 2-
i — 2

It is easy to verify that this jet is к-determined. By the calculation 
method of Arnold [2] we see that germ (*) is not simple for к ^ 4, namely 
the equation

k- 2
(**) ( ± 2xJ + Xi £  сгх‘2)/*1 +

i = 2
k-3

+(*1 Z  (j + 1) À C| +1 ± кхГ 1)h2 = x ,x 22 (mod m*+1)
i— 1

has no solutions for hx, h2e m if we assume the existence of the solutions h1 
and h2{xi , x2) = Ax xx + A 2x2 (mod m2), then by simple calculations on (**) 
we get the contradiction:

2c2 A2 = 1 and ±kA2 ~ 0.

Hence, in case (b) the only simple singularity is P4: ± x 2 + x2, q.e.d.
3 — Prace matematyczne 26.1
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