Vol. 40 (1997) REPORTS ON MATHEMATICAL PHYSICS No. 2

HAMILTONIAN GEODESICS IN NONHOLONOMIC
DIFFERENTIAL SYSTEMS

S. JANECZKO!

Institute of Mathematics, Warsaw University of Technology, Pl. Politechniki 1, 00-661 Warsaw, Poland
(e-mail: janeczko@alpha.im.pw.edu.pl)

(Received April 1, 1997)

We derive the general form of a sub-Riemannian Hamiltonian on a Riemannian mani-
fold endowed with the nonholonomic distribution. The generic properties of sub-Riemannian
exponential map and horizontal curves are investigated.
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1. Introduction

Let a smooth manifold M be equipped with a smoothly varying positive defi-
nite quadratic form on a distribution-subbundle V' of the tangent bundle 7M. One
assumes that V' is completely nonintegrable, equivalently all sections of V' together
with all brackets between them generate TM at each point of M. Then by the
well-known theorem of Rashevski-Chow [3] it is possible to connect any two points
(in a connected component of M) by a piecewise smooth curve which is tangent to
V playing the role of nonholonomic constraint [15]. Having any Riemannian metric
on M, we can endow M with a metric dy defined to be the infimum of the lengths
of all such curves joining two points. This metric is called the Carnot-Carathéodory
metric [9] or sub-Riemannian metric. It is expressed by a contravariant metric ten-
sor g"(z) : T*M — TM, which is nonnegative definite and its image defines the
distribution V.

Variational problems with nonholonomic constraints offer questions of great math-
ematical and physical interest [15, 2]. One of such questions concerns the local struc-
ture of Exp-map and the generic properties of systems of geodesics rays forming
the corresponding wavefronts. The problem of the shortest paths in sub-Riemannian
manifold with boundary provides new singular Lagrangian varieties of geodesics anal-
ogously to the classification of systems of gliding rays in the Riemannian case (cf.

[7D).
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2. Nonholonomic differential systems

Let M be a connected differentiable manifold, dimM = n. Let V be a smooth
m-dimensional distribution on M equipped with a Riemannian metric {,). A contin-
uous C2-curve c: [a,b] — M will be called horizontal if dc/dt(t) € V(c(t)) for almost
all t € [a,b]. )

Let X;,...,X,, be a local basis of vector fields generating the distribution V
near ¢ € M. V is said to satisfy the Hormander condition at g if these vector fields
together with all their commutators span T,M. If this condition is fulfilled at every
point of M, then V is called nonholonomic distribution [15]. Let C; 4 be the set of
all horizontal curves joining =z and ¢. We can define the Carnot—Carathéodory (cf.
[9]) distance function between the points z and ¢ by dy(z,q) = inf{L(c);c € Cpq}.
For the horizontal curves, the length and energy are defined as follows

L= [ .o B =5 [ (e, d)a
I

I

If V is a nonholonomic distribution, then we know [3] that dy is a finite metric
on M. In what follows, the pair (M, dy) we will call also the sub-Riemannian space
[12]. An alternative way to obtain the sub-Riemannian structures is given by means of
the symmetric positive semi-definite bilinear form (,), on the cotangent bundle 7™M
depending smoothly on the base point. Let hy : T*M — TM be the vector bundle
homomorphism: T, M > £ — v € T,M, where for the unique v we have (£,n), = n(v),
for all n € Ty M. If h, is a constant rank map, then V(q) = hy(Ty M) C T,M forms
a smooth distribution. The corresponding Riemannian metric on this distribution is
defined by (v,u) = (hg€, hgn)g = (£,71)g. In local coordinates, (-,-), is defined by the
tensor (g*’) and the corresponding sub-Riemannian geodesics are described by the
Hamiltonian equations ¢¢ = g—i(q,p), P = —g—f—j(q,p), 1<4,j <n, where H(q,p) =
%Zij 9"9(g)pip;- The only difference from the Riemannian case is that hy may have
a nontrivial kernel, so that some different initial covectors which give rise to different
geodesics will be mapped to the same vector.

The space X of sub-Riemannian geodesics on M is constructed by the cylindrical
subbundle of T*M defined by the coisotropic hypersurface W = H~1(1/2). By the
canonical symplectic reduction procedure we have the symplectic space of geodesics
X equipped with the canonical symplectic form v. Let I be a submanifold of X.
If I is isotropic for v, i.e. v|; = 0, then I is called a system of rays in (X,v). An
especially distinguished system of rays defining the corresponding wave-front in M is
formed by a Lagrangian, i.e. maximal isotropic submanifold of (X,v).

Now we introduce the symplectic formulation of nonholonomic systems. We con-
sider the symplectic manifold (7*M,wys). Then the tangent bundle T(T*M,wp) is
isomorphic to the cotangent bundle T*(T*M,wys). The isomorphism is defined by
the vector bundle morphism 8 : T(T*M,wp) — T*(T*M,wpr), B(u) = ulwa. Now
we can pull-back all objects from T*(T*M) to T(T*M). In this way we obtain the
canonical symplectic structure on T(T*M), namely @ = f*wr-p = d(6*01- M), Where
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Or-3r is the Liouville form. The symplectic manifold (T'(T*M),®) is the underlying
symplectic manifold of two special Lagrangian fiberings on T'(T* M),

H = (T(T*M), T*M,rp3s,5), and L = (T(T*M),TM,Try, ),

where 7.5 is the tangent bundle projection, « and p denote the corresponding
1-forms on T(T*M) such that du = ds = &. Differential system D is defined as
a Lagrangian submanifold of the phase space (T'(T*M),o). Representation of the
differential system D by generating families in % and £ gives the Hamiltonian and
Lagrangian formulations of the system. The Legendre transformation from the £ to H
representations of D is a symplectomorphism o : £ — H whose graph in the product
symplectic space [8] (£ x H,w3k — wfu) is generated by the .function L defined on
the Whitney sum TM xp T*M, L(v,p) = —(p,v).

Let V denote a nonholonomic distribution of dimension n — k on M defined
by the basic (annihilating) 1-forms wi,...,wy of the corresponding codistribution in
T*M. Let L:V — R be a positive definite quadratic form on V and L:TM — R
denotes its extension on TM.

DEFINITION 2.1. Nonholonomic differential system on M is defined as a constrained
Lagrangian submanifold of (T'(T*M),&) over V with a generating function L in the
special symplectic structure £. We denote this system by Ny C T(T™*M).

Let L be an extension of L, then we can write
Ny ={peT(T"M):Try(p) €V and (a(p),v) = (dL,v)
for all v € TV C T(T'M), such that Tmp(p) = 7rar(v)},
where o : T(T*M) — T*(T'M) is a uniquely defined symplectomorphism defining the
special symplectic structure £, i.e. mrp o = Tny and o*0rps = p.
Now we write these formulae in local coordinates (z*) on M, (ac ,¥j) on T*M,

(«',27) on TM, (z%,y;,2*,§) on T(T*M) such that 8 = 3, y;dz’. Then in local
coordinates we have

p=Y (Gda' +yidd?), &= (pds' - i'dy,).
The Lagrangian function L is defined by some Riemannian structure on M, L(z, &) =

>4 9ii(2)3° &7, which is an extension of L to a Riemannian metric on M. Thus the
generating family for the nonholonomic differential system has the form

k
L(z,3,0) = Y gi(@a'd + > Afwr, &),
ij r=1

where A, are the corresponding Lagrange multipliers—Morse parameters. Ny C
T(T*M) is described by the equations

oL 9 L
Vi s t XT:ATﬁ“’T(@’w), hi= ot Z* 7 wr(@), ),
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where 1 <4,j <n, 1 <r < k. We easily see that the above introduced system is
equivalent to the system of Euler-Lagrange equations describing the nonholonomic

geodesics
d (8L oL :
dt (a_) " e = T 2~ D M@l

By the Legendre transformation we pass from the £-representation of Ny, to its Hamilto-
nian representation in H. Now, Ny is generated by the function (Hamiltonian)
H :T*M — R in the following form

H(z',y;) = Z Ui = L(2, 8, ) Ly, 2 02 (2.5.0),0= 86 (2,6,3):

and we can write the identification on Ny, ¥, (g;dz® — 3'dy;) = —dH(x, y).

EXAMPLE 2.1. Consider the Heisenberg group H"™ = R x C" endowed with the
nonholonomic distribution V (cf. [10]), w = dz + Y7, Ai(z)dz® = 0, spanned by the

system of generating vector fields {X; = 8—2; - Ai(x)%}. The positive quadratic form

on V we choose in the simplest form
ﬁ(%i) = Zgij(w)iiija 9ij = 5ij~
ij

V' is transversal to the z-direction, so we can parametrize the leafs of V by (z, ). Thus
the corresponding Lagrangian has the form

L(z,2,8,50) = Y gij(2)d'd? + A(z + ZAi(a:):i:i).
17 i

Now we derive the system of Hamiltonian equations defining the sub-Riemannian geo-
desics. At first we have the corresponding Morse family

H(z 2, y,w,8,50) = 3 gid* + wi = 3 gij(@)d'a) — ,\(z + ZA,-(m)a’;"),
i ij i

and the defining equations g—g =y -2, gij(z)37 — AAi(z) = 0, and
. A i
%—f\1=—é—ZAi(m)abl=0, aa_z=“’_A=0'

Thus, after elimination of variables, we obtain

H(z,2,y,0) = 3 3 (4 — wAi(2))g" (y; — wA;(2))

—1> " 0i50™ (e — wAK(2)g" (1 — wA(z))
ikl

= 12990 — wA@)y; —wA;(@)),
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which gives the general form of sub-Riemannian Hamiltonian in the case of codimension
one distribution.

In the more general case we obtain the following formulae.

THEOREM 2.1. Let (gi;) be a Riemannian structure on M, and

fur = 3 AT(@)da’ = 0},
=1

define a nonholonomic distribution on M. Then the corresponding sub-Riemannian
Hamiltonian has the form

Hzy) =36 (v + i AAL(2)) (v + i £@),

where the parameters )\ are determined by the system of linear algebraic equations

n k
3 gi“Ai(w)(yi + ZA,A;(m)) =0, s=1,...,k
r=1

u,t=1

3. Lagrange projections with nonisolated singularities

Let L be a Lagrangian submanifold of (T*M,wys) and let mpr : T*M — M be
the canonical projection. By pr = wx | L — M we denote the Lagrange projection.

DEFINITION 3.1. We say that the Lagrange projection p; has a nonisolated singu-
lanty at go € M if there exists a (compact) submanifold N C T; M and a neighbour-

hood U of N in T*M such that p;'(go) = N and pr |y_n is finite to one.

Locally all Lagrangian submanifolds of 7*M can be generated by Morse families
(cf. [14]). In the case of nonisolated singularities we have the following result.

PROPOSITION 3.1. Let (L,po) be a germ of Lagrangian submanifold of T*M with
p1 having a nonisolated singularity at qo = mp(po) along the submanifold N7. Then
(L, po) is symplectically equivalent (preserving the fibering wu1) to (L,0) with the gen-
erating family F: M xR* - R,

n

F(g, ) = ) ai(MAA + ) aiki,
ig>r i=1
where a;;j(\) are smooth functions on (R",0).

Let &, : T*M — T*M be a Hamiltonian flow. We define the Exp-map at g € M,

Exp, = ®1|rsm : Ty M — T*M =4 M.
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It is the Lagrange immersion of 7;M into T*M. Let H be a sub-Riemannian
Hamiltonian. Then the germ (L, = Exp,(TyM),p), p € Kerhg|r»n is Lagrange
equivalent to the Lagrange projection with nonisolated singularities along the space
Kerhg ;M C T;M.

Let H.(T*M) denote the space of corank r of sub-Riemannian vector fields on
T*M. Let W denote a subbundle of 7™M, dimW, = n — r, with W, transversal
to Kerhg|rsn at each ¢ € M. We define explyy, : Hi(T"M) x W — J*(W,T* M),
the s-jet extension of &, restricted to W. By the transversality theorem we obtain
the analogue of the standard genericity theorem (in the Riemannian case [13] ) for
exp |w in sub-Riemannian geometry. By (I;,p) we denote the germ of an isotropic
submanifold &;|w(W,) C T*M.

THEOREM 3.1 (cf. [6]). We assume that § does not belong to the zero section of T*M.
Then, generically, the family of germs of isotropic projections (I,,p), mal1, : Iy — M has
only generic singularities appearing in n-parameter families of the isotropic submanifolds
in T*M.

EXAMPLE 3.1. We consider the exponential map for sub-Riemannian Heisenberg
group X = H3 endowed with the distribution {dz + 1(ydz —zdy) = 0}. Then p, = 7x o
Exp |r-x has a nonisolated singularity along N = {(p1,p2,p3) € T3 X;p1 = 0,p2 = 0}.
The generating family for L has the following form

F(z,y,2,))

sin 23 + A cos Ag(cos Az — 1)'

= zA1COS A3 + yAacos Az + 2A3 — (A +A2) ™ 5
3 3

The corresponding caustic of L is a family of rotationally invariant paraboloids z =

(2 + y?) s3=2mZ3y, where § is a solution of the equation tgé = 6.

EXAMPLE 3.2. Consider the rotationally invariant Lagrangian submanifold of 7*R2,
generated by the stable family

F(g,)) = (A2 + 222 — a3+ A+ gih + @22, a>0.

We see that p has a nonisolated singularity at 0, and N = {(p1,p2) € TgR?: p? + p?

-

. pL(prp2) = (—2012F% + pd) — @), 252202 + p2) - ).

The caustics of this projection Cp has a highly degenerate point ¢ = 0 and the circle
2 — (2a)}3
i +a=(F)"

4. Local properties of the horizontal curves

Now we work with the Heisenberg group H® endowed with the contact distribution
D = {dz — zdy = 0}, spanned by X; = £, X, = £ +zZ. We consider the horizontal
curves 3 : t — (z(t),y(t), 2(t)), transversal to the plane {z = 0}. 3 is a solution of
the system of differential equations ¢ = 1, 2 = zy. We integrate these equations and
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get z(t) = t, y(t) = @(t), 2(t) = [; s¢'(s)ds, p € C®(R). Using the local Darboux
coordinates of [4] we calculate explicitely the families of gliding geodesics. To each
tangent vector v(t) = £ +¢'(t)& +t¢(t)Z to the horizontal curve 3 there corresponds
a one-parameter family of local geodesics

z(r) =7+t y(r) = p(t) + p%[(l = (p2 + tpa)*)"% = (1 = (p2 + (¢ + T)p3)*)/?],

)= [ os + (- o+ tm 7~ CED (k4
5 D3 yZ&

—2ip%(arcsin(p2 + tp3) + (p2 + tp3)(1 — (p2 + tp3)?)V/?)
+511—)§(arcsin(p2 +(t+7)p3) + (p2 + (t + T)ps)(1 — (p2 + (¢ + 7)ps)?)V2,
3

where (p2,ps,t) satisfy the following equation

(p2 + tp3)
(1 - (p2 + tps)>)1/%

PROPOSITION 4.1. The system of geodesics gliding along the horizontal curve 3 in
the sub-Riemannian space (M, Nvy) is an isotropic variety Ig of the symplectic space
of geodesics (X,v).

¢'(t) =

To prove this result we need to show that (wa|m-1(0)) [1,=0. Let A = (Ar,..., Ar)
be the Morse parameters in a generating family of Ny, and let (¢, ) — (¢*(t), ¥;(¢, \))
be a parametrization of the space of geodesics along the horizontal curve ¢t —
(¢'(t)). Now we have to check that all Lagrange brackets {¢,A;}, {\:,)\;} vanish.
Indeed, {t,\;} =31, :tig% because for the gliding geodesics the tangent (z') to
the geodesics at 7 = 0 is equal to the tangent to the horizontal curve 3 at . How-
ever, (¢°) fulfills the Hamilton’s equations ' = 0H/dp;, so

(B = 2 G g = S (HG®.pA) =0

But ¢‘ does not depend on ), so we have immediately that {);,\;} = 0, which
proves the above result.

Let v be a horizontal curve in (H3, D). We see that v is uniquely defined by
its projection plane curve 4 on the xy-plane and an initial point at ¢ = 0. Now we
seek for the generic properties of the horizontal curves. Let T(t) be a unit tangent
vector to 4(t), and V(¢) its perpendicular at 4(t). Now we use the perpendicular lines
spanned by T(t) and V(t) as axes at 4(t). Clearly at each point 4(t) we can locally
write 4(I) as the graph (¢, f:(£)), with f;(¢) smooth and j!f;(0) = 0. In coordinates
with the axes T'(t), V(¢t) and z defined at ~(t), v(I) is locally represented as a graph
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(&, f:(€), 9:(&)) € H, where g,(¢) is uniquely defined by f£,(¢) and the coordinate
system. Let P, denote the space of polynomials in £ of degree > 2 and < k. Then
we have a Monge-Taylor map p., for the horizontal curve v, p, : I — P, given by
py() = (5% £:)(0). Next we formulate the transversality result using the space Zj of
the polynomial maps H — H of degree < k and preserving the distribution D. A
deformation of v is obtained by composing with a polynomial map ¢ : H — H, which
is a diffeomorphism on some open set containing v(I). We assume I = S!, and let
us choose an open neighbourhood U of id € Z;, consisting of polynomial maps which
map an open set, containing y(S!), diffeomorphically to its horizontal image. Thus
we have a smooth map p:S* xU — Py, which is a Monge-Taylor map for the curve
Pon.

PROPOSITION 4.2. There exists an open neighbourhood Uy, C U of id € Z;, such that
the map p: S' x U — Py is a submersion.

We endow the space of smooth horizontal curves v with the C°°-Whitney’s topology.

COROLLARY 4.1. An open and dense set of regular horizontal curves v : S' — H
contains those curves whose projections 4 have only finitely many ordinary inflections
and vertices.

Indeed, let Q be a manifold in P, = R*~!. By the Proposition 4.2 for some open
set Uy 2 id, the map u: 81 x U; — Py is transverse to Q. Taking fi(¢) = a26? + a3€3 +
..+ art® € Py and Q; = {ay = 0} or Q; = {a3 = 0}, we obtain the result.

Remark 4.1: There is a question: how does it look like, generically, the variety of
gliding rays along the horizontal curve? Is it singular or smooth only? We conjecture
that for the generic horizontal curve in the Heisenberg group the Lagrangian variety of
gliding rays has only open Whitney’s umbrella singularities in isolated points.
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