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Abstract. The Lagrangian star is a germ of the systéfd, ..., Ly}, p) of Lagrangian
submanifolds in the symplectic manifold/, w). We investigate the symplectic group action

on Lagrangian stars and construct the basic invariants of such action. The Kashiwara signature
for 3-Lagrangian linear stars is generalized to the nonlinear case and the generalized contact
classes for Lagrangian stars are constructed. Finally, we obtain the generic classification of
simple normal forms of reduced Lagrangian stars with respect to a hypersurface.

1. Introduction

Let I, 5, I3 be three Lagrangian subspaces in the symplectic vector ggdce). The
natural invariant of the group of symplectic transformationg/afacting on the triplets of
Lagrangian subspaces, is a signhature (Maslov index [6]) of the Kashiwara quadratic form
Q(x1, x2, x3) = w(x1, x2)+w(x2, x3) +w(x3, x1) defined on the direct sumdl,®l3. In this

paper we generalize this notion to the case of germs of triplets of Lagrangian submanifolds in
a symplectic manifold. The problem considered is related to the classification of Lagrangian
germs with respect to the subgroups of the group of symplectomorphisms. The natural
subgroups are induced by-liftable (cf [1]) vector fieldsV on M such that ¢V |w) = 0

and f is a smooth mapping between two manifolgs, N2 — M?'. Using the action

of these groups one investigates the geometry of the maximal isotropic submanifolds in the
degenerated symplectic structures (cf [3,7]) and show the direct way of generalizing the
Lagrangian singularities. Using the symplectic invariants of contact (cf [4, 5]), in section 2
we find the algebraic invariants of the triplets of Lagrangian submanifolds containing two
transversal submanifolds (basic Lagrangian star). We show that for the special class of
tangential Lagrangian stars these invariants are determined by the equivalence class of right
equivalence in the space of function-germs ®h Classification of reduced Lagrangian
stars and basic Lagrangian stars, on a hypersuifgcender some genericity conditions is
given in section 3. As an extension of this result the reduced local models, in the case of
some non-transversal positions of Lagrangian stars with respé€t towe calculated.

2. Lagrangian stars

Let (M, w) be a symplectic manifold. LefLq,...,L;} be a system of Lagrangian
submanifolds oflM, w) intersecting at the common poipte L1 N --- N Ly.
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Definition 2.1. The germ of Lagrangian submanifold§Z, ..., Ly}, p) is called a
k-Lagrangian star ap. If k = 2 and L is transversal td., then the 2-Lagrangian star
({L1, L,}, p) is called the basic Lagrangian star. The 3-Lagrangian star we simply call the
Lagrangian star.

Let ({L1,..., Ly}, p) and ({L7, ..., L}, p) be two k-Lagrangian stars ap. Then
we say that they are symplectically equivalent (or equivalent) if there is a germ of
symplectomorphism® : (M, ), p) — ((M,w), p) such that®(L;) = L; for some
permutationi; of {1,...,k} and ®(p) = p. The basic Lagrangian star forms a system
of local symplectic coordinates @, w). There are Darboux coordinates arounc M
such that the basic Lagrangian stdr.1, L,}, p) is symplectically equivalent to the one
defined byL; = {(p,q) € R¥,p = 0} and L, = {(p,q) € R*,q = 0} with
(M, w) = (R*, 3771 dpi A dg).

To classify the Lagrangian stars we have to introduce the notion of contact equivalence
and subsequently the symplectic contact equivalence. XL ét;, L, be equi-dimensional
submanifolds ofM with p € X N L; N L,. Then we say thalL; and L, have the same
contact withX at p if there is a germ of diffeomorphism : (M, p) — (M, p) such that
¢(L1) = L, and¢(X) = X. Orbits of the group of these defined contact equivalences
are called the contact classes. Using this definitior,;if L, have the same contact with
X at p then the local ringR(X, L;) = Ex/p1(X, L;), whereEx denotes the local ring of
smooth function-germs oX at p and p1(X, L;) denotes the ideal of germs of functions on
M at p which vanish to first order of; restricted toX, are isomorphic. The corresponding
isomorphism is induced by the pullback map, ¢*f = f o ¢, for f € Ex. The converse
statement is true provided additionally ditiX, L;) < oo.

The group of symplectomorphism-germs @M, w), p) is a subgroup of the group of
diffeomorphism-germs ofM, p) so that the contact data is a much more subtle invariant.
If X, L1, L, are Lagrangian submanifolds then the natural symplectic contact data is a pair

(Ry = Ex/p2(X, Li), 07)

wherep,(X, L;) denotes the ideal of germs of functions &hat p which vanish to second
order onL; restricted toX, and the element; € R, is naturally associated th;. In each
caseo is defined using a special cotangent bundle structure on a neighbousihazfdX

in M, such that = T*X andL; = graph dj; for some smooth functiong; on X, o; is
the image ofy; in R,. Obviouslyo is defined up to the choice of the special cotangent
bundle structure’*X on M. The special symplectic structure is a quadruglge X, =, 6),
where (M, X, n) is a differentiable fibre bundle) is a 1-form onM, d9 = w, such that
there exists a diffeomorphisea : M — T*X such thatt = nyx o, 6 = a*6x. Let L be

a Lagrangian submanifold i/ and letd; andé, be 1-forms corresponding to two special
symplectic structures oM, w) with the same bas&. Then6d;|x = 62|x = 0 and near
X we haved; — 6, = dH, where H is a function onM which vanish to second order on
X. The corresponding generating functiofig and v, of L in both special symplectic
structures are right equivalent with a diffeomorphigmX — X defined by the formula

0rg, 0Vre,

8)6,‘ 8Xj

8V, = Vo, + Y hij(x. disg,)
ij=1

whereH =} ._; hij(x, p)pi p;. From this consideration we easily see the geometric sense
of the local ring

2
RS=EX/<§—w,...,8w>.
X1 0x,
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Now we assume that the Lagrangian sfar= ({L1, L2, L3}, p) contains the basic
Lagrangian star, sa§{L1, L»}, p). Itis natural to define the pair of local rind® = R1® R,
associated t@, being a local invariant of the group of germs of symplectomorphisms acting
on the space of Lagrangian stars (cf [4]). By considering germs of functiorid oear p
which vanish to second order diy and taking the restrictions of these functiond.to(and
respectively toL,) we obtain an ideal\;(L1, L3) (and respectively an ideal,(Ly, L3)).

Definition 2.2. By the basic invariant of the Lagrangian stawe denote the pair of local
rings
R=R1® Ry =E&,/A1(L1, L3) ® &L,/ A2(L2, L3)

where &, (respectively&,,) denotes the local ring of smooth function-germs bp
(respectively onL;) nearp. We call S finite if dimg R < oo.

Now we have a natural realization &t; ® R>.

Proposition 2.1. For the considered Lagrangian sfar

Aep; 3 \?
Risz,,/<i,..., ¢>
0x1 0x,

wherei = 1,2 and¢; and ¢, are the function germs associated with the realizations of
L3 in two different cotangent bundle structures ovarand L,. The generating functions
¢1 and¢, are defined up to an automorphismBi and R, induced by the corresponding
diffeomorphism-germd.; — Li andL, — Lo.

Proof. At first we recall some basic properties of Lagrangian submanifoldsX i

a Lagrangian submanifold i0M, ) then in some neighbourhood & the symplectic
manifold M is isomorphic toT*X. We say that*X is a special symplectic structure on
M. Let L be another Lagrangian submanifold (i, »), then around a poinp € L N X,
the submanifoldL is generated by the generating functifiip;, ¢;) (cf [1]), i.e. in local
Darboux coordinates ofi*X, L is described by the equations

oF

or
p;=——(pr1.qy) q1 =——p1,975) (%)
9q opr

forsomeJ,I c {1,...,n},INJ =@, 10U J = {1,...,n}. If the second equation of
(x) cannot be solved according g (aroundp) then obviouslyL is vertical in directions
p1, SO it cannot be generated by a function only gn We see thatX is described by
{pi = 0,i = 1,...,n}, so the idealA(X, L) does not change if we perturb (make
it transversal to the fibratiom* X — X) by adding the linear terms ip to the second
part of (x) and making it solvable according fo,. Thus we can represent the local ring
R = &x/A(X, L) by a generating function o .

For the basic Lagrangian stdil1, L,}, p) we consider the special symplectic structures
aroundp, T*L; = M andT*L, = M. In both these structures the manifald can be
defined by generating functions using the corresponding Liouville forms

01,11, = dé; i=12
We see that the ideals; (L;, L3) describe the order of contact &k to L;, (cf [4]) so by
the small deformation of.; making it transversal to the fibratio’s'L; — L; we get the
generating functiong; of L3 which may be defined oi; keepingA; unchanged. These

deformations may be achieved by changing the canonical 1-forms associated to the two
cotangent bundle structures BfL;. O
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If the following two Lagrangian stars
S = ({L1, L2, L3}, p), §" = ({L}, Ly, L3}, p)

are symplectically equivalent then their corresponding basic invarRgsR, and R, ® R,
are isomorphic. Now we would like to show that under certain conditions the converse is
true.

Let the basic Lagrangian star ¢f be in Darboux form, therls is generated by a
generating familyF, (p;, q) = S3(ps, qs) + prqr in T*Ly and by F,(q,, p) = S3(p1. q,) —
psqs in T*Ly, (which is the Legendre transform df,), for someJ, I C (1,...,n},
IT1UJ={1,...,n} andI NJ = @. We chooseS; such that

8283
dp10pr
This condition says thak; projects alongp with the kernel parametrized by;. In usual
Lagrange equivalency preserving the fibratign ¢g) — ¢ we reduceSs to the form such
that S3(p;, ;) € m3,. However, in this case we have to preserve the basic Lagrangian
star ({L1, L2}, 0), whereL; = {(p,q) € R*", p =0} and L, = {(p,q) € R*',q = 0}, so

that the quadratic terms in songevariables cannot be reduced. Thus we can w§ien
the following final form

O =0.

Ss(pr,qs) = S(p1,q1) + 0(qr)

whereJ' C J, S € m3, (m;, is the maximal ideal of smooth function-germs depending
on p;, g;-variables,p we assume to be 0 in these local coordinates), @gl;/) is a non-
degenerated quadratic form gf -variables, #’ = /. Now we can deduce the following
result.

Proposition 2.2.Let S and S’ be two finite Lagrangian stars containing the basic Lagrangian
star, thenS and S’ are symplectically equivalent iff

(1) the quadratic formg and Q' are equivalent, and

(2) the basic invariantd?, @ R, and R} & R, are isomorphic and the corresponding
isomorphisms/; andy, send the images a@f; and¢, in R, and R; into the images o#;
andg; in R; and R,, respectively.

The basic invariant of the Lagrangian stais a C*-invariant, i.e. an equivalence of
Lagrangian stars is not necessarily symplectic. Now we see that the following data

(R’ Q’ ¢la ¢2)

form the complete symplectic invariant for Lagrangian stars under the symplectic group
equivalence.

Remark 2.1. If L3 is generated, in the basic Lagrangian star Qyp;,q,), I U J =
{1,....n}, INnJ =¥ andd?S3(0)/dp;dp; = 0, then the class of is preserved if we apply
the right equivalence group t8; preserving{p;} and{q,;} spaces separately. There is a
natural question, what does the relation between the local ring

P 383 9S3\2
"L apr oqs

and the basic symplectic invariant of the Lagrangian Stéok like?
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Now we consider the special case. We assusneontains the basic Lagrangian
star. We callS the tangential starif there are two Lagrangian germs i tangent
at p. If § is tangential then there exists local Darboux coordinateg ah which
Li={(p,g) € R : p =0}, L, = {(p,q) € R* : g = 0} and L3 is generated by a
generating functiory — F(q), F'(0) = 0 and F”(0) = 0. The basic invariant for the
tangential Lagrangian stars is reduced to the local ring

OF aF \?
R=& [(—,...,—).
e )

Symplectic equivalence of the tangential Lagrangian starsSsapd S’, is equivalent to
right equivalence of their generating functiofsand F’. So the equivalence classes of
contact are determined mainly by tie, D, and E; classification of singularities (cf [1]).

Remark 2.2. If Q has a maximal rank then the main symplectic invariant of the Lagrangian
star is a signature of). It is a signature (Maslov index) of the Kashiwara quadratic form

(cf [6])
w(x1, X2) + w(x2, x3) + w(x3, x1)

defined on the tangent (gt) Lagrangian star; & I, & I3. We denote this signature
by t(l1,12,13). This is a symplectic invariant for any Lagrangian star, not only if
LhNnl=INIl3=I13NIl; ={0}. In general we can write

(1, 1o, I3) = n +dim(ly N 1) + dim(lx N I3) + dim(I3 N 1) (mod 2.

The basic symplectic invariant introduced here is a natural generalizatian fof the
nonlinearizable Lagrangian stars. Generalization of this invariant for a Lagrangian star of
four Lagrangian submanifolds goes through the composed 3-Lagrangian stars (cf [6]).

3. Reduction of Lagrangian stars

As far as the basic symplectic stars are all symplectically equivalent there is a natural
guestion how they pass through the reduction on a hypersurface or a general co-isotropic
submanifold? First, we consider the reduction of co-dimension 1, which is the very special
reduction along the integral curves of the Hamiltonian system with the Hamiltonian function
defining the hypersurface as its zero-level set.

Let H be a hypersurface i, w). We consider the basic staild.1, L}, p) transversal
to H at p. Letwy : H — (M, &) be the projection along bicharacteristics into the reduced
symplectic manifoldd and& is the corresponding reduced symplectic fatho = oly.
We define the reduced star as follows

(L1, L5}, p")

whereL! =7y (HNL;) andp” = my(p).
Now we pass to the classification of reduced basic stars according to the
symplectomorphisms ofM, w) and (M, ®) preserving the projectiony.

Proposition 3.1. Any simple, reduced basic Lagrangian star can be written in one form
from the following normal forms

At ({Ly, L5}, 0)
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where
Ly={(q peM:p=0i=1..,n-1)
b =1{(q.p) € M : p1=05/3q1(q1. p2. ... Pu-1):
qi = —0S/9pi(q1, p2, - -+» Pn-1),i =2,...,n—1}

and

S(q1, P2y s Pe1) = 2T 4 g e+ ¢Ep2

for2<k<n—2landAywith L, ={(q.p)eM:q=0,i=1,...,n—1}.

Proof. Now we have to classify the triplet§ L1, Lo, H}, p) in (R?", ), whereLy, L,
and H are mutually transversal g € L1 N L, N H. We find Darboux coordinates
{x1,...%4, y1, ..., yo} iIn Which L, and H may be written in the following normal form in
R =T*L,
L1:{y1:O,...,y,,:O} H:{X]_:O}.
Then L, can be written by the generating functien— S(y), such that
aS
a() @0
ay1
because of transversality of; to L, and L, to H. Now we need to use the
symplectomorphisms of *L; preserving(L; U H, 0) and reducel, to its simple normal
form. So we need the grou@.,ur of germs of symplectomorphisms which preserve the
fibration (x, y) — y and the hypersurfac& = {x; = 0}. Every elementb of this group
can be defined as a lifting of a diffeomorphigtnt R" > y — ¢(y) € R", which preserve
the fibration over(y,, ..., y,), i.e.y — ¥ = (y2,..., y,) with adding the gradient of a
function f which depends oy
D(x,y) = () x +df (), ().

Using this group we can reduce the functiério the form

S(y) = y1S().

Then using the theorem on versal deformations (cf [8]) we reduce it successively to the
form

Lo:S(y) = £y + 3+ + 12 for 1<k <n.

At first we consider the case whén= 1. In this caseS(y) = +y? and the reduction
equations{x; = 0, y; = 0} give us the reduced Lagrangian germ in the form

Ta—oy(L2) ={(q,p) €M :q;=0,i=1,...,n—1}

which corresponds to the cagg in the proposition.
Now we consider the case whén> 2. Taking the imager,,—o (L,) we obtain the
following equations

38 _
—xp = 8—y1(y) =k +Dyf+k =Dy 2+ +2y13+y2=0

EN N 1
—xp=— () =yn..., —x=—0) =y
ay2 Yk !

N as
_xk+l:_(y):07"'s —Xp = ()’):o
3Yk+1 3}’n
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From the first equation we derive
—y2 = £k +Dyf + (k= Dyf 2+ + 213
and renumerating the corresponding Darboux coordinates
P1=—Y2,P2=1DY3,...s Pn—1= Yn
g1 = —X2,42 = X3, ..., qn—1 = Xp

we rewrite the equations for,,—q (L2) in the form

9S
p1=—— =k +Dgt + k — Dg; ?pe-1+ - +2q1p2

9q1
3S ) s i1
q2=__=_q a""qk—j.:_ :—q
ap2 ! pk-1 !
3S s
qk:——:o,...,q,ﬁl:— :O
Pk pn-1
with the generating function
S(q1, p1, - Pm) = £t gy o+ -+ Ep2
for the reduced Lagrangian geris. O

Remark 3.1.We see that the only stable case of the triglgt;, Lo, H}, p) is equivalent
to the local model of typed; for the submanifoldL, and that it corresponds to the basic
reduced star which is the basic star in the reduced symplectic space.

Let S = ({L1, Lo, L3}, p) be a Lagrangian star and I&t be a hypersurface-germ gt

Proposition 3.2.We assume that the Lagrangian s$acontains the star, sa{{L1, L2}, p)
which is of type A; (stable) with respect tqH, p). Then in the transversal case
i.e. L3 is transversal taL,, Lo, and H, the typical reduced star§L}, L}, L5}, p") are
classified by the following normal formsi{L’, L%}, p") is a basic Lagrangian star in

M = (R2D o = Zf;ll dy: A dx;) and L} is generated by the following Morse family

k—1
FOuy) =24 Ay 4 ¢0n o) £ yf £k
i=1

where¢ € m?,

----- Yi-1"
Proof. By proposition 3.1 we can redud¢L,, Lo, H}, p) to the following normal form
in p

Ll:y1=0,...,yn=0

L2:x1=:|:2y1,x2=0,...,xn =0

H:xy=0.

By transversality assumptioris; can be generated by the generating functior> F(y)
such that

d (E> © £0.
dy1
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By the reduction projectiomry we get
Ly y,=0,...,y9,=0
Ly x=0,...,x,=0

oF oF

_()’1, _)_})a ey Xp =
8y2 ' 3)’n

Ly:xp= (1, y) 0= S_F(YL y)
Y1
wherey = (y2,..., yu).

Any liftable (throughry) equivalence of({L], L%, L3}, 0) is determined by arR-
equivalence of Morse familieB (y1, y), where the diffeomorphism of is preserving zero.
By reorderingy, treatingy; as a Morse parameter,and applying the group of equivalences
we obtain the prenormal forms of proposition 3.2. O

Now we consider the situation when the basic Lagrangian §taf, Lo}, p) is not
transversal to the hypersurfacél, p). In this case at least one of the two Lagrangian
germsLi, L, have to be transversal t. We assume that it i€;. Then we have the
following result.

Proposition 3.3. If the basic Lagrangian stai{Li, Lo}, p) is not transversal tqH, p)
then the generic reduced Lagrangian stdr;, L}, p") can be written in one form from

the following normal forms:L} : y1 =0, ..., y,—1 =0, L} : is generated by the following
Morse family
k—3 ) n
SOL3) =HaF 4 yaktitty (g(yl, SREEDD y,?)x
i=1 i=k—2
wherek = dimg £, /A(S(,0) +1<n+2,gem?  —md  andA(S(,0)is

an ideal in&, generated byS/dx (1, 0).

Proof. If L1 is transversal td4 then we obtain the Darboux coordinates such that
L1:y1:0,...,yn:o H :x1=0.
Becausel; is transversal td 1, then L, may be generated in the form

as )
xi=——(0) i=1...,n
ayi
where ddS/dy1)lo = 0. By the equivalence group of symplectomorphisms preserving
(H U L4, 0) we can reduce to the form (cf [2])
k—2 n
SO =Hyf+ ) vy + (g(yz, M) E Y yi2>y1

=2 i=k—1

. . . . . 2 .
whereg is a smooth function (functional invariant) agde m7j, | . By the reduction

projection 7y and reordering the variables’ we get the corresponding Morse family
S, ¥), ¥y =1, ..., yn-1), generatingL}. O

We see that the reduction of the basic Lagrangian star, which is not transveigal to
is no more basic. Moreover it is not even smooth. The only simple model of the reduced
Lagrangian star in the non-transversal case is the one generated by the following Morse
family
Ly S(h, y1,y2) = 2% £ yih
which is the singular Lagrangian set.
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