Statistics and Probability Letters 129 (2017) 306-310

Contents lists available at ScienceDirect

STATISTICS &
PROBABILITY
ETTERS

Statistics and Probability Letters

journal homepage: www.elsevier.com/locate/stapro

The left tail of renewal measure @ CrossMark

Bartosz Kotodziejek
Faculty of Mathematics and Information Science, Warsaw University of Technology, Koszykowa 75, 00-662 Warsaw, Poland

ARTICLE INFO ABSTRACT

Article history: In the paper, we find exact asymptotics of the left tail of renewal measure for a broad class
Received 9 December 2016 of two-sided random walks. We only require that an exponential moment of the left tail
Received in revised form 14 June 2017 is finite. Through a simple change of measure approach, our result turns out to be almost
Accepted 21 June 2017

- g equivalent to Blackwell’s Theorem.
Available online 5 July 2017 © 2017 Elsevier B.V. All rights reserved.

MSC 2010:
60K05

Keywords:
Renewal theory
Renewal measure

1. Introduction

Let (Xi)k>1 be a sequence of independent copies of a random variable X with EX > 0 (we allow EX = oo). Further, define
Sp =X+ -+ Xy, n>1and Sy = 0. The measure defined by

H(B) = ZP(Sn €B), BeBR)
n=0

is called the renewal measure of (Sy)n>1.

We say that the distribution of a random variable X is d-arithmetic (d > 0)if it is concentrated on dZ and not concentrated
on d'Z for any d’ > d. A distribution is said to be non-arithmetic if it is not d-arithmetic for any d > 0.

A fundamental result of renewal theory is the Blackwell Theorem (Blackwell, 1953): if the distribution of X is non-
arithmetic, then for any h > 0,

H((x,x+h])—>% asx — oo. (1)

If the distribution of X is d-arithmetic, then for any h > 0,
d|h/d]

H ((dn,dn + h]) — asn — oo. (2)

The above results remain true if EX = oo with the usual convention that c/co = 0 for any finite c. In the infinite-mean case
the exact asymptotics of H((x, x+h]) are also known. Assume that X is a non-negative random variable with a non-arithmetic
law such that P(X > x) = L(x)x~“ with « € (0, 1), where L is a slowly varying function. Then EX = oo.If« € (1/2, 1), then
without additional assumptions the so called Strong Renewal Theorem holds, for h > 0,

h
m(x)H ((x,x + h]) — T@rz—a 7% (3)
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where m(x) = [ P(X > t)dt ~ L(x)x'*/(1 — a) — oo. Here and later on f(x) ~ g(x) means that f(x)/g(x) — 1 as
X — 00.

The case of @ € (0, 1/2] is much harder and was completely solved just recently by Caravenna and Doney (2016). It was
shown that if « € (0, 1/2] and X is a non-negative random variable with regularly varying tail, then (3) holds if and only if
(Caravenna and Doney, 2016 Proposition 1.11)

ox
F(x) — F(x —
lim lim sup/ Mdz =0, (4)
-0 x-o0 1 F(z)z?

where F is the cumulative distribution function of X and F = 1 — F. It was already observed by Kevei (2016, Theorem 3.1)
that this result generalizes to X attaining negative values as well if additionally

P(X < —x)=o(e™™) asx — oo (5)

for some r > 0. This will be our setup. Full picture of SRT for random walks is also known (Caravenna and Doney, 2016
Theorem 1.12).

It is clear that limy_, .oH((—00, —x)) = 0. There are considerably fewer papers dedicated to analysis of exact asymptotics
of such object than of H((x, x + h]) as in Blackwell’s Theorem. Under some additional assumptions we know more about the
asymptotic behaviour of the left tail. Stone (1965) proved that if for some r > 0 (5) holds, then for some r; > 0,

H((—o0, —x)) = o(e™"*) asx — oo. (6)

Stone’s result was strengthened by van der Genugten (1969), where exact asymptotics as well the speed of convergence of the
remainder term are given for d-arithmetic and spread-out laws (i.e. laws, whose nth convolution has a nontrivial absolutely
continuous part for some n € N). An important contribution regarding the asymptotics of the left tail of renewal measure
was made by Carlsson (1983), who concerned with the case when E|X|™ < oo for some m > 2, but this does not fit well into
our setup. We allow EX, = oo, but on the other hand we require that some exponential moments of X_ exist. The results
mentioned above were obtained using some analytical methods, whereas we will use a simple probabilistic argument, which
boils down the asymptotics of H((—oo, —x)) to the asymptotics of H((x, x + h]), where H is some new (possibly defective,
see below) renewal measure.

1.1. Defective renewal measure

For p € (0, 1) consider
o0
H,(B):=) p"P(S, € B), B¢ B(R),
n=0

where (S;)n>1 is, as in the previous section, a random walk starting from 0. H,, is called a defective renewal measure of (S;)n>1.
In contrast to the renewal measure, H,, is a finite measure. Let t be independent of (S;)n,>1 and P(r = n) = (1 — p)p",
n = 0,1,....Then H,(B) = P(S; € B)/(1 — p). It is well known that if the distribution of S; is subexponential, then
P(S; > x) ~ EtP(S; > x). Here, we are interested in exact asymptotics of H,(B) when B = (x, x + T] for any T > 0. In this
context, local subexponentiality is the key concept (Asmussen et al., 2003).

Let u be a probability measure on R. For T > 0 we write A = (0, T]and x + A = (x, x + T]. We say that u belongs to the
class £, if u(x + A) > 0 for sufficiently large x and

nx+s+A4)
wux+ A)
uniformly in's € [0, 1].
We say that p is A-subexponential if F € £, and

wW2x 4+ A) ~ 2ux + A).

—1 asx— oo, (7)

Then we write i € Sx. Finally, w is called locally subexponential if u € S, for any T > 0. We denote this class by Sjy.
The following theorem is an obvious conclusion from Watanabe and Yamamuro (2009, Theorem 1.1).

Theorem 1.1. Assume that  is a probability measure on R such that
/e"”‘u(dx) < oo forsomee > 0.
R

For 0 < p < 1define
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Then u € S, ifand only if n/(1 — p) € S, if and only if

0
5 ulx+ A).

U(X+A)Nm

Some examples of measures from Sy, may be found in Asmussen et al. (2003, Section 4).
2. Main result
Assume that X is a random variable with EX € (0, co]. We define the Laplace transform of the distribution of X by

2(0) := Ee %X,

Function g is convex and lower-semicontinuous. We are interested in a situation of an exponentially decaying left tail, that
is,

P(X <0)>0 and g(0)<oo forsomed > 0. (8)
Under (8) we define

k:=sup{d >0:g(0) <1} and p:=gk). (9)
Since g’(0) = —EX < 0, « is strictly positive. Moreover, we have g(f) — oo as & — oo and thus « is finite. In general we

have 0 < p < 1 and a sufficient condition for p = 1is that g(6) < oo forall 6 > 0.

Theorem 2.1. Assume X is a random variable with a positive (possibly infinite) expectation such that (8) holds. Let H be the
renewal measure of (Sp)n>0, Where S, = Z;::]kaor n € N, Sg = 0 and X, are independent copies of X. Define k and p as in (9).

(a) Assume that p = 1.

(a-i) Assume that X has a non-arithmetic distribution. Then

lim e“*H((—o0, —X)) = € [0, c0).
X0 kg ()
Moreover, if
L(t
EE_KX1(7x>r} ~ % (10)

for some « € (0, 1) and a slowly varying function L, then g'(k) = oc. For « € (0, 1/2], assume additionally that
F(t) = Ee"‘xl(_xsn satisfies (4). In such case,

1 1
" T2 -a)xmi)’
where m(x) ~ L(x)x'~% /(1 — ).
(a-ii) Assume that X has a d-arithmetic distribution. Then
d
. «dn _ _ —
nano]oe H((—o00, —nd)) 7(e:<d “gw)
(b) If p < 1, then

e“*H((—o00, —X))

lim e“*H((—o0, —x)) = 0. (11)

X— 00
Moreover, if p~'"Ee™*1;_xc.} € Sioc, then

—kX
¢ Hi(—o0, —x)) ~ oDkt

k(1 —p)?
Remark 2.2. Condition (10) is implied by
a L(t) .,
]P)(_X>t):;ta+1€ , t>0.

Indeed, for any slowly varying function L and 8 < —1, Bingham et al. (1989, Proposition 1.5.10) asserts that

/oo tPL(E)dE ~ XPTIL(X) /(=B — 1).
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Remark 2.3. Under the same assumptions, a stronger result concerning (a-ii) is proved in van der Genugten (1969, Theorem
2) (the remainder term is also exponential).

Remark 2.4. If X has a non-arithmetic distribution, for any § > 0, we obtain “more local” behaviour:

. KX 1-— e_SK
lim e“*H((—x — 8, —x)) = —.
X—00 kg (k)

Proof of Theorem 2.1. Note that g’(x) = —EXe %X is positive (1 = g(0) = g(«) and g is convex), but may be infinite.
Define 7, = o(Xy, ..., X;,) and let F, be the smallest o -field containing all F,. On (£2, F,) we define a new measure Q
via projections

QX1 ..., Xn) € B) = p "Ee ™" _(x, . xn)ep)» B € BR"),

where S; = Xy + --- + Xs, n € Nand So = 0. By the definition of p, Q is a probability measure. Moreover, (X,)n>1 is an iid
sequence under Q as well. Let Eg denote the corresponding expectation. For any Borel function f : R — R one has

Ef (Sn) = p"Eqe " f(—Sp).
Thus,

BS: < ) = p"Boe 5= " [ e

(x,00)
Moreover, observe that EgX = —EXe ™ X = g’(k) € (0, oo}, thus (S,), has a positive drift under Q as well. Hence, for x > 0,
o0
(=00, ) = Hi((=00, =) = D F(S, < —x) = | e *Ho(a)
n=1 (x,00)

where Hy = Z;‘;Op"Qj‘(" is the (defective if p < 1) renewal measure of (S, );>0 under Q.
Writing e ! = « f[°° e~ “*ds, through Tonelli’s Theorem, we arrive at key identity:

o0

Hp((—o00, —x)) = k& /OO e “*Ho((x, s])ds = Ke”"‘/ e "Hg((x, x + h])dh. (12)
X 0

Consider first the case of p = 1. For any renewal measure H we have H((x, x + h]) < ah + g for some «, § > 0 and all x,
thus by Lebesgue’s Dominated Convergence Theorem and (1),

[o]

lim e*Hp((—o00, —x)) = K/ e~ lim Hg((x, x 4+ h])dh = ,
X—00 0 X—00 KEQX
which gives the first part of (a-i). For (a-ii) use (2), instead of (1).

For the second part of (a-i), observe that

L(t
Q(X > t) = ]EE_KX1{—X>t} = %7

thus the result follows by the Strong Renewal Theorem.

If p < 1, then Hy is a finite measure and (11) follows again by Lebesgue’s Dominated Convergence Theorem.

Consider now the case, when Qx € Sj,.. Since EQe*KX =1 < oo, by Theorem 1.1, we have (1 — p)Hg € Spc and

0

Ho((x, x + 1]) ~ m@x((& x+1]). (13)

Define L(y) := Hg((logy, logy + 1]). By (7), L is a slowly varying function. Moreover, for any h > 0

Ho((x, x + h]) - % Ho((x+n—1,x+n]) _ % L(e¥tm )

Ho((x, x4+ 1]) — Hg((x, x4+ 1]) L(eX)

n=1 n=1

By Potter bounds (Bingham et al., 1989 Theorem 1.5.6) for any ¢ > 0 and C > 1 there exists Xy such that for x > xg,
[h1
Ho((x, x +h]) _ 3 et < CTh1e M,
Ho((x x+ 11) = & =
Observe that (7) implies for h > 0,

Ho((x, x + h]) ~ hHo((x, x + 1]).



310 B. Kotodziejek / Statistics and Probability Letters 129 (2017) 306-310

Indeed, for h = k/n € Q. one gets

k
Ho (o x+ 1) = 2 Ho (x4 x4 7]) ~ kHo (e x+7])
i=1
and
Ho ((x.x+1]) ~ % > Ho((x+ 5 .x+1]) = %HQ((x,x +1)).
i=1

By monotonicity, f(h) := lim,_, ocHgo((x, x + h])/Hg((x, x + 1]) exists for all h > 0 and f(h) = h. Thus, by (12) and Lebesgue’s
Dominated Convergence Theorem we conclude that

lim e (200, =X) _ K/OO b Jigy He( XD )

X—00 Ho((x, x 4+ 1]) o 0 ¢ x=>o00 Ho((x, x4+ 11)

The use of (13) completes the proof. O
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