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ON PERPETUITIES WITH LIGHT TAILS
BARTOSZ KOLODZIEJEK,* Warsaw University of Technology

Abstract

In this paper we consider the asymptotics of logarithmic tails of a perpetuity R 2
Z?’;l o} ]_[i;i My, where (M,, Q)52 are independent and identically distributed
copies of (M, Q), for the case when P(M € [0,1)) = 1 and Q has all exponential
moments. If M and Q are independent, under regular variation assumptions, we find the
precise asymptotics of —logP(R > x) as x — oo. Moreover, we deal with the case of
dependent M and Q, and give asymptotic bounds for — log P(R > x). It turns out that the
dependence structure between M and Q has a significant impact on the asymptotic rate
of logarithmic tails of R. Such a phenomenon is not observed in the case of heavy-tailed
perpetuities.

Keywords: Perpetuity; dependence structure; regular variation; Tauberian theorem;
convex conjugate

2010 Mathematics Subject Classification: Primary 60H25
Secondary 60E99

1. Introduction

In the present paper, we consider a random variable R defined as a solution of the affine
stochastic equation

R2 MR+ O, Rand (M, Q) independent. (1.1)

Under suitable assumptions (see (1.4) below) on (M, Q), we can think of R as a limit in
distribution of the iterative scheme

Ry = MyR,—1 + Oy, n>1, (1.2)

where (M, Q,),>1 are independent and identically distributed (i.i.d.) copies of (M, Q), and Ro
isarbitrary and independent of (M,,, Q),>1. Writing out the above recurrence and renumbering
the random variables (M,,, Q,), we see that R may also be defined by

j—1

REZQj]_[Mk, (1.3)
j=1 k=1

provided that the series above converges in distribution. For a detailed discussion of sufficient
and necessary conditions in the one-dimensional case, we refer the reader to [12] and [31]; here
we only note that the conditions

Elog™ |Q| <oo and Elog|M| <0 (1.4)
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1120 B. KOLODZIEJEK

suffice for the almost-sure convergence of the series in (1.3) and for uniqueness of a solution
to (1.1). For a systematic approach to the probabilistic properties of the fixed point equation
(1.1) and much more, we recommend two recent books, [3] and [17].

When R is the solution of (1.1), then following a custom from insurance mathematics, we
call R a perpetuity. In this scheme, let Q represent a random payment and let M be a random
discount factor. Then R is the present value of a commitment to pay the value of Q every year in
the future; see (1.3). Such a stochastic equation appears in many areas of applied mathematics;
for a broad list of references, consult, for example, [8] and [31]. If (R, M, Q) satisfy (1.1), we
will say that perpetuity R is generated by (M, Q) and that the random vector (M, Q) is the
generator of R.

For the sake of simplicity, we consider only the case when

P(M>0,0>0) =1, (1.5)

which implies that P(R > 0) = 1.
The main focus of research on perpetuities is their tail behaviour. Assume for a moment that
QO = 1 almost surely (a.s.). Then, for x > 1, on the set

1 1
{M1>1——,...,Mm >1——},
x x

we have
Lx]+1 Lx]+1 k—1
R > My-- M1 > 1—-— >1—e_1x,
> kX_; 1 -1 > kX_;( x) ( )

which gives a lower bound for the tails P(R > (1 — e 1)x) of the form

1 1 1\
P(M]>1——,...,MLXJ>1——>=P<M>l——> .
X X X

It turns out that such an approach, proposed in [11], gives the appropriate logarithmic asymp-
totics for constant Q; in [21] (with an earlier contribution in [16]), under some weak assumptions
on the distribution of M near 1—, it was proved that

1
logP(R > x) ~ cx 10gIP<M >1-— —) (1.6)

X

for an explicitly given positive constant c. As usual, we write f(x) ~ g(x) if f(x)/g(x)
converges to 1 as x — oo.

The next step in [11] was to consider nonconstant Q. If Q and M are independent, and M
has a distribution equivalent at 1 to uniform distribution, that is,

1
—log]P’<M > 1 - —) ~ log x,
X

then (see [11, Theorem 3.1])

im logP(R > x) _
x—o0 xlogP(M > 1 —1/x) g4

’

where g4 = esssup Q € (0, oo].

Downloaded from https://www.cambridge.org/core. IP address: 95.160.157.222, on 29 Nov 2018 at 18:43:09, subject to the Cambridge Core terms of use, available
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2018.53


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2018.53
https://www.cambridge.org/core

On perpetuities with light tails 1121

Two natural questions then arise.
1. What is the precise asymptotic if g4 = co?
2. What is the asymptotic if M and Q are not independent?

This paper is devoted to answering both these questions in a unified manner. We will be
particularly interested in the asymptotic behaviour of loglP(R > x) as x — oo, which is
closely related to the asymptotic behaviour of log Mg (¢), where M is the moment generating
function of R. It is known that if P(M > 1) > 0 then R is necessarily heavy tailed. In the
present paper we are interested in the case when P(M € [0, 1]) = 1 and when

Mg(t) =Ee'? < 0o forallt € R. (1.7)
In this case, R is always light tailed; by [1] and [4],
Mg (1) = Ee'® s finite on the set (—o0, fp),

where 7y := sup{t: Ee'? 1{p=1y < 1}, which is positive since P(M = 1) < 1. If #( is finite
then, by [6, Lemma 5],

—logP(R > x) _

lim inf =sup{t > 0: Mp(t) < oo} =19, (1.8)
X—> 00

which means that this case is completely solved. We have 7y = oo if and only if either
P(M =1) =0o0rPg| =1 = 8o, but the second case can be reduced to the first case. To see this,
assume that P(M = 1) > 0and P(Q =0 | M = 1) = 1, and define N = inf{n: M, < 1}.
It is easy to see that N is a stopping time with respect to ¥, := o ((My, Ox): k < n) and
P(N < 00) = 1. Then the distribution of

N
<M1 My, ZMI "'Mk—le>
k=1

is the same as the conditional distribution of (M, Q) given {M < 1}. Thus, if (M’, Q") 2 (M,
Q) | M < 1,by [31, Lemma 1.2], we have

RZ=MR+ Q', Rand (M, Q') independent,
and P(M’ = 1) = 0. Therefore, to exclude the case of finite 7y, we assume that
P(M €[0,1)) = 1. (1.9

Observe that the case when M < m < land Q < g4 < oo a.s. is uninteresting, since then
R has no tail (actually, R < g4 /(1 —m4) a.s.). We will always exclude this case by assuming
that

L is not bounded. (1.10)
1-M

We note here that the structure of dependence between M and Q does not have a significant
impact on the tails of heavy-tailed perpetuities. If

Pr=Mr+0Q) <1, r € R, 1.11)
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1122 B. KOLODZIEJEK

then, in the cases considered in [7], [9], [10], [13], and [19], the rate of asymptotics of P(R > x)
is not influenced by the dependence structure of (M, Q) (with possible exception in the very
special unsolved case of [7] if EM* Q%" = oo for all n € (0, «)). The problem becomes
more complicated if (M, Q) have lighter tails, that is, if the moment generating function of R
exists in a neighbourhood of 0 (but not in R), but there is still a relatively high insensitivity to
the dependence structure of the tail of R for given marginals (this is because in such cases Q
dominates M); see, e.g. [4, Theorem 1.3] and (1.8). If the moment generating function of R is
finite over all R, we will see that the dependence structure may have significant impact on the
rate of convergence even for logarithmic tails; this can be observed in the following example
(see also Example 5.2).

Example 1.1. Consider (M, Q) = (U, U) and (M’, Q') = (U, 1 —U), where U is uniformly
distributed on [0, 1] (note that (1.10) and (1.11) are not satisfied here). Let R and R’ be the
perpetuities generated by (M, Q) and (M’, Q), respectively. We have

—logP(R > x) ~ x logx,
while P(R’ = 1) = 1. To see the first result, observe that R = R + 1 satisfies
R2ZUR +1, R and U are independent;

thus, the results of [11] and [21] apply. For this example, the asymptotics of P(R > x) as
x — oo are also known [30].

Finally, we would like to mention here [28], where the authors considered generators
fulfilling a certain dependence structure which somehow resembles the notion of asymptotic
independence from [24]. A similar and significantly weaker, but still restrictive, condition was
considered in [4, Equation (5)]. Here we will be able to give bounds for the logarithmic tails
even if large values of M exclude large values of Q (and vice versa), which is in opposition to
the asymptotic independence.

The paper is organized as follows. In Section 2 we give a short introduction to the theories that
will be extensively exploited, that is, regular variation, convex analysis, Tauberian theorems,
and concepts of dependence. In Section 3 we find precise asymptotics of the logarithmic
tail of R when M and Q are independent, and Q is unbounded (Theorem 3.1) and bounded
(Theorem 3.2). Particularly, we assume that

1
xH—logP(l_M>x)eeR,_1, r>1,

and
x> —logP(Q>x)e Ry, a>1, or P(Q<gy)=1,

where R, denotes the class of regularly varying functions with index y. Under these assump-
tions, (1.7), (1.9), and (1.10) are satisfied. We show that

—logP(R > x) ~ ch(x),

where the constant ¢ > 0 is given explicitly and

h(x) = 321;{4 10gIP’< -1, 0> f)} (1.12)

1-M t
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On perpetuities with light tails 1123

Observe thatif Q = 1 a.s.then h(x) = —x loglP(M > 1 —1/x), so we recover (1.6). Thus, we
generalize the results of [11] and [21], but with new proofs, which are very different from those
in[11] and [21]. Our proofs are based on a new formulation of the classical Tauberian theorems;
see Section 2.4. The appearance of the function 4 is probably the most interesting phenomenon
here. It should be noted that the function % (in the simple form when Q is degenerate) in the
two-sided bounds for log P(R > x) appeared for the first time in [15].

Section 4 is devoted to explaining some informal heuristics, which show that the function £
is a natural candidate for describing the asymptotic of —logP(R > x) when M and Q are not
independent. In Theorem 4.1 we give basic properties of the function 4. In Section 5 we find
a lower bound for logIP(R > x) as x — oo also in the case when we allow M and Q to be
dependent. In Theorem 5.1, under some regularity assumptions on /, we are able to show that

liminf C8PR>%)
X— 00 h(x)

’

where the constant ¢ is explicit and depends on properties of the function .. The constant ¢
agrees with the results of Section 3, where independent M and Q are considered. In Section 6
we show that if R is generated by (M, Q) with an arbitrary dependence structure then

. logP(R > x) . logP(Rco > x)
limsuyp———— < lim ———= =
X—00 heo(x) X—>00 heo(x)

9

where R, is a perpetuity generated by the so-called comonotonic (M, Q) (see Section 2.3)
and A, is the corresponding function /. The constant c is given explicitly (see Theorem 6.1).
We also give stronger results under additional assumptions that the vector (M, Q) is positively
or negatively quadrant dependent (Theorem 6.2). Finally, Section 7 contains proofs of some
results from preceding sections.

2. Preliminaries

2.1. Regular variation

In this section we give a brief introduction to the theory of regular variation. For further
details, we refer the reader to [2].
A positive measurable function L defined in a neighbourhood of 400 is said to be slowly
varying if
L(tx)
im =
xX—00 L(x)

A positive measurable function f defined in a neighbourhood of +oo is said to be regularly
varying with index p € R if f(x) = xPL(x) with L slowly varying. We denote the class
of regularly varying functions with index p by R, so that Ry is the class of slowly varying

1 forallt > 0. 2.1)

functions.
We say that a positive function f varies smoothly with index p (f € 8R,) if f € C* and,
foralln e N,
X" (x)
lim ———=p(—1)---(p—n+1). 2.2)
X—00 f(x)

It is clear that 8RR, C R,. Moreover, if f € §R, then x2f"(x)/f(x) = p(p — 1); hence,
f is ultimately strictly convex if p > 1; ultimately here and later means ‘in the vicinity of
infinity’. Furthermore, if f € R, with p > 0 then, in the neighbourhood of infinity, f has
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1124 B. KOLODZIEJEK

an inverse in R/, (see [2, Theorem 1.8.5]). For any f € R,, there exist f, ? € §R,, with
f(x) ~ f(x)and f < f < fintheneighbourhood of infinity (the smooth variation theorem [2,
Theorem 1.8.2]).

If f € 8R, with y > 0 then

/ Y
SR RGN C <1 + g) ' 23)
x—>00 ) Y

This follows by the fact that convergence in (2.1) and (2.2) is locally uniform; see, e.g. [2,
Theorem 1.2.1]. In [21, Lemma 2.1] it was shown that, if f € R, with p > 0 and g(x) — oo

as x — o0, then the condition

im S = L implies that lim e,
x=00 f(g(x)) r—00 g(x)

This fact will be used several times.
We say that a measurable function f is rapidly varying (f € Roso) if

G
1m
=00 f (x)

=o0 forallt > 1.

It is the subclass of R, that we are interested in. The class I' consists of nondecreasing and
right-continuous functions f for which there exists a measurable function g: R — (0, co)
such that (see [2, Section 3.10])

i S +ugx)
m — =

forall u € R. 2.4)
XxX—00 f(x)

The function g in (2.4) is called an auxiliary function and if f has nondecreasing positive
derivative, then we may take g = f/f’ (compare with (2.3)). It can be shown that if f € T
and ¢ > 1 then lim,_,  f(tx)/f(x) = 00; thus, ' C Reo.-

The class I is very rich. If fi € R,, p > 0, and f, € I', then fi o f» € I' (see [2,
Proposition 3.10.12]). The same holds if f; € I' and f; € R, with p > —lorif f, f; € T
(see [2, p. 191]).

Finally, we note that the convergence in (2.3) is uniform on compact subsets of (—y, co) and
that the convergence in (2.4) is uniform on compact subsets of R (see [2, Proposition 3.10.2]).

2.2. Convex conjugate

For a function f: (0, 00) — R, we define its convex conjugate (or the Fenchel-Legendre
transform) by

f*(x) =sup{xz — f(z): z > 0} 2.5

It is standard that f* is convex, nondecreasing, and lower semicontinuous. Moreover, if f
is convex and lower semicontinuous then (f*)* = f (see [26]). Convex conjugacy is order
reversing, that is, if f < g then f* > g*.

If f is differentiable and strictly convex then supremum (2.5) is attained at z = (f/) " (x)
and, thus, f*(x) = x(f)~'(x) — £((f) " (x)). Moreover, f' o (f*) = (f*) o f' =1d and

SO

Fr@) =x(f'(x) = £ (). (2.6)
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On perpetuities with light tails 1125

We will be interested in the relation between f and f* when f is regularly varying. We say
that o and g are conjugate numbersifa, B > 1anda~! + =1 = 1. Let L be a slowly varying
function. Then (see [2, Theorem 1.8.10, Corollary 1.8.11])

)~ éx“L(x“)l/ﬂ € Ry
if and only if
[ (@) ~ %zﬂL#(zﬁ)l/a € Rg,
where L is a dual, unique up to asymptotic equivalence, slowly varying function with
Lx)L¥(xL(x)) —> 1, L¥(x)L(xL*(x)) > 1, asx — oo.
By the very definition of f* we obtain Young’s inequality:
f(s)+ f*(@) > st foralls,t > 0.

If f and f* are invertible then, taking s = f~!(x) and r = (f*)~!(x) for x > 0, we have

(H ') -

X

We will show that the left-hand side above has a limit as x — oo. If f € R, with p > 0
then there exists a function g such that f(g(x)) ~ g(f(x)) ~ x. Such a g is unique up to
asymptotic equivalence (see [2, Theorem 1.5.12]) and is called the asymptotic inverse of f. If
f is locally bounded on (0, oo) then we can take g = f <, where

fT(x) =inf{y € (0,00): f(y) > x}.
Lemma 2.1. Let f € Ry witho > 1, and let B be a conjugate number to a. Then

TN W

X

— a(p — 1)1/'3 as x — o0.
The proof is postponed to Section 7.
The following theorem will be important. For a formulation in R”, see [14, Theorem 2.5.1].

Theorem 2.1. Assume that functions a and b are lower semicontinuous and convex on (0, 00).
If a is additionally nondecreasing then, for x > 0, we have

(a0 b)*(x) = inf{a*(z) + zb*<f> }
z>0 Z

2.3. Dependence structure of random vectors

A function f: R> — R is said to be supermodular if
f(min{u, v}) + f(max{u, v}) > f(u)+ f(v) forallu,v e R?,

where the minimum and maximum are calculated componentwise. If f has continuous second-
order partial derivatives then f is supermodular if and only if 32 f/dxdy > 0. An important
example of supermodular functions is f(x1, x2) = g(x1 + x2), when g is convex. We will use
this fact in the proof of Lemma 2.2 below.
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A random vector (X, Y) is said to be smaller than a random vector (X', Y’) in the super-
modular order if Ef(X,Y) < Ef(X’,Y’) for all supermodular functions f for which the
expectations exist. The following theorem has many formulations with different assumptions
(see, e.g. [23] and [29]), but we will use that given in [5].

Theorem 2.2. Let f: R? — R be a continuous supermodular function. Let (X,Y) and
(X', Y') be random vectors with the same marginal distributions. Assume that

PX<x,Y<y)<PX'<x,Y <y) forallx,y e R.
If the expectations E f (X, yo) and E f (xo, Y) are finite for some xo and yo, then
Ef(X,Y) <Ef (X", Y,
provided that the above expectations exist (even if infinite valued).

Assume that X and Y are random variables defined on the same probability space. Let Fy
and Fy denote the cumulative distribution functions (CDFs) of X and Y, respectively. Define
F(x,y) = (Fx(x)+ Fy(y) — 1)+ and F(x, y) = min{Fx (x), Fy(y)}. Itis clear that F and
F are two-dimensional CDFs. Moreover, F and F have the same marginal distributions and,
for any F with the same marginals, we have (Fréchet—Hoeffding bounds)

F<F<F.

If arandom variable or vector X has a CDF F, we write X 2 F. We say thata vector (X, Y) 2 F
is comonotonic if F = F and that it is countermonotonic if F = F. Thus, Theorem 2.2 implies
that comonotonic (countermonotonic) random vectors are maximal (minimal) with respect to
the supermodular order. For a CDF F, define

F~'(x) =inf{y e R: F(y) > x} forx €0, 1].

It is known that if U is uniformly distributed on [0, 1] then

(F ), Fy L)) ~

and
(F'(U), F; (0= U) R F.

We say that the pair (X, Y) is positively quadrant dependent (see [20] and [22]) if
PX<x,Y<y)=P(X<x)P(Y <y) forallx,yeR.

Similarly, (X, Y) is negatively quadrant dependent if the above holds with the inequality sign
reversed. We say that a function f is weakly monotonic if it is nondecreasing or nonincreasing.

Lemma 2.2. Assume that (1.5) holds, and let (M’, Q") be a random vector such that
PM<x, Q<y)<PWM' <x, Q' <y) forallx,y €R,

with M' =2 M and Q' = Q. Let R and R’ denote the perpetuities generated by (M, Q) and
(M’, Q"), respectively. Then

Ef(R) <Ef(R') for all convex and weakly monotonic functions f on R, 2.7
provided that the above expectations exist (even if infinite valued).

The proof of Lemma 2.2 is postponed to Section 7.

Downloaded from https://www.cambridge.org/core. IP address: 95.160.157.222, on 29 Nov 2018 at 18:43:09, subject to the Cambridge Core terms of use, available
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2018.53


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2018.53
https://www.cambridge.org/core

On perpetuities with light tails 1127

Remark 2.1. Assume additionally that
EM <1 and EQ < oo.

In this case ER and ER’ are finite, and

E EQ’
ER = 9 = Q =ER’. (2.8)
1-EM 1—-EM’

For convex and nondecreasing f, (r) = (r — x)4+ with x > 0, we have

o0
Ef:(R) :/ P(R > t)dt,
X
and, thus, (2.7) gives
o
/ (P(R' >t) —P(R > 1t))dt >0 forall x.
X
But, by (2.8) we obtain
o0
/ (PR >t) —P(R > t))dt =E(R'— R) =0,
0

which implies that
X
f (Fgpi(t) — Fgr(t))dt > 0 forall x,
—00

which is equivalent to saying that R is second-order stochastically dominant over R’; see [27].

2.4. Useful Tauberian theorems
The Tauberian theorems presented below are classical, but here we formulate them in a new
way. To see that these formulations are equivalent to the classical formulations, see Section 7.

Theorem 2.3. (Kasahara’s Tauberian theorem.) Let X be an a.s. nonnegative random variable
such that the moment generating function

M(z) = Ee®X
is finite for all z > 0. Let k € R, with p > 1. Then
—logP(X > x) ~ k(x)
if and only if
log M (z) ~ k*(2).
Moreover, the limits of oscillation satisfy
—logP(X —logP(X
By <liminf —28TX >0 _ o Z0ePX >0
x—>00 k(x) x—00 k(x)
for some constants 0 < By < By < o0 if and only if
- log M log M
By < timinf 2EME@ _ i up 128 M@
=00 f*(2) »oo fH(2)
for some constants 0 < l~3~1 < By < o0 (the above result can be strengthened by specifying the
relation between B; and B;; see [2, Corollary 4.12.8]).

Séz
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Theorem 2.4. (de Bruijn’s Tauberian theorem.) Let Y be a nonnegative random variable. Let
f e R, withp > 1. Then

1
—xlogIP(Y < —) ~ f(x) asx — o0
x

if and only if
—logEe™ ~ (f“ (L) asi — oo.
3. Independent generators
In this section we consider M and Q independent under two regimes:

e both 1/(1 — M) and Q are unbounded (Theorem 3.1),

e 1/(1 — M) is unbounded, while Q is bounded (Theorem 3.2).
Both of the proofs use the two Tauberian theorems introduced in the previous section.
Theorem 3.1. Let M and Q be independent, and assume that (1.5) holds. Let

k(x) == —1ogP(Q > x) and f(x):=—x logIP’(M >1-— %)

and assume that f € R, andk € Ry withr,a > 1. Let r* and B denote the conjugate numbers
to r and a, respectively. Then (f* o k*)* € R, and

y—1
_logP(R > x) ~ (%) (f* 0 k*)*(x) 3.1)

withy = Br*/(Br* — 1).

As will be seen in Remark 4.1 and Theorem 4.1 below, the function (f™* o k*)* coincides
with the function /4 introduced in (1.12).
Similarly, we can handle the case of bounded Q.

Theorem 3.2. Let M and Q be independent, and assume that (1.5) holds. Let

1
q+ =esssupQ < oo and f(x):= —xlogP(M >1-— —),

X

and assume that f € R, withr > 1. Then

r N7 x

Proof of Theorem 3.1. Since M, Q, and R are independent on the right-hand side of R =
MR + Q, for
¥ (2) = log ek,

we have
eV = Ee*MREe? = EeV M Ee?? (3.2)

upon conditioning on M.

Downloaded from https://www.cambridge.org/core. IP address: 95.160.157.222, on 29 Nov 2018 at 18:43:09, subject to the Cambridge Core terms of use, available
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2018.53


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2018.53
https://www.cambridge.org/core

On perpetuities with light tails 1129

In view of Kasahara’s Tauberian theorem, Theorem 2.3, it is enough to show that
V(@) ~ (BrH) 7 (f* o k(). (3.3)
Indeed, observe that in this case

—logP(R > x) ~ Y*(x) ~ sug{zx — (Br) TN o kM@ = Br) TN o kN (Briv).

(34
Since f* o k* € Rp,+, (3.1) then follows by the regular variation of (f* o k*)* € R,,.
Moreover, by the Abelian (direct) parts of the Kasahara’s and de Bruijn’s Tauberian theorems
(put X = QandY =1 — M) we have

logEe?? ~ k*(z) € Rp

and
—logEe™ "M% ~ () (2) € Ry

Assume for the moment that
log Ee?@ ~ —logEe ¥ @U1-M) (3.5)
Then by the above considerations we obtain
k*(2) ~ (f) " 2y (2)),
or, equivalently (recall the definition of the asymptotic inverse in Section 2.2),
(f* ok (2) ~ z¢' ().

This implies that " € Rg+_1 and so zy'(z) ~ Br*¥(z), which, together with the above
equation, gives (3.3) after applying Kasahara’s Tauberian theorem (see (3.4)).
It remains to show that (3.5) holds. By the convexity of ¥y we have

EeV GM—Y @) > Re—2¥'@U-M), (3.6)

Moreover, since R is a.s. nonnegative, ¥ is nondecreasing. Thus, for any m € (0, 1), by the
monotonicity and again by the convexity of i, we obtain

EeV GM—V@) < Ee=a¥/GMA=M) 1\ L VEM—VOP(M < m) = I + .
Since 1 is strictly convex, we have

I < BV GmU-M gy < Bem @V GmU=M qng [y < gm2¥/@miom),

But
Ee—2V' (@m)(1-M)
e—z¥’'(@m)(1—m)

since P(M > m) > 0; hence,

= Re V' @m-M _, o a5z — o0,

Eegb(zM)fl//(z) < Il + 12 < Eefzw/(zm)(lfM)(l +0(1)) < Eefmziﬂ’(zm)(l*M)(l +0(1)),
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1130 B. KOLODZIEJEK

because m < 1. Thus, by (3.2) we obtain
log Ee?9/™ = —logReV@M/m=v@/m) > _ o9 Ee 2V @(-M) _ log(1 + o(1)).
Hence, by (3.6) and the above inequality, for any m € (0, 1), we have
log Ee?? < —logEe V' @U-M) < 150 Fed/mQ 4 o(1).

By the regular variation of z > log Ee??, we finally conclude that

—log Ee~V'@1-M) —log Ee~2V'@1-M)
1 < liminf < lim sup <m™#
7—00 log Eez@ 7500 log Ee?¢
for any m € (0, 1), which is (3.5). O

Proof of Theorem 3.2. The proof proceeds in the same way as previously, but here we have
z > logEe*? € R so that 8 = 1. Indeed, for any ¢ € (0, ¢;), we have

79+ > logEeZQ > logEeZQ 1(0>¢) = 2q +10gP(Q > g),

which means that log Ee?? ~ zg.. Let r* be the conjugate number to 7. Similarly as before,
we show that

24 ~ logEe?? = —log Ee? M~V @) ~ _1ogEe ¥ @U=M) (%)< (2 (2)),
so that
' (@) ~ fH(zg) ~ 'Y (2)
since f* € R,+. Then by Kasahara’s Tauberian theorem we conclude that

—logP(R > x) ~ " (x) ~ sup{zx — rl*f*(q"rz)} _ rl*f(r*i) 0

z>0 q+

4. Heuristics and the function £

In this section we present some informal heuristics, which show that the function / defined
in (1.12) is a natural candidate for explaining the asymptotic of —log[P(R > x) even if M and
Q are not independent. By Kasahara’s theorem we know that x — — log P(R > x) is regularly
varying with index y > 1 if and only if z > ¥ (z) := log Ee?* is regularly varying with index
y/(y — 1), where 1 is uniquely determined by the equation

Fe@tv M-y () _ 1

In this case, we expect that in some sense as z — 0o we have

Eet@—V@U-M"0=Dy

and, from this point, it is not far to considering a function A defined by the equation
Ee?@~*@U=M) — 1 forz > 0.
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On perpetuities with light tails 1131

It seems reasonable to expect that, for large z and some constants B;, i = 1, 2, we have (this
istrue if m_ = essinf M > 0)

Assume now that A is regularly varying. By Kasahara’s Tauberian theorem, this would imply
that (recall that —log P(R > x) ~ ¥*(x))

~ . . . —logP(R > x) . —1logP(R > x) ~
0< By <liminf —— <limsup ——— < By < o0
x—>00 A*(x) x—00 2*(x)
for some constants f?,-, i = 1,2. However, the definition of A does not seem much more
appealing than that of v, but it is the function A* that is of interest. By the definition of A we

have
| = Be?QHQU=M) 5 gei0=2@U=M 1\ 0> Bt 1y e O/,
which gives, for any ¢ > 0,
Mz) > tlogEe*? 11 _pr<1/s) - (4.1)

Furthermore, by the exponential Markov inequality we have, for z > 0,

P 1—M<l Q>£ <—EGZQ1“_M<1/'}
t’ t ’

- ezx/t

which gives, together with (4.1),

1 X 0
e t, Q> " > zx —tlogEe®® 1y 1-1/1) = 2x — A (2)

—tlogP
og (1

for any positive x, ¢, and z. Taking inf;>; and sup,_ of both sides, we obtain (recall the
definition of % in (1.12))
h(x) > A*(x) forall x > 0.

In general, we are not able to prove that i1(x) ~ A*(x) (or lim sup, _, ., h(x)/A*(x) < 00), but
there is strong evidence that such a claim holds for a wide class of distributions of (M, Q).
This would eventually imply that —log P(R > x) is comparable, up to a constant, with & (x) as
x — 00. Moreover, if M and Q are independent, then Theorems 3.1 and 3.2 give asymptotics
for —logP(R > x) in terms of /; see below.

Remark 4.1. Every convex conjugate is convex, nondecreasing, and lower semicontinuous.
Thus, under the assumptions of Theorem 3.1, by Theorem 2.1 we have

(F* o k*)*(x) = inf{f(t) +tk<f>} ~ inf{—t 10gIP’<<M ~1— 1>IP><Q > f))}
>0 t t>1 1 1

since f(t) = 0fort € (0, 1). In particular, if f(x) = cx" and k(x) = dx* for some ¢, d > 0
and r, o > 1, then direct calculation gives

C r

(F* 0 K*Y*(x) =d“+: _1<_

xocr/(oz-i—r—l)

(a—1)/(a+r—1)
doa— 1)
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1132 B. KOLODZIEJEK

We gather the properties of the function 4 in the following theorem. Its proof is postponed
to Section 7.

Theorem 4.1. Assume that (1.5) holds, and define
1
f(x) = —x log[P(M >1— —), k(x) := —1logP(Q > x).
X

(a) There exists a function t such that

1 X
hx) = —t()c)loglP’(1 myY; >t(x), Q > t(_x)) + o(1). 4.2)
Moreover, if (1.10) holds then
h(x) + o(1)
0= Tiog PO/ = M) > %) “3)
(b) We have
hCO S h S hcounterv
where :
heo(x) := }Eg{—t logmin{IF’(l — > t),]P’(Q > ;)}}
and

1
heounter (X) 1= llgfl‘{—l‘ 10g[P<1 yy; > t) +P<Q > ;) — 11“

are functions corresponding to comonotonic and countermonotonic vectors (M, Q).
(c) Let
) X
Ring(x) := 1nf{f(t) + tk(—) }
1>1 t
be the h function corresponding to independent M and Q. Then
Rind (x) ~ (f* 0 k*)*(x).
If f € Rrandk € Ry withr,a > 1, then
hind S <(Ry»

where y = ar/(a +r — 1) and x — t(x) € Ryjair—1)- If f € Ry withr > 0 and
g+ = esssup Q < 0o, then k*(z) ~ zq4 and

hing (x) ~ f(i).
q+
X
Beo(x) = tigg{max{f(t), tk(?>”.

If f e Rrandk € Ry withr, o0 > 1, then

a—1 r r/(a+r—1)
heo(x) ~ atr—1 <Ol — 1> Nind (x)

(d) We have

andx — t(x) € Ra/(a-{-r—l)-
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On perpetuities with light tails 1133

) If f € Rrandk € Ry withr,a > 1 and g— = essinf Q > 0, then

hcounter (X) ~ min{f(qi), M} € Rmin{r,a}» 4.4)

1—m_
where m_ = essinf M.

Remark 4.2. The function ¢ satisfying (4.2) is not unique, it is not necessarily monotone,
nor may have a limit. An easy example may be constructed using Theorem 4.1(e), where
t(x) e {i(x), r(x)}and t1(x) ~ x/q— for to(x) ~ (1 — m_)~L.

Another important example can be constructed as follows. Let y > 1. Assume that (M, Q)
hasanatomP(M =0, Q = 1) = 1—e ! and an absolutely continuous part on (0, 1) x (1, co)
given by

yy

m) (x,) €10, 1) x [1,00),

PM>x, Q>y) = exp(—
sothat P(M >0, Q > 1) =e ! Forx > 1, we have

fx) = —xlogIP’(M >1- l) =x¥ and k(x) = —xlogP(Q > x) =x".
x

If M and Q were independent then we would have hjpq € ﬁyz JQy—1)- However, in our case
they are not independent and it is easy to see that, for any x, r > 1,

tloglP ! t Q - { t}y
> > naxiyx
g 1-M ’ t ’ ’

so that 2(x) = x¥ for x > 1 and

h(x) = —tlogIP’( >t, Q> f)

1-M t
forany r = t(x) € [1, x].
Remark 4.3. If o
R=Y "M M 10k
k=1

then
o0
R>RV:=% "m0,
k=1

and (assume that g_ > 0)

o0
R>R® .= ZM1 o Myg_1q—.
k=1

Let f and k be defined as in Theorem 4.1, and assume that f € R, and k € R, withr, @ > 1.
We have
o0

log EeR" . Z log Eein™ 0
logEe?C@ log Eez?
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1134 B. KOLODZIEJEK

Using the regular variation of log Ee*€ ~ k*(z) and Potter bounds (see [2, Theorem 1.5.6]),
we may take the limit under the sum to obtain

) 00
fim 102Ee Z w-np _ 1
7—00 k*(Z) P _ m/i
Thus, by Kasahara’s theorem,
B
k((1 —
logP(R > x) > logP(RV > x) ~ — suP{Zx - B k*(z)} = A m;)x_)'
z>0 — 1—m

On the other hand, by [21] we have

r—1
log P(R > x) > log P(R? > x) ~ _( z ) f<i),

r—1

which gives, by Theorem 4.1(e),

.. logPP(R > x)
liminf ———=

x>0 hcounter (X)

> -C
for some C > 0. In the next section we give a more accurate lower bound.

5. Lower bound

By Theorem 4.1(a) we know that there exists a function ¢ such that

h(x) = —t(x)logIP’(1 ! >t(x), Q> e )) + o(1); 5.1

however, the function ¢ is not unique. An eye-opener example was introduced in Remark 4.2,
where we had

1
h(x) = —tlogP(l — >0 ;) —x? forallt e [l, x].

Below we present a lower bound for the logarithmic asymptotics of the tail of R. The rate
of convergence is described by the regularly varying function 4, while the constant depends on
the index of /& and the limit of a function ¢. If there is no uniqueness of the function ¢ then the
following result holds for any such function provided that it converges to a limit at infinity.

Theorem 5.1. Assume that (1.5) holds. Assume that the function h defined in (1.12) belongs
to Ry, withy € [1,00]. If y = oo, assume additionally thath € I' C Reo. Finally, assume
that h is such that (5.1) holds for a function t with limy_, o t (x) = tx € (1, 00]. Then

.. logP(R > x)
liminf ———=

—C,
X—00 h(x)y = v

where c; ,, is a finite positive constant given below, if t € (1, 00) and y € (1, 00) then

Cr1 = Coo,1 = 1, (5.2)

1\7/r=Dyqr-1
o[- (=1 o
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On perpetuities with light tails 1135

otherwise,

y—1
y
= —- s 54
Coo,y ()/ 1) 5.4

1\
Coo,00 = €, Croo = (1 + ?) .

Example 5.1. Let us consider a perpetuity R generated by (M, Q) such that P(M =m) = 1
withm € (0,1) and x > —logP(Q > x) =: k(x) € Ry with @ > 1. Then we have
t(x) =teo = 1/(1 —m) and

h(x) = —tso 10g]P’<Q > ti) ~ tolo_“k(x).

[e.0]

On the other hand (by calculations from Remark 4.3),
logP(R > x) ~ —(1 = mP)*k(x) ~ —(1 = m#)* =112 h(x)
with 8 = o/(o — 1). Finally, we see that
(1 =mP)* g = ey,
where y = «. This means that the constant obtained in (5.3) is optimal.

Proof of Theorem 5.1. Without loss of generality, we may assume that /4 is differentiable
and, if y > 1, ultimately convex. For y € [I, 00), use the smooth variation theorem; for
y = 00, use the arguments given in [21, p. 5].

Case I: to, < 00 and y = 1. Observe that, on the set

((Mi > 1-35, 0k > g},

k=1
we have .,
1—(1—8)"
R > M- M_ >qg———,
_I; 1 —10k > q 3

which means that, for any § € (0, 1), g > 0, and n € N, we have

logIP’(R > qﬂ> > logIP’<ﬂ{Mk >1-38, O > q})

8 k=1
=nlogP(M >1-34, Q > q). (5.5
For given x > 0, set
5= 800) = — () = — d n=1
= = —, = = —, an =1,
VEm 1= =75 "
so that P
log B(M > 1 - 5(x), 0 > () ~ —
o0
and

1-(1-8" «x
)
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1136 B. KOLODZIEJEK

Then (5.5) gives
logP(R > x/t(x)) - logP(M > 1—368(x), O >q(x)) h(x) 11

h(x/t(x)) B h(x) R /1)  foo U/tes
We will show that this implies that lim inf,_, o log P(R > x)/h(x) > —1. Let xg be such that
t(x)/too € (1 —e,14¢) fore € (0,1) and all x > xg. Then x/(teo(l +¢)) < x/t(x) <
x/(to(1 —€)) and

log P(R > x/1(x)) _ logP(R > x/io(1 + )

< (5.6)
h(x/t(x)) h(x/teo(1 —€))

for x > xq; thus,

.. JogPP(R > x) .. JogP(R > x/teo(1 + €))
liminf ——— = liminf
=0 h(x) x>0 h(x/1se(1+ )
.. JogP(R > x/t(x)) h(x/teo(1 — ¢))
> liminf
X—>00 h(x/t(x)) h(x/too(1 +¢))
1+4+¢
1—¢

> —1

by (5.6) and the regular variation of 4. Letting ¢ — 0 we obtain the first part of (5.2).
Case 2: too = 00 and y = 1. We proceed similarly as in case 1. For arbitrary o > 0, set
1

X
= m, q= m, and n = |ar(x)]

in (5.5) to obtain, for any x > O,

logP(R > x(1 — (1 — 1/t(x))ler @)y
h(x (1 — (1 = 1/t (x))let®]y)
- nlogP(M >1-6, Q > q) h(x)
- h(x) h(x(1— (1 — 1/t (x)let @)y’

Since #(x) — oo as x — 00, by the regular variation of &, we see that the right-hand side

converges to
o

1 —e @’

Using a similar approach as in the #o, < 0o case, we show that

log P(R
liminf PR >0) @
X—> 00 h(x) ]—e @

Considering the limit as « — 0, we obtain the second part of (5.2).
Case 3: too < 00 and y € (1,00). For given n € N, consider sequences (8k)Z:1 and
(qr)y_; satisfying

n
X< (1=81) - (1= 8D (5.7)
k=1
Then we have
n
logP(R > x) > ZlogIP’(M >1—36, O > qr). (5.8)
k=1
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Fork=1,...,n,set
Yk = ugx 5k—L Qk—y—k
’ 1)’ 1(ye)
where uy, ..., u, are some positive constants such that (compare with (5.7))
n
1<) m@ug, (5.9)
k=1
where
1\ 11
T = (1= 1)+ (1 =8 1) (1 - —> LI
t(yk) too foo
since y; — oo fori = 1,...,n. Considering the limit as x — oo in the right-hand side of
(5.9) we obtain
1 & ( 1\!
— 1— —) Ug. (5.10)
leo 1 oo

We will choose (u; )y in such a way that the above expression is strictly greater than 1 and this
will ensure that (5.9) holds for large x. Let us consider

up = too(1 — 1 H " ABKT, k=1,...,n, (5.11)
for positive A and B € (0, 1). Substituting into (5.10) we get
1—B"
1-B

If, additionally, A > 1 — B then there exists N such that, for all » > N, the above expression
is strictly larger than 1. Thus, (5.9) is established for large x. Moreover, by the definitions of
h and the function ¢, we have, for any ¢ > 0 and x > 0,

1
h(x) < —t(x)log]P’(M Sl 0> t(x—x)) < (1 +&)h(x),

and so, by (5.8),
logP(R > x) U h(ugx)
Y .
e 1+9 2 Coht

Taking lim inf, of both sides of (5.12), we obtain, for anyn > N,

(5.12)

logP(R > x) 146« y
. -Lres

lim inf up »

X—00 h(x) - too P
and taking the limit as n — oo along with the substitution of (5.11) we obtain

log P(R _ AY
liminf PEER >0 gy .
X—>00 h(x) 1- (Btoo/too -

The above inequality holds forany A > 1 — B € (0, 1). Letusset A = 1 — B + €. Then the
expression on the right-hand side above attains its supremum for

1 \Y/=D
B, =(1+ s)l/<1—y><1 - —) ,

foo

Downloaded from https://www.cambridge.org/core. IP address: 95.160.157.222, on 29 Nov 2018 at 18:43:09, subject to the Cambridge Core terms of use, available
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2018.53


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2018.53
https://www.cambridge.org/core
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and, for such B, this supremum equals
1= B+ o)

Letting ¢ — O we obtain (5.3).
Case4: too = 00 andy € (1,00]. Let xg = 0and Ry = Qy, and define a random sequence
(Rn)n>1 and a sequence of scalars (x,),> through

Ry =MuRy—1+ Qn and x, = (1 —8)xXn—1+ gn, n>1,

where (M, On)n>0 is an i.i.d. sequence of the generic element (M, Q), and (8,),>1 and
(gn)n>1 are scalar sequences yet to be determined.
Since M and Q are assumed to be a.s. nonnegative and

RZZQk

k,
k=1 j=I

1 n+1 k—1

Mj =) O[] M; =R,
k j=1

=1 =

we have
P(R > x) > P(R, > x).

Moreover, since (M,,, Q,) and R, _; are independent, we have

P(R, > xp) = P(MuRy—1 + Qn > (1 — 8)xn—1 +qn, My > 1—36,, Qun > qn)
>PM, > 1268, On > g)P(Ry—1 > Xp-1)

> [[PM > 15, Q> q)P(Q > 0) (5.13)
k=1

and P(Q > 0) > 0. If (x,), is strictly increasing and x,_; < x < x,,, then

logP(R > x) - logP(R > x,)

E)

h(x) = h(xp-1)
and, therefore, if additionally (x,), is divergent and % (x,)/h(x,—1) has a limit as n — oo, we
have
limint PEER =X e 08 PR > x0)
X—00 h(x) 11— 00 h(xp-1)
(5.213) lim inf h(xp) > p_110gP(M > 1 -8, O > qx)
n—>00 h(xp_1) h(xy)
h ' _logP(M > 1— &,
> gim ) i i 2kt 08P > 1 =8 0 > q0)
n—00 h(x,_1) n—>0o0 h(xn)
. hixp,) .. . logP(M >1-46,, Q> qn)
> lim lim inf )
n—00 h(x,_1) n—>o0 h(xp) — h(xu—1)

where the last inequality follows by the Stoltz—Cesaro theorem (recall that A(x) — oo as
X — 00).

We now choose the sequences (8,),>1 and (gn),>1 in such a way that x, — oo and the
above limit is finite and negative. Set

I — logP(M > 1—-36,, O > qy)
. h(xn) = h(xn1)

)
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On perpetuities with light tails 1139

and let
_ gn = Yn
" t(m) Tt
where
(G
Yn = Xn—1 h/(x"_l)

for some positive constant c. Inserting the above into the definition of (x,),>1 we obtain

¢ hxn-1)
1(Yn) W' (xn—1) .
Since the right-hand side of (5.14) is positive, x,, is strictly increasing. This means that x,, has

a limit, possibly infinite. Assume that p := lim, x,, < co. Then y, — p+ch(p)/h (p) < oo
and, by (5.14), we see that

(5.14)

Xp = Xn—1=qn — OpXp—1 =

. ¢ h(xp—1)  ch(p) | 1
0= lim = im .
n—>00 t(y) ' (xp—1)  H(p) n—>o t(y,)

But this is impossible because, for any finite x > 0, (x) is finite (Theorem 4.1(a)). Thus,

X, —> 00.
Furthermore,
h(yn)
In — —Ly 9
t(yn)(h(xn) — h(xy—-1))
where
o —1(yn)logP(M > 1 —1/t(yn), Q > yn/t(yn))
C, = — 1 asn — o0.

h(yn)
Using the convexity of 4, we obtain
h(yn) _ o Mo ch(xp—1)/h' (xn—1))
£ () (6 — Xn— 1) (1) ! ch(xn—1) '
Letting n — oo, we have (see (2.3) and (2.4))

1 Y
—-(”’/) ify e[l,00),
y

liminf 7, > { ¢,
n—o00 € .
- if y = o0.
c

Iy > —Cy

If y € (1, oo) then the supremum on the right-hand side above is attained at c = y/(y — 1)
and this supremum equals —(y/(y — 1))Y~!. For y = oo, the supremum is attained at ¢ = 1
and then equals —e. It remains to show that lim,_, o h(x,)/h(x,—1) = 1. We have

h(xy) _ h(xp—1 +Ch(xn—l)/t(yn)h/(xn—l)) N
h(x,—1) h(xp—1)

since lim;,— 7 (y,) = oo (the convergence in (2.4) is uniform; see [2, Proposition 3.10.2]).
Case 5: to < 00 and y = oo. Proceeding in the same way as in case 4, we obtain

L,

log P(R h
liminf CEPR >0 @) iminf 1,

X—>00 h(x) T n—o0 h(x,_1) n—o0

Downloaded from https://www.cambridge.org/core. IP address: 95.160.157.222, on 29 Nov 2018 at 18:43:09, subject to the Cambridge Core terms of use, available
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2018.53


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2018.53
https://www.cambridge.org/core

1140 B. KOLODZIEJEK

where x,, — o0 and

_ Cy h(xp—1 + Ch(xn—l)/h/(xn—l))
1(yn) h(xn—1 + ch(xp—1)/t (y)H' (Xp—1)) — h(xp—1)’

where C, — 1 as n — oo. Thus, using (2.4), we obtain

I, =

. e’
ngngo In = _too(ec/too -1
and
lim hxn) — ¢/l
n—>00 h(xy—1)
Thus,
log P(R c 1\ /=t!
liminf LR >0 e S (14 L . 0
X—00 h(x) >0 foo(e¢/t0 — 1) 00

Remark 5.1. In the example introduced in Remark 4.2, we have h € R, with y € (1, 00) and

h(x) ~ —tlogP( 1, 0> ;)

1-M

for any ¢ € (1, 00), so that Theorem 5.1 gives, for any ¢ > 1,

y/(y=Dyqv-1
1iminfw>_[¢{1—<1—l) H .

X—>00 h(x) t
We have
1\7/r=Dyqr-1
inf[z{l—(l——) ” _1,
t>1 t
so that loa P(R
liminf 28ER >0
X—00 h(x)

Below we give an example of two perpetuities with logarithmic tails of different asymptotic
order whose generators have the same marginals.

Example 5.2. Let X = (X (¢));>0 be a drift-free nonkilled subordinator with Laplace exponent
®(s) = —logEe X s >0, and let T be an exponentially distributed random variable of
parameter 1 which is independent of X. The random variable R := fooo e~ X® dr is a perpetuity

generated by
T
(M, Q) := (e_xm,f e X® dt).
0

A semi-explicit formula for the joint moments of M and Q is given in [18, Equation (2.6)].
Assume now that ® € R, with @ € (0, 1). Then it was proved in [25] that

—logP(R > x) ~ (1l —a)¥(x) ast— oo, (5.15)
with W (x) := inf{s > 0: s/P(s) > x}.
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On perpetuities with light tails 1141

If the Lévy measure of X is of the form

—t/a

v(dt) = 1(0,00)(¢) dt

- eft/a)our]

then

'a—o)'(l +as)
Fd+a(s—1)

and we can find marginal distributions of (M, Q) (see Example 2.1.2 of [17]). In this special

case, Q has a Mittag-Leffler distribution with parameter o« and M /e hag a beta distribution
with parameters 1 — « and «. This implies that

1 ~a®TA —a)s?®,

O(s) = / (1 —e ) =
[0,00)

1
f(x):=—x log]P’<M >1-— —> ~ axlogx,
X

and (see, e.g. [2, Theorem 8.1.12])
k(x) := —log P(Q > x) ~ (1 — a)a®/ 170 x1/U=),

thatis, k € Ry/1—q) and f € R;.

Let us now consider a perpetuity Ring generated by independent M and Q with the same
distributions. We can show that the corresponding function hjnq = (f™* o k*)* belongs to R;.
Thus, by Theorem 5.1 we have

—1og P(Ring > x) < Chind(x)
for some C > 0. On the other hand, (5.15) implies that x — —logP(R > x) is regularly

varying at oo with index (1 —) > (v = 0, where p(s) = 5/®(s) € R|_g). Therefore,

we obtain
log P(Rjng > x) B

im
x—oo logPP(R > x)

6. Upper bound

In this section we give asymptotic upper bounds for logP(R > x) when (M, Q) is nega-
tively quadrant dependent (Theorem 6.2) and when (M, Q) is dependent in an arbitrary way
(Theorem 6.1, which is the most important result of this section).

Let us assume that

1
k(x) = —1ogP(Q > x) € Ry, f(x):—xlogP(le——) € Ry, o, r > 1.
x

6.1)
Let r* and B denote the conjugate numbers to r and «, respectively and denote
__P
G

Let R., and Rijpq denote perpetuities generated by comonotonic and independent (M, Q),
respectively, and let A, and hj,q denote i functions corresponding to these two cases. Recall
that in Theorem 4.1 we showed that

(f* o k")*(x) ~ hina(x) ~ heo(x). (6.2)

a—1

a+r—1 <oc — l)r/(a'”_l)
r
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1142 B. KOLODZIEJEK

Theorem 6.1. Assume that (1.5) and (6.1) hold. Then

log P(R r=1
Jim sup LR >0 _ —( Y ) (6.3)
X—>00 heo(x) Y — 1
and |
log P(R v
lim 08FPReo>x) ([ ¥ . (6.4)
X—>00 heo(x) y —1

If we additionally assume that (M, Q) is negatively or positively quadrant dependent, then
we can prove slightly stronger results.

Theorem 6.2. Assume that (1.5) and (6.1) hold.
(1) If (M, Q) is negatively quadrant dependent then

logIP’(R>x)<_( y )”_1

lim sup 7
y —

X—>00 Rind (x)

(i) If (M, Q) is positively quadrant dependent then

-l log P(R
() <liminf 2R >0
y—1 x—>00  hjpg(x)

log P(R
S llm Sup M

X—>00 Rind (x)

- a—1 r r/(oe+r—1) % y—1 (65)
T a4r—1\a—1 y—1 ' '

To prove (6.3), we will need the following lemma, whose proof is postponed to Section 7.

Lemma 6.1. Assume that there exists a function ¢ such that

14(2) = Fe2@+oEM)—9() <1

for large values of z. Then there exists a constant C > 0 such that

ECZR < e¢ ()+C

for large enough z.

Proof of Theorem 6.1. Observe that (6.4) follows by (6.3). Indeed, by Theorem 5.1 (see
(5.4)) we have

lim inf

X—>00 heo(x)

log P(Reo > x) _ y \!
y—1)
Since r — exp(zr) is convex and monotonic, by Lemma 2.2 we see that
Eexp(ZR) E ]Eexp(zRCO)’ Z Z 07
where

Reo = MR+ O, (M, Q) and R, are independent,
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On perpetuities with light tails 1143
and (M, @_) 2 (anll ), Fél )y, U= U([O0, 1]), is a comonotonic vector with given marg-
inals. Let ¥ (z) := log Eexp(zR.,). By the exponential Markov inequality,

ZR E ZRco
P(R > x) < ©

elx ex
After taking log and inf ;- of both sides we arrive at
logP(R > x) < =¥ (x). (6.6)
By the smooth variation theorem, there exist i , ? € $R, and k, ke SR, with
f@)~F(0) and k() ~ k),

and _ 3
S=f=f and k<k=<k

in a neighbourhood of infinity. Define

a—1 r r/(a+r—1) % y—1
Beo = - .
a+r—1\a—1 y —1

Assume for the moment that, for any B € (0, B¢),

¢ = f"ok* and q)B(x):BqS(%) for B > 0,

and

Ig(z) := Ee?Q+esM)—¢5(0) _, () a5 7 — 00. 6.7)
By Lemma 6.1, this implies that, for any B < B,,,

¥(z) < ¢p(x) +Cs

for large z and some constant Cpg. Since convex conjugation is order reversing, we have
U (x) = (¢ + Cp)*(x) = ¢ (x) — Cp.

Moreover,
¢p(x) = Bo*(x) = B(f* 0 K)*(x).
The above, together with (6.6), imply that, for any B < B,,, we have

. logP(R > x)
lim sup ———— <
X—>00 ¢*(x)

Taking the limit as B 1 B,, we obtain

logP(R>x) _  a-1 ( r )”“’*"“( % )V—l

oa—1 y —1

i _
P ok () = atr—1

and, by (6.2), this is equivalent to (6.3).
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1144 B. KOLODZIEJEK

It remains to show that (6.7) holds. For any ¢ € (0, 1), we have
I5(2) = Fet@+o8EM)—¢p(2) Tipr<1—e) +Eez§+¢3(zﬁ)—¢3(z) L-1-¢) = K1(2) + K2(2).
Since ¥ p € Rg,+ and, by Kasahara’s Tauberian theorem, z > log Eei? ~ k*(z) € Rg, we
have
Ki(z) < elogEexp(zQ)+¢p(z(1—-6)—¢p(x) _ o(1).
By the definition of the generalized inverse we have

U< Fy(F,,'(U)) and F;;'(U)= M.

Thus,

_ ReiFo' s GFy U)=95()
Ky = Retfo (VFo8ly R T T,

-1
< Eetfo (Fu(M)+¢5M)=¢3(2) Lipr>1-¢} -

Let us define s(x) := Fél (Fpm(x)). By the definitions of f and k£ we have, for x € (0, 1),

(1- x)f(ﬁ) = —log(1 — Fy(x)) and F,'(x) <k~ (—log(l —x)).

Hence, it is easy to see that in a left neighbourhood of 1 we have s <5, where

(1
S(x) == 1{1<(1 - x)f<m>>. (6.8)

Since ¢ is ultimately convex, we have, for x € (1 — ¢, 1],
éB(zx) — pp(2) < —2¢p(zx)(1 — x) < —z¢p(z(1 —)(1 — x) = —z¢} (2)(1 — x),

where B, := B/(1 — ¢). Thus,

K>(z) Sf(] I]CXP(ZE(x)_Z(ﬁ%g(Z)(l_x))dFM(X)

1
= / exp(zE(x) — 2 ()1 —x) —n(l - x)f<1—>>
(1—¢,1] —X
1

X U= Facoy 4

since logP(M > x) = —(1 — x) f(1/(1 — x)). Furthermore,

1 dF
K>(2) < eXp< sup {zf(l —1) =219, () ”ti<?) }> /u (- FMM(X))"’

tel0,¢)

and the integral is finite for any n € (0, 1).
Since all functions involved are smooth, we can show that, for small enough ¢, the expression
under sup as a function of ¢ € (0, ¢) is concave (calculate the second derivative and use the fact
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On perpetuities with light tails 1145

that x — s(1 — 1/x) € R¢-1)/¢ and x > i(x)/x € R,—_1). Hence, the supremum above is
attained at fy = f9(z) such that

-, , 1 (1 1
ZS(I—Z‘())+Z¢BS(Z)=TI%Z P -nfl—) (6.9)

0]
Put 1y = 1/(i*)/(/£*(x)). Then, by (2.6),

_ 1 / . * 1% _
e (1 - m) T2, () = nf ) = 19 ().

Itisclearthatif z — ocothenx = x(z) — ooand#y — 0. Moreover, since p= f* o k* € Rg,*,
we have

2, (2) ~ Brigs, () ~ BriBl P ¢(2)

and (see Lemma 6.2 below)

_ 1 o (x)

12 )~ B /B2

! ( (1*)’(&*(x))) rr =D

Thus,
PV — DYEZ(1 + o(1)) + preBl P if))(w (1) = .
X
Take an arbitrary sequence z, — 00, set x, = x(z,), and define y,, = z,,/x,. We have
PGn) _ — — ¢(zn)

C C C,4+C 6.10

Gy SS O T O (10

for some positive constants Qi, C;, i = 1,2. Thus, by the first inequality above we quickly
infer that y, = z,/x, < n/C,. By the Potter bounds (see [2, Theorem 1.5.6]) we have, for any

A>1landé§ > 0,
Br¥+8 Br¥—§
0 <o)
¢ (x) X X

for sufficiently large z and x. Hence, the second inequality in (6.10) gives

0 < < max{Cy, AC2}max{yn, pr jE‘S}

)

and so A1 < y, < A; for some positive constants A1 and Ap. Thus, there exists a convergent
subsequence yj, to D, say, for which we also have (x,, = z,,/y»)

PUB (B — 1)V8 3 (1 +0(1)) + proBl— 281 4 oy =
¢(an/)’nk)
where o(1) is with respect to z,, — oo. Thanks to the uniform convergence in (2.1), we see
that
¢(an) N Dﬁr*
& Znye/ Vi)

and D = D(B, n, €) satisfies

8B =P D+ preBl P DI =, (6.11)

Since such a D is unique (the left-hand side of (6.11) is strictly increasing for D > 0), we
conclude that z ~ Dx.
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1146 B. KOLODZIEJEK

Recall that we have
_ 1
K>(z) < Cy eXp(ZS(l —10) — ztodp, (2) — ﬂt0i<5))
for some finite constant C;. By (6.9),
_ , 1 _ -, a!
zs(1 —10) — ztopp, (z) — nto f 0w~ zs(1 = 19) + ztos' (1 — 19) — n.f’ 0/

By Lemma 6.2 below we have

zs(1 —tg ~ (B — 1)1/ﬁr_l/aD/£*(x)

and
_ 1 rlB (B — DYP f*(k* (x))
ztps' (1 —#9) ~ Dx FYE @) e
~ P g — DVE )T D (x).
Thus,
im sup 28 K2(2) UBp—1/apy 4 /B 1B ()1
limsup ———— <a(B—1)/"r D+r/PB—-1D"'"F")"" D —n. (6.12)

z—>00 k*(x)

If the right-hand side above is negative then, for some ¢ > 0 and large z, we have K»(z) <
exp(—¢k*(x(z))) — 0as z — oo, and the same holds for /5. We will show that if B < B,
then the right-hand side of (6.12) is negative for some n, ¢ € (0, 1). The right-hand side of
(6.12) is negative if

r]/a .
“Matr—DE-—nF D

where we have used the fact that

D

ar V4 VBT = V(g — 1),

We will show that, for fixed n and &, the function B +— D(B, 1, ¢) is strictly increasing. Let
0 < By < By, and put D; = D(Bj,n,¢), i = 1,2. Then by (6.11) we obtain (recall that

1—8r*<0)
0=rl/f 1/p pr 1=Br* Bt pl—prt o prt
=128 = )VADy = Do)+ e (8 DY — B DL
1/8 1/8 prr =B Bt prt
= r P = DYADL = Do)+ = S By (D) = DY,

which implies that D, > Dj. Moreover, after tedious but straightforward calculations we can
show that, for

. a—1 r r/(oe+r—1) y y—1
B :=n(l— —_— =n(l —&)B,,,
n( S)Ct’-l—r—](()l—]) (J/_]> n( €)Beo

we have D(B, n,¢) = D. To see this, insert the definition of D into (6.11) and calculate the
Correg)onding B. It is equal to B_ Thus, for any B < B,,, there exists n, e € (0, 1) such that
B < B and, thus, D(B, n,¢) < D. O
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On perpetuities with light tails 1147

Lemma 6.2. Under the assumptions of Theorem 6.1, assume that z and tq are related by (6.9).
Letty = 1/(1*)’(@* x), ¢ = i* o k*, and function's be defined as in (6.8). Then, as 7 — 00,
we have

@) 5(1 —10) ~ (B — DVFr=Vek*(x) /x,

®) 51 —10) ~ /P (B — DPp(x)/x.

Proof. (a) Since f is regularly varying and f ~ f, we have f * o~ ?* Thus,

Fah ke

r ro

tof(ty ")

Hence,

x5(1 — 1g) = xk ! (m?(})) ~ xk! (w) ~ xr TV ke (x).
0

r

Moreover, by Lemma 2.1, with the substitution x — k*(x), we have

KN () ~ a(B — 1)1/ﬁ@.

(b) We have _ B
_ S /1)t~ f(l/to)'

s =t K G —10)

By (2.6), the numerator equals
—s =1 —% = %
f (f (5)> = (f (S & () ~ ¢x).

By (a),
5(1—19) ~ a(B — DVEr=12g=1 (1Y (x),

and, thus,
KGA —10) ~ K @B —DVPr=Ve "y (x)) ~ (a(p — Dy~ Ve g=hye—ly,

where the latter asymptotic equivalence follows from the fact thatk’ € R, and k' o (k*)" = Id.
Finally, observe that, since al+ B —1 — 1, we have

rl/ﬁ(IB_ 1)1/ﬂ :(a(ﬂ_ 1)]/;‘3r71/aﬁ71)17(x‘ 0
Proof of Theorem 6.2. (i) Since r — e*" is convex, by Lemma 2.2 we see that
Ee*R < EetRind z>0.

Let ¥ing(z) := log Ee?Rind | By the exponential Markov inequality,

ezR ECZRi"d
P(R > x) < <

eZX - eZX
After taking log and inf - ¢ of both sides we arrive at
logP(R > x) < —ihq(x).

By Kasahara’s Tauberian theorem we conclude that —v*,(x) ~ —logP(Rjpq > x). The
assertion follows from Theorem 3.1.
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(i1) The upper bound follows by Theorem 6.1. The lower bound in (6.5) is immediate if we
examine the proof of Theorem 5.1. By positive quadrant dependence we have

logP(M > 6k, Q > qi) = log[P(M > 81)P(Q > qi)].
Thus, using the above inequality and repeating the steps in the proof of Theorem 5.1 (case
oo = 00) with h(x) = (f* 0 k*)*(x) € R,, we arrive at the lower bound in (6.5). ([l
7. Proofs of the auxiliary results

Proof of Lemma 2.1. Suppose first that f € 8R,. Then f' € §R,_1 has an inverse in
some neighbourhood of infinity. Since (f*)’ = (f/)~!, we see that (f*) € SR1/(a—1), and
so f* € 8Rg. By (2.2) and (2.6) we have

SO @) x(f' ) = f*x)

—pB—1 asx — o0.

fro f*@)
Since (f/)~! = (f*), setting above x(z) = f{f~!(z)) — oo we obtain
z
= ~ 1
o P

Thus, e.g. [21, Lemma 2.1] gives
H 1@~ B=-D"Px@=B-D" (@)

and
fMoeH '@ B — VA IO 8 — 1)/fa,
X X
by the definition of §R,,.

In the general case, the smooth variation theorem yields the existence of f, f € 8R, with
f < f < f on some nelghbourhood of 1nﬁn1ty Since conjugacy is order reversing, we have

f < f* < f*. Moreover, f <f<< f in a vicinity of infinity, and similar inequalities
hold for (f*)<". The conclusion follows from the fact that J(x) ~ f(x). O

Proof of Lemma 2.2. We will use the fact that a stochastic recursion (1.2) converges in
distribution to the solution of an affine equation. Take Ry = R; =0 a.s. We proceed by
induction. Assume that, for some n € N, we have

Ef(R,) <Ef(R)) forall convex functions f on R. (7.1)

Let f be a convex function. By the fact that r +— E f (Mr + Q) is convex and by the inductive
assumption, we first infer that

Ef(Mn—HRn + Qn+1) = Ef(Mn—HR;, + Qn+l)-

Furthermore, for any r > 0, the function &, (m, q) := f(mr + g) is supermodular. Note that,
since R, = 0 and M and Q are a.s. nonnegative, R;, is a.s. nonnegative as well. Then

Ef(Rus1) < Ef(Myt1R), + Qni1)
= Ehg (Mn+1, On+1)
< Ehg, (M ;1. Qi)
=Ef(Rt1)-
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Thus, we have established (7.1) for any n € N. Observe that (R,), is stochastically nonde-
creasing, that is,

n+1

n
Ruyt1 = ZMl o My—1 0k = ZMI - My—1Qk = Ry
k=1 k=1

Thus, for any weakly monotonic function f, (f(R,)), is stochastically monotonic as well, and
the same holds for (f(R})),. The assertion follows from the fact that E f (R,,) and E f (R),) are
monotonic and so have a limit (possibly infinite) as n — oo. (]

Proof of Theorem 2.3. In [2, Theorem 4.12.7] a different formulation of the same result was
proposed. Namely, for o € (0, 1) and ¢ € Ry, define ¥ (z) = z/¢(z) € R1—y. Then

—logP(X > x) ~ ¢~ (x)

if and only if
log M(z) ~ (1 — a)a®/ 1=y (7).

‘We have to show that
k(x) ~ ¢ (x) ifandonlyif k*(z) ~ (1 —a)a®1" Dy (7).

Let p =1/, and put f = ¢ € R,. By Lemma 2.1 we have

<« *\ <—
JTOUDTW 1)V — g~y 00 g oo (12)
x

STOUH @ HTH)

x )
and so (7.2) is equivalent to (use the definition of the asymptotic inverse and Lemma 2.1 of

[21])

fr @~ (= )"0y (). O

Proof of Theorem 2.4. Recall that h € R,(0+) if x — h(1/x) € R_,. Moreover, if
h e R,(0+) then h" € Ry/,. Indeed, we have h(1/x) = x~° L(x) for some slowly varying
function L. The (asymptotic) inverse g of x — x~° L(x) is regularly varying with index —1/p.
But then we have 7 (x) ~ 1/g(x).

In [2, Theorem 4.12.9] the following result was proved. For ¢ < 0 and ¢ € R, (0+), define
V(z) = ¢(2)/z € Re—1(0+). Then

1 /1
—logP(Y <x) ~ —(—) as x — 0+
¢ \x

if and only if
1— _ o/ (1—a)
—log]Ee_’\Y ~ Sl as A — oo.
Y
First observe that, under regular variation, asymptotics of — log P(Y < 1/x)and — log P(Y <
1/x) are the same. Indeed, for any ¢ > 0, we have —logP(Y < 1/(x +¢)) ~ —logP(Y <

1/(x — €)). Furthermore, it is easy to see that if f is regularly varying then

f(x) ~ if and only if £ (x) ~ x¢¥  (x).

X
¢ (x)
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It remains to show that
1— _\o/(1—a)
Y fandonlyif (ff)<() ~ G0
¢ (x) V(A
Since x = ¢(1/x) € R_q, we see that ¢~ € R/, andso f € R, withp =1 — a~!. By
Lemma 2.1 we have
)™ (x)

X

fx) ~

- (1 —a)(—)¥17® a5 x — o0,

which completes the proof. ]

Proof of Theorem 4.1. (a) By the definition of 4, for any x and any positive number g(x),
there exists a number ¢ (x) such that

hix) < —t(x)logIE”(1 >t(x), Q > —) < h(x)+ gx).

1(x)

If g(x) = o(1), we obtain the first part of the assertion.
Using the fact that

1 0
we obtain (4.3).

(b) The assertion follows from the Fréchet—Hoeffding bounds:

P<1—1M >t)+P(Q>;)—1§IP(1_1M > t, Q>;>
< minlp 1 P X
_mln{ (1—M >t>, <Q> ?)}

(c) The first part follows quickly by Theorem 2.1; see Remark 4.1. Moreover, we already
know that, if f € R, and k € R, withr, & > 1, then (f* o k*)* € R,. Thanks to the smooth
variation theorem, we may only consider the case when f € R, and k € §R. The infimum
in the definition of Ajpg(x) is attained at a point #; = #1(x) such that

‘)= 2k (2) ke (2) =k (k2 73
fa=4 (a)‘ (a>— ( (‘)) 73

where the last equality is (2.6). Thus, by the regular variation of f and k, we obtain

x=nlk*) o (k) o ) = 17T Ly

for some slowly varying function L. This means that #{ — oo and x/#; — 0o as x — oo and
that x — #1(x) € ﬂa/(r+a71).

Consider now the case when esssup Q = g4 < oo. In this case k(x) = oo if x > g, and
SO

k*(z) = Sup{zx —k(x)} = sup {zx — k(x)} < sup {zx} = zq+.
xX<q+ X<q+
On the other hand, for any x < g,
*
K@ k)

>x— ———>Xx asz— oo.
z z

Downloaded from https://www.cambridge.org/core. IP address: 95.160.157.222, on 29 Nov 2018 at 18:43:09, subject to the Cambridge Core terms of use, available
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2018.53


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2018.53
https://www.cambridge.org/core

On perpetuities with light tails 1151

Then we have

(f* 0 k¥)*(x) = sup{zx — f* (k" (2))}

z>0
~ sup{zx — f*(g+2)}
z>0
X
= SUP{—)’ - f*(Y)}
y>0l 4+

/()

(d) As previously, we work with f € R, and k € 8R,. Let us first make a simple
observation that if functions a and b are continuous, a(xg) < b(xg) and a(x;) > b(x1), a
is increasing and b is decreasing, then there exists a unique 7o such that a(#yp) = b(#) and,
moreover, inf ey, x;) max{a(t), b(t)} = a(ty). Our first step here will be to show that the

infimum in the definition of
. X
heo = 1mi{max{f(l), tk(;) } }
=

is (for large enough x) attained at a point r, = f(x) such that f(#) = tk(x/t;). In our
case, the function [1, 00) > t — tk(x/t) may not be decreasing and so we cannot use our
observation directly. However, note that, since k € §R, the limit

7k’ (z)
im =
=00 k(z)

is strictly larger than 1 and so k(z) < zk’(z) for large enough z, say z > 1/T for some T > 0.
Calculating the derivative of 7 — tk(x/t) we obtain

)3

which is strictly negative if x/t > 1/T, thatis, t < Tx. Hence, for r € [1,Tx), f(¢)
is increasing and rk(x/t) is decreasing. Moreover, for large x, we have f(1) < k(x) and

f(x) > xk(1), and so
. X
te[llr}frx]{maX{f(t), tk<;) ” = f(n).

It is enough to show that, for large enough x, the infimum in the definition of %, is not attained
on the set (T'x, 00). We have

inf {max{f(t), tk(?) ” > max{f(Tx), Tx sup k(z)} ~T f(x) € R,

t>Tx 2€(0,1/T)

Let us assume for the moment that

x = f((x)) € Rar/@tr—1)- (7.4)

Since r > ar/(a +r — 1), we see that, under (7.4), our claim holds and we have
heo(x) = _in {max{fm, tk(f) H = f(n(x).
te[l,Tx] t
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The equality f () = t2k(x/1tp) is equivalent to x = m(#), where m(t) := rk~! (f(®)/t) €
R(r+a—1)/a- This implies that x — £ (x) € Ry/¢+a—1), SO it is easy to see that, as before, 1,
and x/t go to infinity as x — oo. Thus,

k(f) =L .
15 15 r

Hence,
_ hgn)
rl/a

’

where g = k~! o f' € R(_1)/q. In this way we have established (7.4).
On the other hand, in the case of independent M and Q, (7.3) implies that

£l ~ (@ — 1)k<f),
n
and so
11g(t)
(a — D/’

Thus, r =%t g(t)) ~ (@ — 1)"Y%11g(t1), t > 1g(t) € R(r+a—1)/a and so by Lemma 2.1 of

[21] we obtain
’ 1/(a+r—1)
1 ~t .
2n(55)
Finally,

r r/(a+r—1) a—1 r r/(a+r—1)
heo(x) = ft2) ~ | —— S ~ hing (x),
oa—1 a+r—1\a—1

since
hina(x) = f(t1) + t1k<:—l> ~ ft) 4+ @— D)7 f ) ~ <1 + arj)f(tl)-

(e) The infimum in the definition of ZAcounter (x) is calculated for ¢+ > 0 such that

IP’(M ~1- %) +]P(Q > ;) > 1. (1.5)

We will show that, as x — oo, the infimum is actually calculated for

tel, =[1,(0-m_)"u [i,oo).

Take ¢t € [1, 00) \ I;. Then there existm € (m_,m4) and g > g_ witht € (1/(1 —m), x/q).
Wehave P(M > m) < 1andP(Q > q) < 1. Consider first the case whent € (1/(1—m), \/x].
Then

]P’<M> 1—;)—HP’<Q> ;) <P(M > m) +P(Q > ),

and we obtain a contradiction with (7.5) as x — oo. Similarly, if € [\/x, x/q) then we obtain

1
]P’(M>1—ﬁ>+IP(Q>q)>1,

and this yields a contradiction as well if x — oo.

Downloaded from https://www.cambridge.org/core. IP address: 95.160.157.222, on 29 Nov 2018 at 18:43:09, subject to the Cambridge Core terms of use, available
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2018.53


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2018.53
https://www.cambridge.org/core

On perpetuities with light tails 1153

So far, we have shown that

1
heounter (X) ~ tiglf,{_t log[P(M >1— ?> —|—IP<Q > )[_C) — ]i|}

— min inf -}, inf {--- }
{te[l,l/(l—m,)]{ }tzx/q_{ J

IfPM =m_-) =0 =P(Q = g-), this is exactly (4.4) since (f and k are right continuous
and nondecreasing)

t>x/q— t

inf {--)= inf f()= f(i),
>x/q- q
and, similarly,
k(1 —m_
inf (1= inf tk<)ﬁ> = M
te[l,1/(1—m_)] t<1/(1-m_) t 1—m_

On the other hand, if P(Q = ¢g_) > 0 then by (7.5) we see that r = x/g_ is impossible as
x — 00 and, thus, the infimum is calculated for ¢t € (x/g—, 00). However, this introduces
virtually no changes to the proof since inf1<;<x/q_ f(t) ~ f(x/g-). fP(M =m_) > 0 then
t = 1/(1 —m_) is impossible and we eventually obtain (4.4). O

Proof of Lemma 6.1. Assume that 15(z) < 1 for z > N, and define
_ ax, x <N,
d(x) =
¢(x)+C, x> N.

We will show that, for sufficiently large a and C,

I5(z) <1 forallz > 0. (7.6)

Observe that 15(0) =1.1Ifa>EQ( — EM)~! then 1.(0) =EQ — a +aEM < 0; thus,
there exists ¢ > 0 such that la(z) <1forz €0, ¢). For z € [e, N], we have

lg(z) < EeNQ—ac(1-M)

and the right-hand side tends to 0 as a — oo. Thus, for sufficiently large a, we also have
la(z) < 1 for z € [¢, N]. Furthermore, for z > N, we have

IE(Z) =1,4(2) + EezQ(eazM—¢(Z)—C _ e¢(zM)—¢>(z)) 1<y

and we may find C such that ax — C < ¢ (x) for any x € [0, N], so the second term above is
nonpositive.
Proceeding by induction, assume that Ee?®» <e?@ for all z > 0 and some n € N. Then, for
z>0,
EezR”“) — EetMn+1Rutz0nt1 < Eea(zMH-ZQ < e5(2)

by (7.6). Moreover, we can start the induction since Ry can be chosen arbitrarily and, thus,
passing to the limit as n — oo, we obtain the assertion. ]
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