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Abstract

We study the stochastic recursion X, = ¥,(X,_1), where (¥y),>1 is a sequence of ii.d. random
Lipschitz mappings close to the random affine transformation x — Ax + B. We describe the tail
behaviour of the stationary solution X under the assumption that there exists & > 0 such that E|A|* = 1
and the tail of B is regularly varying with index —a < 0. We also find the second order asymptotics
of the tail of X when ¥(x) = Ax + B.
© 2019 Elsevier B.V. Allrights reserved.
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1. Introduction
1.1. Results and motivation
Let (¥,),>1 be a sequence of i.i.d. (independent identically distributed) random Lipschitz
real mappings. Given X, independent of (¥,),>1 we study stochastic recursions
X, = @n(Xn—l)a n>1 (1)

known also as iterated function systems (IFS). Beginning from the early nineties IFS mod-
elled on Lipschitz functions attracted a lot of attention [2,3,7,15,16,18,23,32]. Under mild
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contractivity hypotheses, X,, converges in law to a random variable X satisfying (in distribution)

x < U(X), X and V¥ are independent, 2)

where ¥ is a generic element of the sequence (¥,),>; [15,18]. However, to describe the tail
of X some further assumptions are needed. Usually one assumes that ¥ is close to an affine
mapping or, more precisely, that for every x € R

Ax + By < ¥(x) < Ax + B, a.s. 3)

with A, B and B nice enough. The reason is that if ¥(x) = Ax + B, then the tail of stationary
distribution is thoroughly described under various assumptions on A and B, see Section 1.3.

In the present paper we consider two kinds of approximations: (3) and the case when
¥: R — R is a random Lipschitz mapping satisfying for all x > 0

max{Ax, B;} < ¥(x) < Ax + B,  as. @)

Under suitable conditions on A, B and B; we obtain asymptotics of P(X > x) as x — oo in
both cases, see Theorems 1.3 and 1.4.

There are a number of the papers on the subject [2,8,13,17,32], where the IFS are modelled
on the assumptions needed to handle the tail in the affine recursion. Typical conditions exhibit
existence of certain moments of A and B or regular behaviour of their tails and in all the
settings considered up to now either A or B has basically the ultimate influence on the tail,
not both. A short overview is given in Section 1.3.

We study an opposite situation. For the time being, we assume A > 0 a.s., EA* = 1 and
B, B; have right tails regularly varying with index —« for some « > 0 such that E|B|*, E|B;|*
are infinite.! Our starting point is the tail behaviour of X, being the stationary solution to
“so called” extremal recursion, corresponding to ¥(x) = max{Ax, B}. Then

X
XP(Xmax > X) ~ l/ &dt as x — 00, &)
pJo t

see [14], where L(x) = x*P(B > x) is assumed to be slowly varying function, ~ is defined in
(7) and p is as in (A-2).> More precisely, if conditions (A-1), (A-2), (B-1), (AB-1) defined in
Theorem 1.1 hold then (5) follows and the right hand side of (5) is due to both the behaviour
of B and of an appropriate renewal measure determined by A. Moreover, fox L(H)t~'dt/L(x)
tends to infinity as x — oo and x +— f(; L(t)t~'dt is again slowly varying.

The next step is to prove a result in the spirit of (5) for ¥(x) = Ax + B, see Theorem 1.1.
While the behaviour of the right tails of stationary distribution of the extremal and the affine
recursion turn out to be the same, the asymptotics

1 [* Lt
x*P(X > x) ~ —/ er
pJo I
of X corresponding to (4) is a straightforward conclusion, Theorem 1.3 in Section 1.4. Neither

the affine recursion nor iterated function systems have been considered under these assumptions
and the appearance of the function

L(x)= / ' L@, (6)
0o

is probably the most interesting phenomenon here. For the IFS satisfying (3) we prove that
both P(X > x) and P(X < —x) have similar behaviour for large x, Theorem 1.4.

L If P(B > x) ~ x~*L(x) then E|B|* may be finite or infinite depending on the slowly varying function L.
2 Note that there is no issue with integrability of L(r)/z near 0+ because L(t) <t for 1 > 0.
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1.2. Perpetuities

Before we formulate precisely the results for Lipschitz iterations let us discuss solutions to
the affine recursion with ¥(x) = Ax + B. Such solutions, if exist, are called perpetuities and
throughout the paper they will be denoted by R. It exists and it is unique if Elog|A| < 0 and

Elogt |B| < oo which is guaranteed by assumptions of Theorem 1.1. For two functions f, g
we write
f~gx) if - lim f(x)/g(x) = 1. N

Recall that L is slowly varying if L(x) ~ L(iAx) for any A > 0. Let B, = max{B, 0} and
B_ = max{—B, 0}. We have the following theorem

Theorem 1.1. Suppose that

(A-1) A > 0 a.s. and the law of log A given A > 0 is non-arithmetic,

(A-2) there exists a > 0 such that EA* =1, p .= EA“log A < oo,

(B-1) L(x) :== x*P(B > x) is slowly varying, EBY = oo and EB%™* < oo for all ¢ € (0, a),
(AB-1) EA"BY™" < oo for some n € (0, @) N (0, 1].

Then

o 1
x*P(R > x) ~
P Jo

We see that the behaviour of P(R > x) as x — oo is described in terms of the behaviour
of the tail of B,. Accordingly, the behaviour of P(R < —x) depends on the tail of B_. To see
this, let us denote B; = —B. Then, R; = —R satisfies

' &dt

p ®)

R, S AR, + By, R, and (A, B)) are independent.

and the right tail of R; is the same as the left tail of R. We thus obtain the following result.

Corollary 1.2. Assume (A-1) and (A-2) and

(B-2) Li(x) == x*P(B < —x) is slowly varying, EB® = oo and EB{™* < oo for all
e € (0,a),
(AB-2) EA"B*™" < oo for some n € (0, a) N (0, 1],

then

XP(R < —x) ~ lfx L@, )
pJo I

Finally, if all the above assumptions and additionally (B-1), (AB-1) are satisfied, then we have
both (8) and (9) with possibly different slowly varying functions L and L.

To obtain tail asymptotics one usually applies an appropriate renewal theorem and so do we.
However, what we need goes beyond existing results and we prove a new one, Theorem 3.1.
Note that under (A-1) and (A-2)

p=EA%log A

is strictly positive. Indeed, consider f(8) := EA®. Since fO) =1 = f(a), f is convex,
we have f'(a) = p > 0. Secondly, observe that, under E|B|*"7 < oo, (8) depends only on
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the regular behaviour of the right tail of B, and so we may obtain different asymptotics for
P(R > x) and P(R < —x) if it is so for B. It follows from (36) that

*L(t 1
/ Oy« Lppey,...
0 t o -

and so the right hand sides of (8) and (9) tend to co when x — oo. Finally, conditions
(AB-1) and (AB-2) require a comment. If EA*™ < oo for some & > 0 then they both are
satisfied by Holder inequality. But much less is needed. Namely, if EA*W(A) < oo, where
W(x) = max{L(x), logx} then (AB-1) and (AB-2) hold, see Appendix.

Next we study the second order asymptotics of the right tail of R. Assuming more regularity
of log A, we prove that

1 [* L@
x*P(R > x) — ;/ Tdt —C|=0(Lx))+o0(1), asx — oo, (10)
0

for some constant C; see Theorem 4.4. Notice that either L(x) or 1 may dominate the right
hand side of (10). (10) holds when the renewal measure determined by log A satisfies

H((x, x + h]) < cmax{h®, h)

for some B € (0, 1) and for all x, 2 > 0 — see Lemma 2.1. In view of [19] and [11] it is not
much of a surprise that stronger assumptions on H are needed to describe the second order
asymptotics of the tail of a perpetuity.

Finally, we develop a new approach to deal with signed A. We show how to reduce “signed
A” to “non-negative A” (see Theorem 5.4(1)) and we apply our result to the case when
E|A|* = 1. The method is quite general and it is applicable beyond our particular assumptions.

1.3. Previous results on perpetuities

P(R > x) converges to zero when x tends to infinity and a natural problem consists of
describing the rate at which this happens. Depending on the assumptions on (A, B) we may
obtain light-tailed R (all the moments exist) or a heavy tailed R (certain moments of |R| are
infinite). The first case occurs when P(|A| < 1) = 1 and B has the moment generating function
in some neighbourhood of the origin, see [12,20,24,30,31,33].

The second case is when P(|A| > 1) > 0 with Elog |A| < 0 and |A|, | B|] have some positive
moments. Then the tail behaviour of R may be determined by A or B alone, or by both of them.
The first case happens when the tail of B is regularly varying with index —a < 0, E|A|* < 1
and E|A|*"® < oo for some ¢ > 0. Then

P(R > x) ~ cP(B > x), (11)
see [21,22]. Also it may happen that
P(R > x) ~cP(A > x)

when E|A|* < 1 but P(|B| > x) = O(P(A > x)), see [13]. When E|A|* = 1, E|B|* < o0,
E|A|*log* |A| < oo and the law of log |A| given {A # 0} is non-arithmetic, then [19,22,26]

P(R>x)~cx“ (12)

and it is A that plays the main role. When E|A|“ log" |A| = oo an extra slowly varying function
[ appears in (12), i.e.

P(R > x) ~ cl(x)x™°. (13)
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(13) was proved by [28] for A > 0 but applying our approach to signed A (see Section 5) we
may conclude (13) also there.?

In view of all that it is natural to go a step further and to ask what happens when at the
same time A and B contribute significantly to the tail in the sense of (A-2) and (B-1).

1.4. Lipschitz iterations

In this section we state the results for IFS and we show how do they follow from (5)
and Theorem 1.1. We assume that ¥ satisfies conditions sufficient for existence of stationary
solution. Let L(¥), L(¥, ) be the Lipschitz constants of ¥, ¥, | = ¥, o0---o0 ¥ respectively.
If Elog™ L(¥) < oo, Elog™ | ¥(0)| < oo and

1
lim —log L(¥,1) <0 a.s. (14)
n—oon

then X, converges in distribution to a random variable X, which does not depend on X, and
satisfies (2).
For slowly varying functions L, and L, , let us denote

Lm:/lmhz and ZMm=/L”mm
0 t 0 t

Theorem 1.3. Suppose that (A-1), (A-2), (B-1) and (AB-1) are satisfied both for B and B
with L = L, and L = L, respectively. Let ¥ be such that

max{Ax, B;} < ¥(x) < Ax+ B, as, x=>0. (15)
Then for every ¢ > 0 and x sufficiently large
L () < xP(X > x) < %L(x). (16)
Farticularly, ifzr(x) ~ Zl.,(x) then
ﬂMX>m~%L@) (17)

Theorem 1.4. If a function ¥ satisfies
Ax+ B < ¥(x)<Ax+ B, as, xel, (18)

then under the assumptions of Theorem 1.3, assertions (16) and (17) hold true.
If (A-1), (A-2), (B-2) and (AB-2) hold both for B and By then we have analogous
conclusions for P(X < —x).

Theorems 1.3 and 1.4 follow quickly from Theorem 1.1 and (5) (i.e. Theorem 4.2 of [14]).
To see this let us consider Theorem 1.4. Let

Rn = Aan—l + Bna Rn,l = Aan—l,l + Bn,l
with Ry = Ro,1 = Xy. Then for every n,

R,1 <X, <R, as.

3 For the results in the case when max{|A|, |B|} does not have positive moments we refer to [17].
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and so
Ri <X <R, as

where R < AR + B with (A, B) independent of R and similarly for (A, By, R;). Hence
x*P(X > x)/L,(x) < x*P(R > x)/L,(x).

Letting x — 00, we obtain

~ ~ 1
limsup x*P(X > x)/L,(x) < lim x*P(R > x)/L,(x) = —,
X—00 X—>00 1%
which implies the right hand side of (16). The left hand side is obtained analogously. Clearly
L,(x) ~ Ly ,(x) implies (17). In the same way we proceed for the proof of Theorem 1.3.
Let us comment on stochastic iterations that fall under the assumption of Theorem 1.3.
Subtracting Ax from (15) we arrive at

(B — Ax); < O(x) < B, a.s., x>0,

where we have defined ©(x) := W¥(x) — Ax. Analysing this condition geometrically, we see
that ¥(x) = Ax + O(x) satisfies (15) if for each x > 0, the value of ©(x) belongs (a.s.) to
patterned part of the figure below. If ©(x) € [B;, B] a.s. for each x, then ¥ satisfies (18).
Moreover, © may be chosen in the way that Elog L(©) < 0 which implies (14).

B

B,

0 —B/A

1.5. Structure of the paper

Theorem 1.1 is proved in Section 4.1. Section 4.2. is devoted to the second order asymp-
totics. Before, we need some preliminaries on the renewal theory. A renewal theorem which
is the basic tool is formulated in Section 3 and proved in the last section. Section 2.3 contains
material needed only for the second order asymptotics. We deal with general A in Section 5.
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2. Preliminaries

2.1. Regular variation

A measurable function L: (0, c0) — (0, 00) is called slowly varying, (denoted L € R(0)),
if for all A > O,
L(Ax)
im =1
x—o0 L(x)
For p € R we write R(p) for the class of regularly varying functions with index p, which
consists of functions f of the form f(x) = x”L(x) for some L € R(0).

If L € R(0) is bounded away from O and oo on every compact subset of [0, 0o), then for
any § > O there exists A = A(§) > 1 such that (Potter’s Theorem, see e.g [10], Appendix B)

L 5 8
ﬂ < A max (X) , il s x,y>0. (20)
L(x) x y
Assume that L € R(0) is locally bounded on (x¢, 00) for some xy > 0. Then, for ¢ > 0
one has

(19)

! o L(t) -1 .«
t Td[ ~a x*L(x) 21
xQ
and this result remains true also fore = Oin the sense that
[ L0gy
SN VS as x — o9, (22)
L(x)

[5, Proposition 1.5.9a]. Define Zxo(x) = f;; t~'L(t)dt. Function ZXO is sometimes called de
Haan function. It is again slowly varying and has the property that for any A > 0,

Liy(x) — Ly (x) /* L(xt) dt

L(x) )i L)t

To prove it, use the fact that convergence in (19) is locally uniform [5, Theorem 1.5.2].

— log A, (23)

2.2. Renewal theory

Let (Zi)r>1 be the sequence of independent copies of random variable Z with EZ > 0. We
write S, = Z; +---+ Z, for n € N and Sy = 0. The measure H defined on Borel sets B(R)
by

H(B) =) "P(S, € B). B € B(R)
n=0

is called the renewal measure of (Sy)n>1, H(x) := H((—00, x]) is called the renewal function.
If EZ > 0, then H(x) is finite for all x € R if and only if EZ? < oo [27].

We say that the distribution of Z is arithmetic if its support is contained in dZ for some
d > 0; otherwise it is non-arithmetic. Equivalently, the distribution of Z is arithmetic if and
only if there exists 0 # ¢ € R such that f(¢) = 1, where f7 is the characteristic function of
the distribution of Z. The law of Z is strongly non-lattice if the Cramer’s condition is satisfied,
that is, lim SUP| |0 | fz(H)] < 1.
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A fundamental result of renewal theory is the Blackwell theorem (see [6]): if the distribution
of Z is non-arithmetic, then for any i > 0,

h
lim H((x, h) - —.
Jim ((x,x +h] iV
Note that in the non-arithmetic case, since H((x, x + &]) is convergent as x — oo we have
C = sup, H((x, x 4+ 1]) < oo and so

H(x,x+h]) <[h]C <ah+p, forxeR. 24)

for some positive «, B and any h > 0.

Under additional assumptions we know more about the asymptotic behaviour of H and H
(see [34]). If for some r > 0 one has P(Z < x) = o(e"™") as x — —o0, then there is some
r1 > 0 such that

H(x) = o(e") as x — —oo. (25)

More accurate asymptotics of H(x) as x — —oo is given in [29]. If Z has finite second
moment, for some r > 0, P(Z > x) = o(e™"*) as x — oo and the distribution of Z is strongly
non-lattice, then there is r; > 0 such that (see [34])

2

Hoy= =+ 227 L oe ) asx— oo (26)
x) = £z T 2Ez)p o(e x .

2.3. Renewal measure with extra regularity
For the second order asymptotics we need a better control of H ((x, x + &]) in terms of &
than (24); something in the spirit of
H ((x,x + h]) < ch?, x>0,h>0 27)

for some B > 0. Observe that with C,, = sup, H((x, x 4+ 1/n]) < oo we have

H (v, x + h)) < G, 121

thus (27) holds for all x and 7 > 1/n with B = 1. Hence, we have to investigate the case of
small & only. We have the following statement.

Lemma 2.1. Assume that P(Z > x) = o(e”"™) as x — oo for some r > 0, EZ> < 00 and
that the law of Z is strongly non-lattice. If there exists § > 0 such that

lim sup sup hPPa<Z <a+h)< oo, (28)

h—0t a>0

then there exists B > 0 and ¢ > 0 such that for x > 0 and h > 0,

H ((x, x + h]) < cmax{h”, h)}. (29)
Remark 2.2. Notice that (28) is satisfied when the law of Z has density in L? for some
l <p<oo.

Before we write the proof let us describe a certain factorization of H that will be used in
it. In renewal theory it is usually easier to consider first a non-negative Z, and then to extend
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some argument to arbitrary Z using the following approach (see e.g. proof of Lemma 2.1). Let
N =inf{n € N: §, > 0} be the first ladder epoch of (S,),>1. We define a measure by

N—1

V(B) =E (Z 15,,63) , B € B(R).

n=0
The support of V is contained in (—oo, 0] and V(R) = EN. Since (S,),>1 has a positive drift,
EN is finite. Let Z7 < Sy be the first ladder height of (S,),>1 and consider an i.i.d. sequence
(Z; )n>1. Then

H=Vx«H",

where H” is the renewal measure of (S ),>1 and S, = ZZ:] Z; ([6, Theorem 2], see also
[1, Lemma 2.63] for more general formulation).

Proof of Lemma 2.1. We will first consider the case when Z > 0 a.s. Let F be the cumulative
distribution function of Z. From condition (28) we infer that there exist 8, ¢, &¢ > 0 such that
for any @ > 0 and any h € (0,¢] one has F(a + h) — F(a) = P(a < Z < a + h) < ch”.
Decreasing ¢, if needed, we can and do assume that F(¢) < 1. Since H(x) = 1,50+ H * F(x)
we have for any x > 0 and & € (0, €],

H((x,x—i—h]):/

[0,x]
< ch’H([0, x]) + F(WH ((x, x + h])

(F(x — 24+ 1) — F(x — 2)) H(dz) + / Flx+ h — )H(dz)
(x,x+h]

and thus
H ((x, x +A]) < (1 — F(e))"'c ”PH([0, x]).

Let now Z be arbitrary and let Sy be the first ladder height of (S,),>1. Since EN < oo and,
for a > 0 and small enough #,

o0
IP’(a<SN§a+h):ZIP’(a<Sn§a+h,S150,...,Sn,1§0,Sn>0)

n=1

(o] oo
=Y Pa—Sii<Zy<a—=Si+h Nzn<ch? Y BN = n),

n=1 n=1

by (28) and it follows that

lim sup suph”gIP’(a < Sy <a+h)<oo.

h—0t a=0

Thus, using factorization H = V x H> we obtain for x > 0 and & € (0, €],

H((x,x+h]) = / H” ((x —t,x —t + h])V(dr)
(=00,0]

< ch? / H™ ([0, x — t])V(dr) = ch®? H(x).
(—00,0]

For 0 < x < h~® with § < B this implies that

H ((x,x +h]) < ChP(1 + x) < Ch#~?.
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On the other hand, for x > 2~ and r > 0 we have
e’ < e—rh"s < r—lh8

where we have used the fact that x exp(—x) < 1 for x > 0. The conclusion follows by (26),
since then

H((x,x+h]) = é +o(e™™). O

3. Renewal theorem

A function f: R — R, is called directly Riemann integrable on R (dRi) if for any & > 0,
Y sup f(y) <oo (30)

nel (n—1)h<y<nh

and

lim A - sup  f(y)— inf f» ] =0.
h—0F <§Z: (n—Dh<y<nh 2(n—l)h§y<nh
If f is locally bounded and a.e. continuous on R, then an elementary calculation shows that
(30) with » = 1 implies direct Riemann integrability of f. For directly Riemann integrable
function f, we have the following Key Renewal Theorem [4]:

/R fx — 2)H(dz) — é /R f(t)dr.

There are many variants of this theorem, when f is not necessarily L; — see [25, Section
6.2.3]. Such results are usually obtained under the additional requirement that f is (ultimately)
monotone or f is asymptotically equivalent to a monotone function.

Neither of them is sufficient for us. To prove Theorem 1.1 we need to integrate the function
e**Eg(e™ B) with respect to H, where g is C! function “approximating” 11 . Therefore, we
prove the following result.

Theorem 3.1. Assume that 0 < EZ < oo, the law of Z is non-arithmetic and P(Z < x) =
o(e™) as x — —o0. Assume further that there is a random variable B and a slowly varying
function L such that P(B > x) = x~*L(x). Let g be a bounded function, supp g C [1, o) and
there exists a constant ¢ such that

d

a(e—‘”g(ef))’ <ce ™, 1>0. 31)
Then

lim L(e*)™! / " IEg(e**B)H(dz) = a(EZ)~! / g(rr~~dr. (32)

X—>00 R [1,00)

Assume additionally that Eexp(eZ) < oo for some ¢ > 0 and that the law of Z is strongly
non-lattice. Then as x — oo,

< CL(¢"), (33)

f " IEg(e* ™ BYH(dz) — aL(e") g(ryr—'dr
R [1,00)

where C depends on | gllsup SUP,er 18(X)| and the constant ¢ in (31). C — oo if either
||g||‘m,, — 00 or ¢ = OQ.
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To obtain asymptotics of P(R > e*) one may integrate e**P(B > e*) with respect to H and
control other components as it is explained in the proof of Theorem 4.1. However, using C'
functions g instead of 1(; «)(x) allows us to avoid many technical obstacles, without requiring
stronger regularity of H. Basically we need g as defined in (38) i.e. approximating 1(j oc)(x).
Observe that when g(x) is replaced by 1(j o) (x) we obtain e**~IE1(; «)(e**B) = L(e* %)
and so Theorem 3.1 is in analogy to Theorems 3.1 and 3.3 in [14] which say that

1 ~
L (e *)H(dz) ~ ==L (¢
[ L man ~ 2T
or with more regularity on Z,
1 ~
/ L () H(dz) = —— T (¢*) + 0 (L(e")).
R EZ
The proof of Theorem 3.1 is postponed to the last section.

4. Perpetuities

4.1. First order asymptotics

In this section we prove Theorem 1.1. The assumptions are the same as in [14, Theorem
4.2 (i)], where the extremal recursion was considered. The proof, however, is not that simple.
Therefore, we use a different approach, introduced in [9]. Instead of proving directly the
asymptotics of P(R > x) we look for the asymptotics of Eg(R/x), where g is a C' function
and supp g C [1, 00). The advantage of such approach is that certain function is easily shown
to be dRi (see Proposition 4.3). Moreover, the asymptotics of P(R > x) follows straightforward
from the asymptotics of Eg(R/x) and the whole proof is quite simple.

Theorem 1.1 is an immediate consequence of (34).

Theorem 4.1. Suppose that conditions (A-1), (A-2), (B-1), (AB-1) are satisfied. Let g be a
bounded function supported in [1, 00). Suppose that (31) holds. Then

?Eo(x~ 'R
im TESCR) _ / g(rrdr. (34)
x—>00 L(x) P Ji1,00)
Moreover, as x — o0
x“IEg(xilR) - gfl\:(x) g(r)rf"*ldr < Cmax{l, L(x)}, (35)
Y [1,00)

where C depends on ||g||sup and c in (31).

Using Holder continuous or C! functions approximating indicators instead of indicators
themselves is a standard procedure which usually allows to reduce regularity requirement for
the probability distribution in question. By regularity we mean here assumptions similar to (42)
or even existence of density. They seem to be needed, if indicators are used, but with Holder
continuous functions one can handle calculations differently. In various problems this approach
is very successful.

Although we use regularity of functions in intermediate steps, what we obtain at the end
allows us to take the limit and to eliminate the dependence on Holder constants or derivatives,
see e.g Sections 3.1, 3.2 or Appendix D in [10]. This can be done in (34) because the right hand
side depends only on the integral of g. However this is not the case in (35) because C — oo if
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lg'llsup — oo which takes place when indicators are approximated by C ! functions. Therefore,
for the second order asymptotics we have to proceed differently. The problem is treated in the
next section.

Finally, aZ(x) in (34) and (35) may be replaced by EB{1p<,. As an easy consequence of
(21) we obtain

Proposition 4.2. Assume that the first condition in (B-1) holds. Then, we have
EB%13<, = aL(x) — L(x) ~ aL(x) (36)

and forr > 0,
EB{ ™ 1p<y = (a + r)/ T IP(B > )dt — x*TP(B > x) ~ g)c’L(x).
0 r
Assuming additionally that the second condition in (B-1) holds we have Z(x) P oo as x — oQ.

Proof of Theorem 1.1. It is enough to prove that for a & > 1
lim x*L(x) 'P(R > x&) = p £ (37)

Let £ > 1 and > 0 be such that £ — n > 1. Let g; be a C' function such that 0 < g; < 1
and
Oifx <&—n
_ = 38
g1(x) Lifx > &, (38)
Let g2(x) = g1(x — n).
Then g, g» satisfy the assumptions of Theorem 4.1, because gj(x) = gj(x) = 0 for
x <& —nand x > &+ n. We have
L = lim x*L(x) 'Eg(x 'R)

X—>00

< liminfx®L(x)"'P(R > x£) < limsupx®L(x)"'P(R > x&)
X—> 00

X—>00

< lim va(x)_lEgl(x_lR) = 1.

X—>00
Moreover,

o [ o
I - D) < ;/ 18107) — ga(r)r " dr
0

o [ET
< —/ r=ldr < 2an/p.
P Je—y
Letting n — 0 we infer that

lim x“Z(x)_IIP’(R > x&) exists.

X—>00
Finally,

lim x“Z(x)_'IP’(R > x&)— p e < an/p.
X—>00

Hence the conclusion follows. [
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Proof of Theorem 4.1. The proof presented here follows very closely the proof of Theorem
4.2 in [14]. Let us denote

f(x) :=e**Eg(e™R)
and
Y(x) = e Eg(e ™ R) — e** Eg(e ™ AR),
where A and R are independent, supp g C [1, co). Let us define the distribution of Z by
P(Z € ) = EA1ipg Ac.. (39)
Then, we have for any x > O,
f(x) =9 x)+ e Egle ™ AR) = Y (x) + EA®* f(x —log A) = ¢ (x) + Ef (x — 2),
Iterating the above equation (see page 8 in [14]), one arrives at
00
fo) =3 By —$) = fR Yx — OH(d2),
n=0

where H is the renewal measure of (S,),>; and S, = Z,+---+Z,, where (Z;); are independent
copies of Z and Sy = 0. Let us define

Vp(x) =e""Egle™*B)  and  Yo(x) = ¥ (x) — ¥p(x).

Let us note that (31) is equivalent to condition |xg’(x) — ag(x)| < ¢ for x > 1. Thus, (31)
along with boundedness of g imply that g’ is also bounded and so g is Lipschitz continuous.
By Proposition 4.3, ¥ is directly Riemann integrable and so

lim [ Yo(x — 2)H(dz) = é /R Yo(t)dt < o0.

X—>00 R
The main contribution to the asymptotics of f comes from fR ¥p(x — z)H(dz). Observe that
EZ =EA%logA =p

and that since the law of Z has the same supports as logA given A > 0, it is also
non-arithmetic. Moreover

P(Z < x) = EA"Ljpga<x < e™'P(A < &%) = 0(e™)
as x — 0o. By Theorem 3.1 we obtain the assertion. [

In the next proposition we neither need to assume that A > 0 with probability 1 nor that the
law of R is the solution of the equation R L AR + B. We require only that the moments
of |R| of order strictly smaller then « are finite, which is satisfied in our framework; see
[10, Lemma 2.3.1]. For 0 < ¢ < 1, we define H® to be the set of bounded functions g
satisfying

1g(x) — g(y)l
lglle = sup ————=—

x,yeR |)C - y|£

Clearly, due to boundedness of g, H°t C H® if &) < ¢.
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Proposition 4.3.  Suppose that A, B, R are real valued random variables and (A, B) is
independent of R. Fix 0 < ¢ < «, ¢ < 1 and assume further that E|A|* < oo, E [|A|8|B|“"9] <
oo, E|R|? < oo for every B < a. Then for every g € H® such that O ¢ supp g the function

Yo(x) = eE [g(e “(AR + B)) — g(¢ *AR) — g(¢"*B)]

is directly Riemann integrable.

Proof. Since v is continuous it is enough to prove that

Z sup |Yo(x)| < oo. (40)

g nsx<ntl
For x, y € R we have

lg(x +y) — g(x) — g = Ig(x +y) — ()| + [8(y) — gO)] = 2[igllelyI°
Interchanging the roles of x and y, we arrive at

lg(x +y) — g(x) — g = 2liglle minflx], |y} Lmax(jx],[y)}=n/2+
where supp g C {x : |x| > n}. Thus, for any x € R

[Wo(0)] < 2gllee® ™ E [min{| BJ, AR} Liax(il. 4R} >en/2] -
Since ¢ — ¢ > 0, we have

sup  |o(x)| < 2||glle® " VE [min{|B|, |AR|}€1max{\B\,\AR\}>e”n]

n<x<n+1
and
no
> sup o)l < 20glE| Y @) min{| B, |AR|} |
nel n<x<n+l1 N——o00
where

no = log (2max{|B|, |[AR[}/n)] .
Hence, there is a constant C = C(n, «, &, ||g]|¢) such that

sup |o(x)| < C E[max{|B|, |AR|}** min{| B|, |AR]}*]. (41)

neZ n<x<n+l
Let us first consider the case when o — 2¢ > 0. We have
E [max{|B|, |AR[}* * min{|B|, |AR|}*] < E[|B|*"*|ARI’] + E[|AR|*~*|B|*].

Since R and (A, B) are independent, the first term above is finite by assumption. For the second
term, we have

EIRI*E[|AI*"*|BI*] = EIRI“E[|AI*|AI*%|BI* (Lipj<a) + Li5=1a1)]
< B[R (EIA[* + E|A[*|B]*™),

where we have used |A|°‘_251|B‘>\A| < |B|°‘_25. On the other hand, if o« —2¢ < 0, then we have
0 < o — ¢ < ¢ and the right hand side of (41) up to a multiplicative constant C is equal to

E[|AR|*|B|**15/>jar/] + E[JAR|* | B|* | B|* “1p)<|ar)]-

It is clear that both terms are finite; for the second use |B|2£_“1|B|5\AR\ < |AR|25_°‘. |
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4.2. Perpetuity — second order asymptotics

In this section we study the second order asymptotics i.e. the size of
x“P(R > x) = L)/ p|

when x — oo. For that we need more stringent assumptions on the distribution of A. Recall
that L(x)/L(x) — oo as x — 0.

Theorem 4.4. Assume (A-1), (A-2), (B-1). Suppose further that there exists B > 0 such that
lim sup sup h PP < logA<a+h)<oo 42)

h—01+ aeR

and EAY < oo for some y > a + o?/B. If the distribution of Z defined by (39) is strongly
non-lattice, then as x — oo,

L(x) LE ((AR+ B)% — (AR)% — BY)
ap

x*P(R > x) = + O(L(x)) + o(D), (43)

where a, = max{a, 0}.

Remark 4.5. Depending on L either the constant or O(L(x)) may dominate in (43). If L(x)
is asymptotically bounded away from zero, then (43) says that

X*P(R > x) = p_lz:(x) + O(L(x))
when x — o0.
If L(x) — O then (43) is more precise and it implies
~ E((AR + B)* — (AR)* — B“
lim (x“P(R > x) — p~'L(x)) = (« Y~ (ARY; — BY)

X—00 op

Remark 4.6. In Theorem 4.4 it is required that the law of Z is strongly non-lattice, but it
is somehow desirable to have a sufficient condition in terms of the distribution of log A. It is
enough to assume that the law of log A is spread-out, i.e. for some n its nth convolution has
a non-zero absolutely continuous part for some n € N. If the law of log A is spread-out then
the law of Z is spread-out as well. This in turn implies that the distribution of Z is strongly
non-lattice.

We begin with the following technical lemma.

Lemma 4.7. Under assumptions of Theorem 4.4, both functions
I (x) = e**'P(max{AR, B} < e¢* < AR+ B)

and
L(x) = e P(AR + B < ¢ < max{AR, B})

are O(L(e")) as x — oc.

Proof. By assumption we have y > a + o?/8. Take § such that

2
Yos<1-L (44)
Y vB
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and ¥’ € (a + a?/B, y) such that
2
2 ci-s (45)
v'B
Then, we have
I1(x) < e** (P(B > e /2) +P(e™ < B <e"/2, AR+ B > )+ P(A > /)

+P(B < ¢, A < e™/V AR < ¢ < AR + B))
=K+ K, + K3+ Ky.

It is clear that K| = O(L(e")). Furthermore, taking n such that

o? od
<n<-—
Yy to I+56

we obtain

(46)

E(ARB)*"

ax (1+8)x axa—1
K> < ¢*P(ARB > ¢ /2) < e**2 PEETEEE

— O(e—SX)
for some s > 0. Indeed, E|[ARB|*™" = (E|AB|*"")(E|R|*™") and applying Holder inequality
with p =y /(e —n) and ¢ = y/(y — a + 1) we obtain
E|AB|*™" < (EAV)I/V(IE|B|(°‘7'M)1/‘I
and (¢ — n)g < o in view of (46). Moreover, since 1 — y/y’ < 0 we have

ax EAY

exrx/y’

for some s > 0 and so K, and K3 are O(L(e")) as well. For K, define A(x) = 1 —e~(=9% — |
and recall that «/y’ < 1. Then, by (42),

Ky < ¢ POu(x)e" < AR < &', R > Ax)e /%)
= ¢®P(x — log R + logA(x) < log A < x —log R, R > A(x)e!~/7)%)
< Ce®™ (—1og A(x))P P(R > A(x)e!! /7))
L(u(x)et /vy
k(x)aea(l—a/y’)x

which is O(e™) for some s > 0 in view of (45).
We proceed similarly for I, writing

K3

A
o

=o(e™*)

~ Ceaxefﬂ(lfs)x

s

L(x) < e (IP(B > ")+ P(AR > ', —B > &™) + P(A > /")
4P(—B <&, A <e®/" AR+ B <é' < AR)) .

Then one can show that there exists § > 0 small enough to ensure that I,(x) = O(L(e*)). U

Proof of Theorem 4.4. We begin the proof in the same way as in the proof of
xreffunction (see also proof of [14, Theorem 4.2]) but with f(x) = e**P(R > ¢e*), ¥(x) =
e (P(AR+ B > ¢*) —P(AR > €%)), ¥p(x) = e**P(B > ¢*). Then

Flx) = /R Va(x — DH(D) + /R Yolx — DH(D), 47)
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where
Yo(x) = €™ (P(AR + B > ¢*) —P(AR > ¢') —P(B > ¢")).
In view of Theorem 3.3 in [14] we know that
/R Vp(x — DH(d2) = p~'L(e") + O(L(e")).
Hence it remains to show that
/él/fo(x —2H(dz) = p! /R Yo()dr + o(1) + O(L(e"))
as x — oo. Let us denote

I (x) = e**'P(max{AR, B} < e¢* < AR+ B)
L(x) = ¢**P(AR + B < ¢' < max{AR, B})
L(x) = e**P(min{AR, B} > ¢%)

so that

Yo(x) = Li(x) — L(x) — I3(x).
In the proof of Theorem 4.2 in [14] we have already shown (under weaker assumptions) that

Emin{AR, B}*

/ L(x — 2H(dz) = +o(l)
R

and that Emin{AR, B} < oo. By the preceding lemma we know that /;(x) = O(L(e")) for
i = 1,2 and this implies that as x — oo,

/ L(x — H(dz) = O(L(e)), i=12.
(—00,0]

Indeed, consider [ __ LZZ:) JH(dz). For any 8 > 0, the integrand is bounded by ce™%¢ for
some ¢ > 1 by Potter’s bound (20). Combining this with (25) and Lebesgue’s Dominated

Convergence Theorem we conclude that

/ L(e**)H(dz) ~ L(e*)H(0). (48)
(—00,0]
Observe that there exists §* > 0 such that

limsupsuph # " P(a < Z <a+h) < . (49)

h—0t a>0

Indeed, let p = ©£, g = ¢*¢ with o« + & < y. Then
Pla < Z <a+h)=EA N, g azarn < (EAYT) P (Pla < log A < a+ )"
Hence

h PP < Z < a+h) < (EA*™) P (A PP(a < log A < a + h))'"?
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and (49) follows by (42). In view of (28) we have the following easy result for x > u and
d>u,

/ ea(x—z)H(dZ) < e“dH(((x — d)+, X —u))
((x—d)+,x—u]

<ce® max{(x —u—(x — d)+)’§, x—u—x—d)y} (50)

< ce® max{(d — u)?,d — u)
for some B > 0, where, the first inequality follows from monotonicity of the integrand and the
second one by Lemma 2.1.
Moreover, notice that for 0 < A < 1 and all x > 0 one has log(1 +x) < A~ 1x*. Let us note
that on the event {AR + B > max{AR, B}}, both AR and B are positive and, on the space

restricted to this event, random variables U = logmax{AR, B} and D = log(AR + B) are well
defined. Then, by (50)

/ I(x — HH(z) = E / I ko s s H(D)
(0,00) (0,00)

=K f Y IOH(d)1p-y
(x—D,x=U]N(0,00)

< ¢E(AR + BY((D — UY? +(D — U))1p.y.
For the first term above we have

cE(AR + BY*(D — U 1p.y
EAR + B) (log 1+ MMAR. B) ﬁl

- 0o T >max

¢ g max{AR, B} AR+B>max(AR.B)
c min{AR, B}
_..]:E AR B a—~1 >max
7 (AR + B) max(AR. B AR+B>max{AR, B)
2¢

-Emax{AR, B}*~ " min{AR, B}* 1AR+B>max{AR B)
<2 3 — (E(AR)*~ AﬂBkﬂlmm{AR B)=B>0 + EB*” MS(AR)wlmm AR.BJ=AR>0) < 00

provided ,BA < a. An analogous calculation shows that E(AR + B)*(D —U)1p.y < 0o and so
f(x_ Dox—UIN(0.00) e**~9H(dz)1p-y is dominated by an integrable random variable which does
not depend on x. Thus, by Lebesgue’s Dominated Convergence Theorem we have

lim I(x — 2)H(dz) = E lim 91, _._pH(d2)1p-v
X—>00 (0,00) X—> 00 (O,JC—U]

and for d > u as x — oo,
)
eauf ea(X7u7Z)lx—u—z<d—uH(dZ) N pfleom‘/‘ em11<d—udt’
(0,x—u] 0

where we have used the Key Renewal Theorem since x +— e**1j9 4, is dRi (it has compact
support, is bounded and a.e. continuous). Thus
E((AR + B)* — max{AR, B}¥)1 ~max
lim I1(x — 2)H(dz) = (( + B) { 1)1 AR+ B>ma (AR.B)

X—>00 (0,00) ap
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We proceed similarly with I,. With D = logmax{AR, B} and U = log(AR + B)
(analogously as before, D and U are well defined on the events {max{AR, B} > 0} and
{AR + B > 0}, respectively), we have

f L(x — 2)H(dz) = E f ey gy peer—: <max(ar, 5y H(dZ)
(0,00) (0,00)

= E/ ea(x_Z)H(dZ)lmax{AR,B}>AR+BzZ*1 max{AR,B}>0
(x—D,x—U1N(0,00)

+ E/ e*“TIH(d2) 1 R p<r-1 max(AR, B).max[ AR, B)=0-
(x—D,00)N(0,00)
and by (50)
E/ ea(x_Z)H(dZ)lmax{AR,B}>AR+322—1 max{AR, B}>0
(x—D,x—=U]N(0,00)
< Emax{AR, B}* ((log max{AR, B} —log(AR + B))?
+ (logmax{AR, B} — log(AR + BD) max{AR,B}>AR+B>2"! max{AR,B}>0"

Again, as before we do calculations for the term with B. It is bounded by

N —min{AR, B}
cEmax{AR, B}* ( log(1 + W) max{AR, B}>AR+B>2—1 max{AR, B}>0

c —min{AR, B}
F]Emax{AR B}* (W) Liax({AR, B}> AR+ B>2-1 max{AR, B}>0

W € o ( |min{AR, B}|
<2 Y —Emax{AR, B} m 1max{AR,B}>AR+BzZ—1max{AR,B}>O

< ZM’EEmax{AR, B} | min{AR, B}|*} < oo
as before. The second term equals
a Emax{AR, B}* /000 e H((x —D,x =D +1tD)dr 1,5, pr-1 max{AR,B).max{AR.B)>0
< cEmax{AR, B}ilAR-k—BgZ*l max{AR,B},max{AR,B}>0"
Now, since min{AR, B} <0 and
AR + B = max{AR, B} + min{AR, B} < %max{AR, B}
we have
| min{AR, B}| > %max{AR, B}
and
Emax{AR, BY*1jninar. 5y=2- max(ar,B)>0 = EB 1y g 1p g1 <p1am

+ E(AR)QIAR>0,B<O,152%

|AR["
<21 (E|B| B
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+ E|AR® (ﬂ>n>
|AR|
< 2"(E|R|"E|B|* " A"

+ E|R|*"TEA*™"|B|") < oo.
Similarly as before, Lebesgue’s Dominated Convergence Theorem implies that as x — oo,
E(max{AR, B}* — (AR + B)})+

ap

and so as x — oo, after straightforward simplification,

/ 12(x — Z)H(dZ) —
(0,00)

/1;1//‘0()6 — 2)H(dz) = éﬂi ((AR+ B)Y — (AR)%. — BY) + O(L(¢")) + o(1). O

5. Perpetuities with general A

Now we are going to consider perpetuities with A attaining negative values as well. More
precisely, we assume that P(A < 0) > 0, possibly with P(A < 0) = 1. Our aim is to reduce
the general case to the one already solved: non-negative A. We propose a unified approach to
perpetuities, which applies beyond our particular assumptions.

Assume that Elog |A| < 0 and Elog" |B| < co. Then the stochastic equation R L AR + B
with (A, B) and R independent has a unique solution, or equivalently, that R, = A, R,—1 + B,,
n > 1, converges in distribution to R for any Ry independent of (A,, B,),>1, where (A,, By)n>1
is a sequence of independent copies of the pair (A, B).

Define the filtration F = {F,,: n > 1}, where F,, = o ((A, By);_,). Following [35, Lemma
1.2], for any stopping time N (with respect to F) which is finite with probability one, R satisfies

RéA] ...ANR+ R}, Rand (A, ... Ay, Ry)are independent, (51)

where R = Bi+A(By+---+A;...A,_1B,forn > 1.Forn >1we write I, = A;-...- A,
and Iy = 1. Let N := inf{n € N: II, > 0}. Then, N is a stopping time with respect to F and
N is finite with probability 1. Indeed, if P(A < 0) = 1 then N = 2. If P(A > 0) > 0 then
N = oo if and only if A} < 0 and for every n > 2, A,, > 0 which means that for every n
P(N = o0) <P(A < 0)P(A > 0)""!' -0, asn— oco. (52)

Let now P(A < 0) > 0 and Ay = Al>0, A- = —Al,oo.
Since {N >k} ={A; <0,A, >0,...,A;_; >0} for k > 2 we have

Ry = Z Iysi -1 By = By — (Ay)- (Z(A2)+ o (Ak—l)+Bk> .

k=1 k=2
Let us denote the expression in brackets by S. Then, S is independent of ((A)—, B;) and it is
the unique solution to

gL ALS + B, where S and (A4, B) are independent. (53)

Summing up, we obtain

Lemma 5.1. Assume that P(A < 0) > 0 with Elog|A| < 0 and Elog" |B| < co. Let R be
the solution to

R < AR + B, R and (A, B) are independent.
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Then R is also a solution to (51), where
R}, 4 (-A_)S+ B, S and (A_, B) are independent
and S satisfies (53).

Thanks to the above lemma, we can reduce the case of signed A to the case on non-negative
A. The properties of IIy and R} will be inherited by the properties of the original (A, B).
The main result of this section is

Theorem 5.2. Suppose that

(sA-1) P(A <0) >0, Elog|A| <O,

(sA-2) there exists o > 0 such that E|A|* =1, p = E|A|*log |A| < o0,
(sA-3) the distribution of log |A| given |A| > 0 is non-arithmetic,
(sA-4) there exists € > 0 such that E|A|*™ < oo,

(sB-1)

P(B > 1)~ pt L), P(B < —t) ~qt “L(1), p+qg=1,
(sB-2) E|B|* = oo.
Then
L L
x*P(R > x) ~ ﬁ x*P(R < —x) ~ ﬁ
2p 2p
The proof relies on Lemma 5.1. The tail asymptotics of S follows from [21] as it is explained
below in the proof of Theorem 5.4. In view of (51) to conclude Theorem 5.2 it remains to prove
that /Iy and R}, satisfy assumptions of Theorem 1.1. First we will prove that IIy inherits its
properties from A. The following result is strongly inspired by [19, (9.11)—(9.13)] (see also
[1, Lemma 4.12]). For completeness, the proof is included below.

(54)

Theorem 5.3.

(1) If the law of log |A| given A # 0O is non-arithmetic (spread-out), then the law of log IIy
given Ily > 0 is non-arithmetic (spread-out),
(ii) If E|A|® = 1 and E|A|*"* < oo for some &€ > 0 then there exists & > 0 such that
EITE < oo,
(iii) If E|A|* =1 then EIlIj; = 1 and EII} log IIy = 2E|A|log|Al|.

Proof. If P(A <0) =1 then IIy = A;A; and the law of log IIy given log IIy > 0is P_xP_,
where P_ is the law of Plog|A||A<0' P_ x [P_ is non-arithmetic or spread out respectively if so
is P_. Also the remaining of the above statements are clear in this case so for the rest of the

proof we assume that P(A > 0) > 0.

(i) Denote by P.. and P_ the laws of PlogA|A>0 and P]og|A||A<0’ respectively. Set p = P(A >

0) and ¢ = P(A < 0). By [19, (9.11)], we have

1 o0
P 0= [ pPo + PP pP ).
log ITy | [Ty >0 ]P)(HN>O) <P +q <§p >>
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If pP. + gP_ is spread out then there are k,/ > 0 such that ]P’*;k * ]P”;’ has a non
zero absolutely continuous component. Hence P-. * P*2 is spread out and the mixture of
measures, one of which is spread-out is spread-out as well.

If pP. + g P_ is non-arithmetic then the supports of P. and IP”;Z generate a dense sub-

group of R (see the argument below [19, (9.13)]). Thus, we conclude that Piog 7y 7y >0
is non-arithmetic.

(i1) Let u(j) = EA“**1,-,. Since the function & ,u(j) is continuous and u(f) < 1, then

there exists £; > 0 such that ,u(f) < 1.

Then, we have

n=2

oo
= p{V + (BIAP 1 1420)" Y (S0 < o0
n=2
(iii) Define a measure QQ, on (2, F,,) by
Qu(8) = E|IL,|*1s, SeF,, n=0.

Let Fo, be the smallest o —field containing all F,,. The sequence of measures Q, is
consistent, thus by Kolmogorov theorem there exists a unique measure Q on F, such
that Q(S) = Q,(S) for S € F,. Note that (A,),>; are i.i.d. also under Q. We have

= QN =1)= QA = 0) = E[A[*14-0 = p)
and for any £k > 1,
QN =k)=Q(A; <0,A2>0,..., Ag— > 0, Ay <0) = (1 — p )" ul2

Hence EgN = 2, where Eq is the expectation with respect to Q.
Since Fy C Fo, for any S € F we have

QS) =Y QS NN =n})= > EL|"Lsnn=n)
n=1

n=1

[o¢]
=Y Ell{lsnn=n = EII{1s.

n=1

Putting S = {2 we obtain that EII§ = 1. Further, since Iy is Fy measurable, we have

N
EllylogIly = Eglog IIy = Eg (Z 10g|A,,|> =EqgN -Eglog|A;| = 2E|A|* log |A]|,

n=1

where the Wald’s identity was used. [J

Secondly we show that the tails of R} behave like P(|B| > x). Let now P(A > 0) > 0 and
Ar =Alps0, A= —Also0.

Theorem 5.4. Assume additionally that

P(B >1t)~ pt *L(1), P(B < —t) ~qt *L(t), p+qg=1
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and E|A|*T < oo for some &€ > 0. If uy = KA1, < 1, then

P(S > 1) ~ P(B > t), P(S < —t) ~

P(B < —1), (55)
L=y I —pq

and

P(R}, > t) ~P(|B| > t) ~ P(RY < —1). (56)

Proof. Tail asymptotics of S follows from the application of [21, Theorem 3] to (M, Q, R) =
(AL, B,S). Wehave E|M|* = EA%1,. < 1 and E|M|**® < E|A|*™® < oo by the assumption.

Tail asymptotics of R} then follows from [21, Lemma 4], since R} 4 B + A S. Here
(M, 0,Y) = (A_,B,S) and E|M|* = EA*1,_y < 1 and E|M|**® is finite as above. One
easily checks that P(R}, > t) ~ P(|B| > t). To obtain P(R}, < —t) ~ P(|B| > t) we apply the
above argument to —R < A(—R)—B. O

6. Proof of Theorem 3.1

First we prove that

lim L(e")™! f e IEg(e** B)H(dz) = 0 (57)
(—00,0]

X—>00

Since g is bounded and its support is contained in [1, 00), there exists a constant ¢ such that
g(x) < cl,.1_, for any ¢ > 0. Thus, with ¢, = c(1 — &)~! we have e**IEg(e?*B) <
ce®"IP(B > (1 — e)e* %) = ¢, L((1 — €)e* %) and therefore

f " IEg (e BYH(dz) < ¢, / L((1 — &)e**)H(dz)
(—00.0] (—00,0]

~ ¢, L(e*)H(0) = o(L(e")).
by (48).
For the main part we have

/ ¢ PEg(e” "I B)H(z) = / " IEg(e™ ") B)ljp. o H(d2)
(0,00) (0,00)

[ IR I B g g HD)
(0,00)
= Li(x) + L(x).
The first term is easily seen to be O(L(e*)). Indeed, observe that the integral f(o, 00) e “H(dz) =
fooo ae **H ((0, x]) dx is finite by (24). Bounding g by an indicator as before, we have

L(x) < ¢, / CIP(B > (1 — e)e* %, B > ¢")H(dz)
(0,00)

= c.L(e") e “*H(dz).
(0,00)

Let us decompose I>(x) in the following way

L) =E / T et0 gt ) Ky
20X) = A e gle EZ 0<B=<e*

% ) g (-0 <
a(x—z —(x—z _ N
+E /0 g B (H@) — == ) locn=. (58)
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The first term above is
o0
OlGEZ)_lL(ex)/ g(ryr " 'dr + O(L(e"))
0

and it constitutes the main ingredient in (32). To see this, change the variable r = e @-IB,
to obtain

oo
(EZ)‘IEBj‘_IBSex/ gr) rotdr,
0

by the fact that supp g C [1, 00). But (36) gives us that EB{1p<,x = otL(e") L(e*). It remains
to prove that the second term in (58) is o(L(e")) Let us denote
R H(iz)— —
(z) = H(z) EZ
The equality g(1) = 0 is a consequence of suppg C [1, oo) and differentiability of g. Since
lim,_, o, e **R(z) = 0, after integrating by parts we see that

IE/ e g(e™ ") BYAR(2) 1o~ p<ex
(x—log B,00)

o d
— —E/ ( o(x— z)g(ef(x Z)B)>R(Z)dZIO<B<€X
x—log B dz

®d
— _EB* / a((“’ g(e’))R(t +x — log B)di1y_pr,
0
where we have substituted t+ = z — x 4 log B. Moreover, notice that

/0 ~ %(e—‘“g(ef))dr —0

and so

© g
EB“1y_ g / = (e_"” g(e’)) R(t + x — log B)dt
0

*d
=EB*1g_p<c / E(e“”g(et)) (R(t +x —log B) — R(x — log B)) dt
0
By the assumption (31), there exists a constant C such that for all # > 0,

—(Xl < C —at
‘ GG ))‘ <Ce™™,
So it amounts to estimate
o0
EB*1g.p<ex / e " |R(t +x —log B) — R(x — log B)| dt (59)
0

Define

EB*1g<p<ex [; e |R(t + x —log B) — R(x — log B)| dt
J(x) = = .
EBa10<B§ex

We will show that J(x) — 0, and since the denominator equals aZ(ex) this will be the end of
the proof.

Define the law of C, by
EBileg-’f,Be.

P(C, € -) =
(€)= g1,
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Note that P(0 < C, < ¢e*) = 1. Thus, J(x) may be rewritten as
o0
E/ e ™ |R(t+x —logC,) — R(x —log C,)| dt.
0

Since for any positive x and ¢, |R(f + x) — R(x)| = [H((x, x +¢]) — ﬁ| < ct + b for some
c,b > 0, we have

X—>00

lim J(x) = / e lim E|R(t +x —log C,) — R(x —log C,)| dt.
0 X—>00

Moreover, x — C, converges to infinity in probability, as x — oo. Indeed, for any N > 0 we
have

EB{1ppn _ Le*™N)
EB% 15 L(eY)

P(x —logC; = N) = P(C, < &' ) = S,

because L is slowly varying. Since, |R(t 4+ x) — R(x)| — 0 as x — oo, we infer that
|[R(t +x —logC,) — R(x — log C,)| (60)

converges to 0 in probability, as x — oo. But (60) is bounded in x, thus the convergence holds
also in L; and we may finally conclude that

lim J(x) =0,
X—>00
which completes the proof of (32).
If additionally Eexp(¢Z) < oo for some ¢ > 0 and the law of Z is strongly non-lattice

then (59) is bounded by CL(exp(x)) which was proved in [14] — see the end of the proof of
Theorem 3.3 there just before the references.
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Appendix

Suppose that E|B|f < oo for any B < « and that there is ¢ > 0 such that E|A|*"® < oo.
Then by Holder inequality we may conclude that for every n < «, E|B|*7"|A|7 < co. However,
if the tail of B exhibits some more regularity, a weaker condition implies the same conclusion.

Suppose that x*P(]B| > x) < L(x), where L is a slowly varying function bounded away
from 0 and co on any compact subset of (0, oo). Let W be a non-decreasing function such that

W(x) > C max{L(x), log(x)} for x > 0.

For instance W(x) = max{sup,_, -, L(w), log(x)} or W(x) = max{Z(x), log(x)} will do.
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Lemma 7.1. Assume that W is as above, n < a, D > 27"‘ — 1 and

E|A|*W(|A])P < oo.
Then
E|BI*"TA|" < oo.

Proof. Since E|A|* < oo and E|B|*™" < o0, it is enough to prove that for a fixed Cy
EIBI* A" > 4l ja1zc < 00
We choose B > 0 and y such that
-7y <1 61)
o
For m > k consider the sets
Sim = {EW(EP < |A] < WY " W(e™) < |B| < "M W(emt)
Let Cy = €0 W (e*0)P, where ko is such that W (ko) > 1. Then
E|BI* A" s> iadiai=c, < C Y Y " VHIW (PO W (e YPIP(Sk ),
k>ko m>k
P(Sim) < P(1B] > " W(e" ) P(1A] > fW(e")F)' ™
and
P(IB| > e"W(e™)’) < e " W(e™) P L(e"W(e™)).
Let § > 0. By the Potter bounds (20), since W(e™) > 1 for m > kg
L(e"W(e™P) < CL(e™)W(e™) < CW(e™)W(e™)”.
Hence
P(|B| > e"W(e™)’) < Ce " W (e™)' P TF.
Further,
P(JA| > W (") < (]E|A|aW(|A|)D)e—‘*kW(ek)—“ﬂW(ekW(ek)ﬁ)‘D
< Ce kW (ek)~PF,
because W is non-decreasing and W(e*) > 1. Therefore, we have
E[BI*™"| A" pj> a1 Lja=co

< C Y et haman ey (a0 gy g yprap =) =Dy,
k>ko m>k

Notice that in view of (61)
a—n—ay <0.
In order to sum up over 8, we choose B such that

Bla —n—ay) < —y.
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Finally, we take § sufficiently small to ensure

Bla—n—ay +yd) <—vy.

Then
3 el ey gyl (-ep ) < N7 gnlemn—en) o,
m=>k m=>0

Hence

E[B|*7" A" 3> 1a11a1=c,
<C Z W(ek)ﬂ(’l—ﬂt+0¢)/)—D(1—V)
kzk()

<C Z kBO—a+ay)=D(-y) _ 00,
kzk()

Finally, we need to guarantee that

B —a+ay)— DI —y) < -1 (62)
Suppose that f(a¢ — n —ay) = —y — & for some & > 0. Then (62) becomes
1
D> L—FS (63)
-y

and we may minimize D by an appropriate choice of y. Notice that if § =0 and y = 1 — n/«
the right hand side of (63) becomes 2«/n — 1. Since y may be arbitrarily close to 1 — 1/« and
& arbitrarily close to 0, D > 2a/n — 1 will do. O
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