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We study solutions to the stochastic fixed-point equation X 4 AX + B
where the coefficients A and B are nonnegative random variables. We intro-
duce the “local dependence measure” (LDM) and its Legendre-type trans-
form to analyze the left tail behavior of the distribution of X. We discuss the
relationship of LDM with earlier results on the stochastic fixed-point equation
and we apply LDM to prove a theorem on a Fleming—Viot-type process.

1. Introduction. Our research on the stochastic fixed-point equation is motivated by a
problem arising in the theory of the so-called Fleming—Viot processes considered in [9, 15].
This article contains new ideas that lead to the complete solution of a specific problem; see
Section 7 for details. Needless to say, we hope that the new technique developed in this paper
will have applications beyond the theory of Fleming—Viot processes.

Given a pair of random variables (A, B), an independent random variable X is said to
satisfy the stochastic fixed-point equation if

(1.1) XL AX +B.

The behavior of the solution, especially the left and right tails, has been extensively stud-
ied. A classical result ([12, 17]) says that under some assumptions on (A, B), for some
a,C_,Cqp >0,

(1.2) P(X>x)~Cyx % and P(X <—x)~C_x"7,

as x — oo (see Theorem 7.12 for a fully rigorous version). An excellent review of the subject
can be found in [6].

It can be shown that if A and B are nonnegative random variables then a nonconstant
solution X to (1.1) must be also a nonnegative random variable (we do not present a proof
because this claim is not needed for the main application of (1.1) in Section 7). If X is
nonnegative then the first estimate in (1.2) is still meaningful and informative, but the second
one is not because for x > 0 we have P(X < —x) = 0. In this article, we will continue the
analysis of the behavior of P(X < x) as x — 07 initiated in [9].

We will introduce a new concept of “local dependence measure” (LDM) and its Legendre-
type transform. We will relate LDM to concepts discussed in [9]: inverse exponential decay
of the tail of B, and positive quadrant dependence of A and B. We will illustrate the power
of LDM by a few examples, including the proof of a result on the Fleming—Viot model.
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1.1. Organization of the paper. Section 2 is devoted to the basic general properties of
solutions to the stochastic fixed-point equation (1.1). We recall the conditions that guarantee
the existence and uniqueness of the solution in Theorem 2.2 and Corollary 2.3.

In Section 3 we define the local dependence measure (LDM) for the random variables
(A, B) in (1.1), and its Legendre-type transform. We study basic properties of these functions
and present their first application to the stochastic fixed-point equation.

In Section 4 we show that if LDM for the random variables (A, B) exists then the solution
to (1.1) is a random variable with an “inverse exponential decay” left tail.

Section 5 is devoted to calculating explicit formulas for LDM (Proposition 5.3) and its
Legendre-type transform (Proposition 5.4) when A and B are positively quadrant dependent
random variables.

In Section 6 we prove that if X,, = A, X,—1 4+ B, forn>1, Xo=0and (A, By)y>1 15 a
sequence of independent copies of (A, B), then

liminf — "

= (\* 1/p
n—oo H—1(logn) ()

where H is a regularly varying function introduced in the definition of LDM, A* is the fixed
point for the Legendre-type transform, and p is a parameter in the definition of LDM.

In Section 7 we apply an LDM to prove a version of the law of iterated logarithm for a
Fleming—Viot-type process.

2. General results on stochastic fixed-point equation. In this section we will intro-
duce notation and conventions used in the rest of the paper, and present some known general
results, with references but no proofs.

In this section, and this section only, we will allow the coefficients A and B of the stochas-
tic fixed-point equation

(2.1) XL AX + B,

to take arbitrary (positive and negative) values. Starting with Section 3, we will assume that
A,B>0,as.

We will say that the law of a random variable X with values in R is a solution to (2.1) if one
can construct X, A and B on the same probability space in such a way that X is independent
of (A, B) and (2.1) is satisfied.

We will always use (A, B;) to denote a vector with the same distribution as (A, B) (the
distribution of (A, B) can change from one context to another).

Let (A, By)n>1 be an i.i.d. sequence and define random affine maps from R to itself by

V,(t)=At+B,, tel.
Clearly, (W,) is an i.i.d. sequence. Suppose that X is independent from (A, B,),>1 and let
(22) Xn = \'Ijn(Xn—l) = Aan—l + Bny
for n > 1. Note that (X,,) is a Markov chain. It is easy to check that
n n n
X, = (ZBk I Aj) X0 [] 4.
k=1 j=k+1 i=1

We define another sequence of affine mappings, starting with So(¢#) =t for all #+ € R, and
continuing inductively by

Sp(@) =Sp—1 0V, (1) = Sp—1(Ant + By),
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for n > 1. Then we have

n k—1 n
Sn(t) = (Z B[] Aj) +:]] A
k=1 j=1 i=1

with the convention that ]_[’J’Lk Aj =1if m < k. Re-indexing of the sequence (A,, By)u>1
easily shows that

(2.3) Xn 4 Sn(Xo)

foreachn > 1.
The following follows from the “principle” stated on page 264 of [18].

LEMMA 2.1. If for each t € R the sequence (S, (t)) converges almost surely to a limit,
say S, which does not depend on t, then the law of S is the unique solution to (2.1). Moreover,
(X,) converges to S in distribution, for any Xo.

The only natural candidate for the limit S is the series

o0

k—1
(2.4) S:=Y B []A;.
k=1 j=1

If P(A=0) >0, then N =inf{n > 1: A, =0} is a.s. finite and

N k—

1
S =Y "B [] A
k=1 Jj

1

for all n > N. Thus, the condition P(A = 0) > 0 ensures the a.s. convergence of (S,(¢)) for
all r e R.

For x > 0, let f4(x) = fé‘ P(|A| < e ") dt. The following theorem characterizes almost
sure convergence of (S, (Xg)). It follows from a more general result in [13], Theorem 2.1.

THEOREM 2.2. Suppose that P(B =0) < 1 and P(A =0) = 0. Then,

00 n—1
(2.5) DBl []1Ajl <00 as.
n=1 j=1
is equivalent to
u logb
(2.6) A; —>0 (n— ocas.) and ———Pg|(db) < 0.
]1;[1 ! (1,00) fallogh) ¥

Each of the above equivalent conditions (2.5) and (2.6) implies that, a.s.,
2.7) Sp,(Xp) — S, n— oo.
Conversely, if
(2.8) P(Ac+B=c)<1 forallceR,
and (2.6) does not hold, then

|Sn (X0)| LN 00, N — 00.
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According to [13], Corollary 4.1, or [6], Theorem 2.1.3, a sufficient condition for (2.6) is
(2.9) E[log|A]] <0 and E[log" |B|] < oo.

If (2.8) does not hold, that is, there exists ¢ € R such that Ac + B = c, a.s., then the law of
X = c is the unique solution to (2.1).

The following result follows from Lemma 2.1 and Theorem 2.1; or from [13], Theo-
rem 3.1.

COROLLARY 2.3. Assume that the nondegeneracy condition (2.8) is satisfied.
() If P(A =0) > 0 or (2.6) holds, then for every Xy,

X, i) X, n— o0,
where the law of X is the unique solution to (2.1).
(i) If P(A =0) = 0 and (2.6) fails, then for every Xy,
| X0 | ib) 00, n— o0.

We say that a real random variable Y is stochastically majorized by Z, and we write ¥ <y,
Z,if P(Y <x)>P(Z <x) forall x e R.

LEMMA 2.4. Consider (X;) defined in (2.2). If A >0, a.s., and X1 >4 Xo, then for all
n>1,

X >t Xn-H > st Xn >st XO-

PROOF. It is enough to show that X, > X, for all n > 1. We proceed by induction.
Suppose that X, >;; X,—1. Since A,+1 > 0 a.s., we have

d
Xn+l = An—HXn + Bn—H =5t An+1Xn—l + Bn—H = Xn. 0

If both A and B are nonnegative and Xo = 0 then X| = Bj > 0 and, therefore, the assump-
tions of Lemma 2.4 are satisfied. In this case, forall x >0 andn > 1,

(2.10) P(X <x) <P(X, <x).

3. Local dependence measure and Legendre-type transformation. From now on, we
will assume that the coefficients A and B of the stochastic fixed-point equation (2.1) are
nonnegative, that is, A, B > 0, a.s.

The concept of a regularly varying function is well known. For the definition and a review
of properties of regularly varying function needed in this project, see [4] or [9], Section 2.

DEFINITION 3.1 ([9]). We say that a nonnegative random variable X has an inverse
exponential decay of the left tail with degree p > 0 if
—logP(X < x)
im —=—————— - = A,
x—>0t H(x)
for a regularly varying function H with index —p at zero and A € [0, co]. We call such a
random variable IED';I (A)-random variable.

3.1

Sometimes we will write f(x) ~ g(x), x — 00, to indicate that lim,_, f(x)/g(x) =1
(the same notation will apply in the case when x goes to a different limit).
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REMARK 3.2.  We will argue that if H is regularly varying with index —p < 0 at O then
there exists a continuous strictly decreasing regularly varying function H with index —p <0
at 0, such that

1ing+ H(x)/H(x)=1.

To see this, first apply the smooth variation theorem ([4], Theorem 1.8.2), which states that
for any regularly varying function f there exists a smooth function f; with f(x) ~ f1(x).
So, we have H (x) ~ Hj(x) for some smooth Hj.

Then, the monotone equivalent H to Hj can be constructed using [4], Theorem 1.5.3. By
continuity of Hy, the function H will be also continuous. For more details, see [4], Theorem
1.5.4, or [5], Corollary 4.2. The function H (x) := H (x)/log(e + x) is continuous, strictly
decreasing, and regularly varying with index —p < 0 at 0. We also have H(x) ~ H(x) when
x — 0.

Without loss of generality, we will assume from now on that every regularly varying func-
tion H is continuous and strictly monotone. Its inverse H ™! is regularly varying with index
—1/p at co.

The ultimate goal of this project is to develop an effective tool for the analysis of the lower
tail of the solution to (2.1). The random variables A and B in that formula are not necessar-
ily independent. We will quantify their dependence using the “local dependence measure”
(LDM) defined below.

DEFINITION 3.3. We will say that, for a pair of nonnegative random variables (A, B), a
function g : [0, o0) — [0, o] is their (o, H)-local dependence measure ((p, H)-LDM) if for
a regularly varying function H with index —p < 0 at 0,

—logP(cAy+ B < ¢)
H(e) '

(3.2) gy)= Eli%g

REMARK 3.4. If g(0) > 0, then (3.2) implies

logP(sAy + B <¢e) g(»)
im = , y=>0.
e—0*t loglP(B < ¢) 2(0)

Similar conditions for the distribution of a pair (A, B) were considered in literature in related
context. In particular, in [7], Theorem 2.1, it is assumed that there exists a finite function f
such that

P(Ay + B > x)

(3.3) xlggo W =f(., yek

If A and B above are independent, A has a finite moment generating function and x +—
P(e? > x) is regularly varying with index —a < 0 at oo, then by the Breiman lemma (see
[11]) we have f(y) = E[e*4Y]. However, if A and B are not independent, yet (3.3) holds,
then f may be of a different form (see [7], Remark 2.3). Another condition of similar nature
was stated in [19], (9).

In Section 5 we will show that if random variables A and B are positively quadrant depen-
dent, then g defined in (3.2) can be given explicitly. If A and B are not positively quadrant
dependent then the form of g may vary significantly (see Example 3.7 and Proposition 7.7).

LEMMA 3.5. Ifgis (p, H)-LDM, then g : [0, co) — [0, oo] is a nondecreasing function.
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PROOF. If y; <y, then P(¢Ay, + B <¢) <P(g¢Ay; + B < ¢). This and (3.2) imply that
gy =g(y). U

REMARK 3.6. If (3.2) holds for y =0 then B is an IED‘;I (g(0))-random variable.

EXAMPLE 3.7. Some of our results hold only if the LDM g is continuous at 0. In general,
g need not be continuous at 0. We demonstrate this by means of an example. Here we do not
make any claims concerning continuity of g on (0, c0).
Let A=V /U and B = U, where V and U are positive continuous random variables such
that P(V < v) = e~ /% for v > 0, and
P(U edu,V edv) = (Cle_)\l/ul(v<1) + Cze_)q/ul(vzl))l(usl) dulP(V € dv),

where A1 > Xy > 0, and ¢ and ¢; are positive normalizing constants.

For ¢ > 0,
P(eAy+ B <¢&)=P(e(V/U)y + U <¢) :P(V = M)

(3.4) y
ve-v)

&y
For fixed y > 0 and small enough ¢ > 0 we have u(e —u)/(ey) <¢e/y < 1 for u € (0, &).
Hence we obtain from (3.4), using the substitution u = ¢t,

P(eAy + B <€)

e ru(e—u)/ey I3 _
:/ / cre Py (dv) du :/ cle)"/“IP(V < M) du
0 Jo 0 ey

! t(1—t 1 A
:8/ Cle—)»l/é‘[}P)(V < M) d[ = 8/ C1 exp<__1> exp<_L> dt
0 y 0 et et(l —1)

=¢c /lex (_M-i—y_ Y )dt
10 P et e(l—1)

This and Lemma 7.5 imply that

:IP’(V< ,Ue(O,s)).

g(y)=— lim clogP(eAy + B <¢)
e—>0t

' ' 1 Aty y
== lim elog(ec;) — lim 810g<f0 exP(_ et e(l— t)) dt)
=ty + V0

Hence g(0") = A;. Since A, < Ay, by Lemmas 7.5 and 7.6,
g(0) =— lim elogP(B <¢)=— lim glogP(U < ¢)
e—0t e—0F

€
= — lim glog(/ (CI]P)(V < l)e_)»l/u + o P(V > l)e—)nz/u)du>
0

e—>071
:kz < k] :g(0+).

DEFINITION 3.8. For a function g : [0, c0) — [0, co], we let

. A
(3.5) ¢p(?~)=ylgg{g(y)+y—p}, 220,

The Legendre-type transform ¢, (A) will play a key role in our analysis. We will illustrate
its significance with a couple of results, before deriving its basic properties.
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THEOREM 3.9. Suppose that g : [0, 0c0) — [0, o0] is the (p, H)-LDM for random vari-
ables (A, B), and let X be an independent IED‘;, (A)-random variable. If g(07) = g(0) or
A>0then AX+ Bisan IEDZ (¢p(X))-random variable.

PROOEF. First we will show that
—logP(AX + B < ¢)

. . A
(3.6) imsup e < intfg(y) + y—p} =6, ().

For any y > 0,
P(AX+B<e)>P(AX+B<e, X<ey)>P(eAy+ B <e, X <ey)
=P(eAy + B < &)P(X < ¢y).
This implies that
—logP(AX + B <¢)

lim sup
e—>0* H(E)
—logP(cAy + B < ¢) . —logP(X <ey) H(ey)
< lim + lim
e—>0t H(e) e—>0t H(ey) H(e)
A
<g(y)+ e
y

Since y is an arbitrary number in (0, o), we obtain (3.6).
We will consider three cases: (i) A =0, (i) A > 0 and ¢,(A) < oo, and (iii) A > 0 and

¢p(A) = o0.

(i) Consider A = 0. By Lemma 3.12(iv) (proved below) and the assumption that g(0") =
g(0),
. —logP(B<e) . . _ —logP(AX+ B <e)
0)=¢g0)= lim —— <1 f .
$,(0) =g(0) Jim &) <limin a6

This and (3.6) prove the theorem in the case A = 0.
(ii) Under the assumption that A > 0 and ¢,(A) < oo, there exists a > 0 such that 1 /a” >
¢o(1). Hence

_logP(AX + B <&, X  _logP(X A
liminf 08t AX+B<e X<ea) .. pTlogPX<ea) A $p(1).
e—0Tt H(g) e—0t H(S) aP

Since, by Lemma 3.5, g is nondecreasing, we have Supy- g(y) = ¢,(A). Therefore, for
8 > 0 there exists b > 0 such that g(b) > ¢,(A) — 6. Thus,

.. —logP(AX +B<e X >¢b) . . —logP(eAb+ B <¢)
liminf > liminf
e—0T H(e) s—071 H(e)

=g(b) = ¢p(1) — 4.

We conclude that for > 0 and small &€ > 0
P(AX 4+ B <&, X < ¢a) <exp(—H (e)(¢p,(1) — 1)),
P(AX + B <&, X > ¢eb) <exp(—H(e)(¢, (1) — n)).
For y, h > 0 and small ¢ > 0,
P(AX+B<eey<X<e(y+h))

<P(e¢Ay+ B <&)P(X <e(y +h))

< exp(— H(e)(g(y) — 1)) exp(— H(©) (/s + 1)° — 1))

<exp(—H(e)(g(y) +A/y" —4/y +1/(y + h)" —2n)).

3.7
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For y > 0, by definition, ¢,(1) < g(y) + A/y”. We have 1/y” —1/(y + h)* < hp/yPt!.
Hence,

P(AX + B <¢,ey < X < e(y +h)) <exp(—H(e)(p,(X) — rhp/y" T —21)).
From this we obtain
P(AX + B <e¢e,ea<X <e¢b)

n
=) P(AX+B<e.ela+h1) <X <ela+h))
k=1
(3.8)

<> exp(—H(©)($p () — Mhp/(a+ h—1)** —2n))
k=1

<nexp(—H(e)($p(4) — Mhp/a’*! —2m)),
where hg =0,and h :=hy —hx_1 = (b —a)/nfork =1, ...,n. Using (3.7) and (3.8) we get
P(AX + B <¢&) < (n+2)exp(—H(e)(¢p (1) — Ahp JaPT! — 27n)).
Hence
. . .—logP(AX+B<e¢)
limin
e—>0t H(e)
By first letting n | 0 and then n 1 oo (so that 4 | 0), we get
.. .—logP(AX+ B <e¢)
lim inf
e—01 H(e)

This and (3.6) prove the theorem in this case.
(i11) If ¢, (1) = 00, then g(y) = oo for all y > 0. We have

PAX + B<e)=P(AX + B<s, X <ey) +P(AX + B <¢, X > ¢y)
<P(X <ey)+P(eAy+ B <¢) <2max{P(X < ¢ey), P(¢Ay + B < ¢)}.

> ¢ () — Mhp/aPt! = 2n.

> ¢p(R).

Thus,
—logP(AX + B <¢) - —log2 i { —logP(X <¢ey) —logP(cAy+ B <¢) }
H(e) ~ H(e) H(e) ’ H(e) '
The right-hand side converges to min{A/y?, g(y)} = A/y” when ¢ — 0". We can make A /y”

arbitrarily large by choosing y small enough. This shows that AX 4+ B is an IED’;I (00)-
random variable. Since ¢, (A) = oo, this completes the proof. [

REMARK 3.10. The condition g(0) = g(0") is necessary for the statement of Theo-
rem 3.9 to hold for A = 0. To see this, note that if X = 0 then X is an IED'(;I (0) random
variable, AX + B=B and AX + B=B is IED'}; (g(0)). However, if we pick A and B as in
Example 3.7 then ¢,(0) = g(0") > g(0), by Lemma 3.12(iv).

COROLLARY 3.11. Suppose that g : [0, 00) — [0, o0] is the (p, H)-LDM for random
variables (A, B). If . € (0, 00) and X is an IED';I (A)-random variable, whose distribution is
a solution to (2.1) then A = ¢, (X).

PROOF. The claim follows from Theorem 3.9. [

We will now investigate basic properties of ¢,.
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LEMMA 3.12. Assume that g is an LDM. The function ¢, : [0, 00) — [0, o0] defined in
(3.5) is nondecreasing and concave. Moreover:

(1) If there exists yo > 0 such that g(yo) < 00, then ¢, (1) < oo for all A > 0.
(ii) If g is bounded by M then ¢, is also bounded by M.
(iii) If there exists . > 0 such that ¢, (L) > A then ¢, has at most one positive fixed point,
that is, ¢,(1) = A for at most one A > 0.
(iv) We have ¢,(0) = g(07) = g(0).
(v) If there exists Ao > 0 such that ¢,(Ao) < 00, then ¢, (L) < 00 for all A > 0.

PROOF. It follows directly from the definition (3.5) that ¢, is nondecreasing. Moreover,
as the infimum of a family of affine functions, ¢, is concave.

(i) Note that ¢, (1) < g(yo) + Ay, " for A > 0.
(i1) Since sup,-. g(y) < M, the definition (3.5) shows that ¢,(1) < M + Ay~ ” for every
y > 0. The claim follows by letting y — oo in (3.5).
(iii) Suppose that k¥ > 0, ¢, (k) > « and A, > A; > 0 are fixed points. We will argue that
A1 > k. Indeed, by concavity of ¢, we have

dplax + (1 —a)0) > ap, (k) + (1 —a)p,(0) > ak + (1 — )0
for all @ € (0, 1). It follows that there are no fixed points on (0, k]. Thus A; is a convex
combination of ¥ and A,, that is, there exists o € (0, 1) such that A1 = aAy + (1 — @)«.
Again, by concavity of ¢, we get
bp(A1) Z app(r2) + (1 —a)pp(k) > hy + (1 —a)k = A1,

Hence Aj is not a fixed point. This contradiction proves the claim.

(iv) This follows from Lemma 3.5 and (3.5).

(v) If there exists Ao > 0 such that ¢, (X9) < oo then g(yo) < oo for some yo > 0. Thus,
by (i) we obtain the assertion. [

LEMMA 3.13.  Assume that g is an LDM. If ¢, is finite then it is continuous.
PROOF. By Lemma3.12, ¢, is a concave function. A classical result in (convex) analysis
says that a real-valued concave function defined on an interval is continuous on the interior

of that interval. It will suffice to show that ¢,(0) = ¢, (0™). By Lemma 3.12(iv) we have
$p(0) = g(0™). By the definition of ¢, we have for all y > 0,

A
AT ~ AT
80(0) = lim 0,0 < lim (0)+ = ) =0,
By monotonicity of g and ¢,, proved in Lemmas 3.5 and 3.12,
8(07) = #5(0) < #,(07) < inf g(») = (07).
This implies that ¢,(0) = ¢, 0. O

DEFINITION 3.14. Let

¥ = inf{ S )}
y>1 yp — lg Y-

LEMMA 3.15. Assume that g is an LDM.

(i) Suppose ¢ > 0. Then ¢, (c) > c if and only if c < 1*.

(ii) If A* < o0 then ¢, (A*) = A™.
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PROOF. (i) We have ¢, (c) =infy-o{g(y) + cy~?} > c if and only if

g +ey ™’ =c
for all y > 0. The above inequality is always satisfied for y < 1. Thus, ¢,(c) > c if and only
if
yp
yr =1

gy)>c

for all y > 1, which is equivalent to ¢ < A*.
(i1) By (i), we have

(3.9) [c=0:¢,(c)>c}=[0,2%].

Thus, if A* < oo, for any sequence A, | A*, we have ¢,(X,) < A,. This and the continuity of
¢, imply that ¢,(A*) < A*. This inequality and part (i) applied to ¢ = A* yield (ii). [J

PROPOSITION 3.16. Suppose that there exists . > 0 such that ¢,(1) > A and A* < o0.
Consider any X1 € [0, A*] and let 1, = ¢, (An—1) for n > 2. Then (A,) is nondecreasing and
converges to \*.

PROOF. By Lemma 3.15(i), the assumption that A1 € [0, A*] implies that 11 < ¢, (A1) =
A2. Since ¢, is a nondecreasing function, by Lemma 3.15(ii) we obtain that 1, < 1*. Arguing
inductively, we can show that (1,,) is a nondecreasing sequence which is bounded by A*. Thus
(An) converges to a limit ;o < A*. By the definition of A, and continuity of ¢, we get

= lim 2= lim @p(ha-1) =, lim Auo1) = ¢p(0)-
This and Lemmas 3.12(iii) and 3.15(ii) imply that 4 = A*. [

COROLLARY 3.17. Suppose that g is the (p, H)-LDM for (A, B). Recall X,,’s defined
in (2.2) and suppose that X = 0.

(1) If g(0) > O then for everyn >0, X,, is an IED’;, (An)-random variable, where Ao =0,
A1 =g(0) and 1, = ¢p()‘4n—l)f0rn >2.
(i1) If g(0) > 0 and A* < oo then the sequence (L) in (i) is nondecreasing and converges
to \*.
(iii) If ¢,(0) =0, then (X,,) is a sequence of IEDZ (0)-random variables.

PROOF. (i) We have Xg =0, X| = By, and X, = A2 B + B3, so, by Remark 3.6 and
Theorem 3.9 (since g(0) > 0),
—logP(Xp < x)
im =0
x—0t H(x)
. —logP(X; <x)
lim =
x—0t H(x)
. —logP(Xy <x)
Jim ——= = =$,(s0).
Part (i) follows from Theorem 3.9, by induction.

(i1) The assumption that g(0) > 0 implies that ¢,(0) > 0 by Lemma 3.12(iv). Hence, the
assumption of Proposition 3.16 is satisfied and we can apply Proposition 3.16 with A; =0
to conclude that ¢,(0) < A*. We combine this observation with Lemma 3.12(iv) to obtain
g(0) < g(0™) = ¢,(0) < A*. Thus, in the notation of part (i), A; = g(0) € [0, A*]. Part (ii)
now follows from Proposition 3.16.

(iii) If ¢ (0) = 0 then g(0™) = g(0) = 0 by Lemma 3.12(iv). The claim now follows from
Theorem 3.9. [

’

g(0),
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4. Solutions to the fixed-point equation are IED. This section is devoted to the proof
of the following result.

THEOREM 4.1. Suppose that the (p, H)-LDM for (A, B) exists and assume that there
exists A > 0 such that ¢,(X) > . If the law of X is a solution to (2.1) then X is an IEDZ %)
random variable.

The proof of the theorem will consist of several lemmas. All lemmas in this section are
based on the same assumptions as those in Theorem 4.1. The following result was motivated
by [14], Lemma 3. A similar idea was applied in [7], Lemma 6.2.

LEMMA 4.2. Suppose that k > 0 satisfies

4.1) Pp(k) > k.

There exists a nonnegative random variable Z,, independent of (A, B), such that
4.2) —logP(Z, <¢e)~kH(e), €0,

and

(4.3) AZi+ B> Z,.

PROOF. By Remark 3.2 we may assume without loss of generality that H is continuous,
monotone and lim;_, o, H () = 0. Let Zy be a random variable independent from (A, B),
with the distribution defined by P(Zg < &) = e *HE) for g > 0. By Theorem 3.9,

—loglP(AZy+ B
(4.4) lim —cgtAZot B=e)
e—07T H(e)
thatis, P(AZy + B < &) = exp(—H (¢)(¢, (k) +0(1))). This, (4.1) and (4.4) imply that there
exists g > 0 such that
P(AZy+ B <¢e) <P(Zp<e) Vee(0,en).
Let Z, be a random variable independent from (A, B), with the distribution defined by
P(Z,€-)=P(Zg e | Zy < ey). Then we have for ¢ € (0, &),
P(AZyg+ B < ¢)
P(Zo < €0)

P(AZ, + B <e)=P(AZy+ B <e|Zy<egy <

- P(Zy<e¢)

— P(Zy < €9)
For ¢ > ¢gq the above inequality holds trivially, since then P(Z, < ¢) = 1. Thus, (4.3) is sat-
isfied. Finally, note that logIP(Z, < &) ~logIP(Zy < ¢) = —«x H(¢) as ¢ — 0. This proves
“42). O

=P(Z, <¢).

LEMMA 4.3.  Assume that there exists .. > 0 such that ¢,(A) > A. We have

—logP(X
liminf 28X <€) _ 54
e—0t H(e)

PROOF. By continuity of ¢,, there exists k > 0 such that ¢,(k) > «. If we apply
Lemma 2.4 with X( equal to Z, from Lemma 4.2 then we obtain X > Xo = Z,, for any
k > 0 such that k¥ < ¢, (k). Then, by (4.2),

—logP(X —logP(Z
(4.5) iminf 08X X <& g T8 Ee <)
e—>0t H(e) e—0t H(e)

By (3.9) and Lemma 3.12(iii), sup{x : ¢,(x) > k} = A*. This observation and (4.5) imply the
lemma. [
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LEMMA 4.4.

. —logP(X < ¢) N
If s:=limsup——= <00 then s<A".
e—07F H(e)

PROOF. We have
(4.6) PX<e)=P(AX+B<e)>P(X <ey)P(cAy+ B <¢),
and this gives us

. —logP(X <¢ey) H(ey) .
s < lim sup . + lim sup
e—0+ H(ey) H(¢) e Ot H(e)

Hence, for y > 1 we have s < g(y)y?/(y? — 1) and thus s <A*. 0O

—logP(eAy+ B < ¢) s
< v +g(y).

LEMMA 4.5. Assume that \* < 0o. Then
. —logP(X <¢)
limsup—=
e—01 H(S)

PROOF. Since A* < oo, there exists y > 1 such that g(y) < oco. Then, for any n > 0,
there exists &g such that for all ¢ < g,

—logP(cAy+ B < ¢)

4.7) He) <g»+n.

It follows from (4.6) that
—logP(X <¢) +1logP(X <ey) < —logP(e¢Ay + B < ¢).
Substituting £y for ¢ in the last formula yields
—logP(X < ey*) +logP(X < ey* ™) < —logP(sy* Ay + B < &y").
If we further assume that eyk < &9, by (4.7), we arrive at
—logP(X < &y") +logP(X < ey *!) < (¢() + n) H (e)%).

The telescoping sum argument gives

n

—logP(X < &) +1logP(X <&y"*') < (¢(») +n) Y H(ey"),
k=0

provided ey" < gg. This condition is satisfied if we set n = n, = [log(eg/e)/log(y)]. With
this choice of n we also have sy”€+1 > go. Thus, we obtain

, —logP(X <¢) , e H(eyb)
(4.8) limsup ——— < (g(y) + n) limsup .
e—0t H(e) ( ) e—0t kg(:) H(e)

By Potter bounds [4], Theorem 1.5.6, with C =2 and 6 = p/2 we have H(s)/H(t) <
C(s/t)"”“s = C(s/t)_"’/2 whenever t < s < g9 (we may have to decrease ¢y, if necessary).
Thus, H(syk)/H(s) < 2)}"""/2 forallk =0,...,n, and all ¢ < gg. This ensures convergence
of the series on the right-hand side of (4.8). [

PROOF OF THEOREM 4.1. Theorem 4.1 follows from Lemmas 4.3, 4.4 and 4.5 in the
case when A* < oo. If A* = o0, then the assertion of Lemma 4.4 is satisfied. Therefore,
Theorem 4.1 holds in either case. [
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5. Positive quadrant dependent coefficients. We will now illustrate the concepts of
LDM g and its transform ¢, by applying them to certain classes of vectors (A, B). In this
section we will find a formula for LDM g in the case when the A and B are positively quad-
rant dependent and B is an IEDZ (1) random variable. The equation (2.1) with coefficients
satisfying these assumptions was studied in [9] using different methods. We will show how
the results in [9] relate to the LDM g and its transform ¢,,.

DEFINITION 5.1.  We call random variables A and B positively quadrant dependent if
(5.1) P(A>a,B>b)>P(A>a)lP(B>b),
forall a, b € R.

If two random variables are independent then they are also positively quadrant dependent.
For the proof of the following lemma, see [9], Lemma 7.3.

LEMMA 5.2. Random variables A and B are positively quadrant dependent if and only
if
5.2) P(A<a,B<b)>P(A<a)P(B<bh)
foralla,beR.

PROPOSITION 5.3. Suppose that B is an IEDZ(y)-random variable, (A, B) are posi-
tively quadrant dependent, and let

a =essinf(A) =sup{x e R: P(A < x) =0}.
Then

_Jy(d—ay)™ yel0,1/a);
g(y) =
(0, @)

y=l1/a.
PROOF. Since A is nonnegative, a > 0. The definition of a implies that
P(cAy + B <¢) <P(eay + B < ¢).

This, the assumption that B is an IEDZ(V)—random variable, and Definition 3.1 show that,
for y € [0,1/a),

. —logP(eAy+ B <€) . —logP(eay+ B <¢)
g(y)= lim > lim
e—>0t H(e) e—0t H(e)
. —logP(B <&(1—ay)) . —loglP(B < (1 —ay)) H(e(1 —ay))
= lim = lim
e—>0t H(e) e—>0t H(e(1 —ay)) H(e)
=y —ay)™".

With the convention that log0 = —oo, we get for y > 1/a,

—logP(eAy+ B < ¢) - —logP(eay + B < ¢)

— i li
g(y) = lim H(e) = oot H(e)
> lim —logP(B < 0) _

e—0t H(¢)
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To obtain the upper bound, consider any y < 1/a and find 69 > 0 such that for § € (0, §p)
we have y < 1/(a + §). Then for é € (0, §p),
P(eAy+ B<¢)>P(cAy+ B <¢e, A€la,a+3])
>P(e(a+8)y+B<e, A€la,a+4d])
>P(e(a+8)y + B <e)P(A €la,a+3]),

where the last inequality follows from Lemma 5.2. By definition of a, we have P(A € [a,a +
8)) >0, so

—logP(eAy + B < ¢)

()= lim, He)
. —log(P(e(a+8)y+ B <e)P(Aela,a+6])
< lim
e—0t H(e)
_ —logP(e(a+48)y+ B <e¢)
oS0t H(e)
. —logP(B<e(1—(a+38)y)) He(l —(a+38)y))
a0+ H((1—(a+8)y)) H ()

=y(l—(a+8y)~".
Letting § — 0T, we obtain g(y) <y (1 —ay)~",for y €[0,1/a). O

PROPOSITION 5.4. Under assumptions of Proposition 5.3,
bp(0) = (y ™ +athams) +,
and

y(1 —a%)_(lﬂ)) fora < 1;

(5.3) A=
00 fora>1.

PROOF. We will prove the result for y > 0. The case y = 0 requires only minor mod-
ifications. Since g(y) takes finite values only on the interval [0, 1/a), we need to find the
minimum of the function

(y) + - A
> —=— 4 —
YA T A aye e

on the interval (0, 1/a). One can show that that minimum is attained at

1 1
A I+e 1 arlte

yi= €(0,1/a).

1 [ 1 1
(ya)™ 0 +arx™ 4 (ya)™ 4 arT
Straightforward calculations yield the formulas for ¢, (1) = W + yip and A* = ¢, (1)

1

given in the proposition. [

We will illustrate the meaning of A* by two results borrowed from [9]; they were stated
in that paper as Theorems 7.6 and 7.8. The versions given below include A*, the parameter
introduced only in this paper. The versions given in [9] and these in the present paper are
equivalent due to (5.3).

THEOREM 5.5. Assume that:

(1) A and B are nonnegative and positively quadrant dependent.
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(i) E[log A] < 0 and E[log™ B] < 0.
(iii) B is an IED” 1 (v)-random variable.

Then:

(a) The random variable S defined in (2.4) is IED% (™).
(b) The equation (2.1) has a unique solution with the same distribution as that of S.

THEOREM 5.6. Suppose that:

(i) A and B are nonnegative and positively quadrant dependent random variables.
(i1) There exists B € (0, 1) such that A < 8, a.s.
(iii) E[(log™ B)* ] < oo foralls > 0.
(iv) B is an IED” 1 (v)-random variable.

If the sequence (X,,) is defined as in (2.2) then

X
liminf —— 2% — (A*)l/p a.s.
n—oo H~l(logn)

The last two theorems were proved in [9] using techniques tailored for the assumption
that A and B were positive quadrant dependent. Part (b) of Theorem 5.5. is a special case of
Theorem 4.1. In the next section, we will prove Theorem 6.1, which is a much more general
version of Theorem 5.6.

6. Local dependence measure and logarithmic lower envelope. Recall the sequence
(X,,) defined in (2.2) and set Xy = 0.

THEOREM 6.1. Assume that E[log A] < 0 and E[log™ B] < oo. Suppose that g is the
(p, H)-LDM for (A, B), g(0) > 0 and A* € (0, 00). Then

X
liminf —— 2% — (A*)l/p.
n—oo H—-l(logn)

The proof of the theorem will consist of several lemmas. All lemmas in this section im-
plicitly make the same assumptions as those in Theorem 6.1.

LEMMA 6.2. (i) For every ¢ > 0,
{Xn < H1<—(1 +8)log">}
< o

happens finitely often almost surely.
(ii) We have

Xn
liminf ——>— > (A*)l/p a.s.
n—co H-l(logn) ~

PROOF. (i) For any ¢ > 0 there exists § € (0, 1) such that y := (1 —8)(1+¢) > 1. Recall
the notation from Corollary 3.17. The corollary shows that A, 4 A*. Hence there exist ng and
x0 > 0 such that P(X,, < x) < e M U=OHM) for all x € (0, x9). By Lemma 2.4, for n > nog
and x € (0, xo),

P(X, <x) <e M UI=DHW),
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It follows that, for large n,
IP’(Xn < - <(1 +8)logn>) < o~ (=0)+e)logn _ ,—y
< — = ))=

Hence,

ZP(Xn <H! (—(1 +iilog”)) < 0,

n=1

and the claim follows by the Borel-Cantelli lemma.
(1) Part (i) implies that for every ¢ > 0, a.s.,

liminf X
n—oo H-— 1((1+8)(logn)/?x*)

But H~! is regularly varying with index —1/p at infinity and thus

1+e)l A e
Tl e R S
&

Hence, a.s.,

X AP
lim inf > ( ) .
n—oo H-l(logn) ~ \1+¢

Part (ii) follows by letting e — 0. O

LEMMA 6.3. Foralln>1,y > 0and ¢ > 0 we have, a.s.,

n—1

(6.1) P(X, < e | Xo) > Ljo,.eyn(Xo) [ P(ey* Ay + B < ey").
k=0

PROOF. We have
P(X, <€ Xo)
>P(Ay X1+ By <&, Xy 1 <ey| Xo)
>P(eApny + By <&, Xp—1 <ey| Xo) =P(cAny + By < &)P(Xn—1 < ey | Xo)
=P(eAy + B < &)P(X,—1 < ey | Xo).
The assertion follows by induction. [

We state, without formal proofs, three simple results, for reference. Recall that 1* =
infy>1{g(y)yp}

LEMMA 6.4. Assume that 1* € (0, 00). For any a > 0, there exists y, > 1 such that

0
A < gy(z*)yl* <21 +a).
P

LEMMA 6.5. Forany o > 0and y > 0, there exists g9 > O such that for all € € (0, o),
P(cAy+ B <¢) > e~ U+ H ()

Recall that H(ey) ~ y~? H(e) as ¢ — 0T. The following result is an application of Potter
bounds to function H (see [4], Theorem 1.5.6).
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LEMMA 6.6. Forany o > 0andn € (0, p), there exists €1 > 0 such that if 0 < e <ey <
&1 then

Hey) —pn
Heo) <(+a)y .

LEMMA 6.7. Forany § > 0 and n > 1, there exist y, > 1 and & > 0 such that
P(X, <& X0) = 1j0,eyn)(Xo) exp(—(1 + 8)A" H (¢)),

n—1 =

provided eyl ™" < €.

PROOF. Fix o > 0 and let y, > 1 be as in Lemma 6.4. By Lemma 6.5 there exists g9 > 0
such that

P(eAy« + B <) > exp(—(1 + a)g(y) H(e))

for all € € (0, g9). Thus, by Lemma 6.3, we obtain

n—1
P(Xn < €| Xo) = 1j0,eym) (X0) €XP<—(1 +a)g(y«) Z H(Eyi)),
1=0

n—1

provided ey ™" < g9. By Lemma 6.6, for n € (0, p),
H(ey)) <0+ a)y ;X" MH(@E), k=0,1,...,n—1,

n—1
%

n—1

as long as ey

< &1. Hence, if ey < & :=min{gg, &1}, then

n—1
(6.2)  P(Xp <e|Xo) > 1j0.ey)(Xo) eXp(—(l +a)’g(ya) Y y;“ﬂ"”H(e)).
k=0

By Lemma 6.4, for sufficiently small > 0,

n—1 p=n 1Y
k(o y Cn(o— y
g YT =g () (1= 3" 7) < (1 + @)g (1) 55—
k=0 ye o —1 ye — 1
< (1 +a)*)"

This and (6.2) show that
P(Xy < €| X0) = Lj0,6ym) (Xo) exp(—(1 + ) A*H (¢)).
The lemma follows if we take (1 + &)* =1+38. O

We will need the following version of the Borel-Cantelli lemma.

LEMMA 6.8.

(1) Suppose that (F,) is a filtration such that Fo = {<, 2}, and A,, € F,, for n > 0. Then

{Ay i0)= :ZIP’(A,, | Fuo1) = oo}.

n=1

(ii) Suppose that (X,) is a Markov process with respect to a filtration (F,) such that
Fo=1{2,Q},and A, € 0(X,) forn > 1. Then

(A, i.0)= {Z]P’(An | X,_1) = oo}.

n=1
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PROOF. For (i), see [10], Theorem 5.1.2. Part (ii) is an easy corollary of (i). [

We state the following well-known Kronecker’s lemma without proof.

n

LEMMA 6.9. Ifa, 1 0o and Y 02| xp/a, converges then lim,_, al me1Xm =0.
n

We will need the following result on the ergodicity for subsequences of the iterated
stochastic sequence.

LEMMA 6.10. Suppose that X is a solution to (1.1). For any bounded uniformly contin-
uous functions f on R and any increasing integer sequence (ny), a.s.,

1 m 1 m
63)  L(f)=limsup— 3 f(Xp) = E[f(X)] 2 [(f) :=1liminf — " £(Xp,).
m—00 My = m
Moreover, L(f) and I(f) are constants a.s.

PROOF. Forr > 1, we define

X, =

0 n=r;
AnX,_ |+ By n>r.

We have assumed that E[log A] < 0 so lim, o0 ]
00, a.s.,

i—r+1Aj =0, as. Therefore, when n —

Xn—X;:( I1 Aj>X,—>0.

j=r+l1
Hence lim,, . o f(X,) — (X)) =0, a.s., and it follows that, a.s.,

1 m
lim — Y f(Xy) — f(X},)=0.
k=1

m—oo m

This implies that, a.s.,

. 1 & . 1 &
(6.4) limsup— Y f(X,,) =limsup— > f(X}, ).
m—o0 M = m—oo M ;=
1 m 1 m
(6.5) lim inf — /; f(Xn) = liminf — /; f(Xp,).

For every fixed r > 0, the random variables on the right hand sides of (6.4) and (6.5) are
measurable with respect to the o-field G, := o ((A,, By) : n > r). Thus the same applies to
the random variables on the left hand sides of (6.4) and (6.5). Hence, these random variables
are measurable with respect to the o-field Goo := (72| G;. By the Kolomogorov 0-1 law,
random variables on both sides of (6.4) and (6.5) are constant, a.s.

By Corollary 2.3(i), X,, — X in distribution. This implies that lim,_, ., E[ f(X,)] =
E[f(X)]. We combine this observation with Fatou’s lemma (f need not be nonnegative,
but it is bounded) to obtain,

T T . 1 &
lggloréfalg S (Xn) :E[lkrglo%fag f(Xnk)i| = mlgmmE[Z]; f(Xnk)]

=E[f(X)].
This proves the inequality on the right hand side of (6.3). The inequality on the left hand side
follows by applying the claim to — f in place of f. [
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LEMMA 6.11. (i) For every ¢ > 0,

o=t )|
"= A1 + ¢)

happens infinitely often almost surely.
(ii) Almost surely,

Xn
liminf ———— < (x*)/*,
n—o0 H=1(logn) ~

PROOF. Fix any ¢ > 0. Let (k,), be a strictly increasing sequence of integers. Since

(Xkyy 1~k | X0) 4 (Xk,41 | Xi,) for any 6 > 0 and n > 1, by Lemma 6.7 there exist y, > 1
and £ > O such that, a.s., for t > 0,

(©0 P& <11 X) 2 1, zyfn+1—"")(an)e_(””””m”

provided

kny1—kn—1 _ ~
ty*n+l n < B,

By Lemma A.1 we can choose the sequence (k,), so it satisfies for each n > 1,

—l( logkn+1 ) kn+1—kn—1 ~
—— ) vs

<&,
A1 +¢)
logk _
1< gKn+1 >y>]:n+l kn > c,
A¥(1+¢)
where ¢ € (0, £y,). Then, taking t = H! (lﬂ“’lﬁ*gl)) in (6.6), we have, a.s.,
_1( logkni1
6.7 P( X Hl(i) x)>1 X ,
(6.7) ( ki1 < (o) | Xk, | = 110,e)( kn)ky}:ﬂ
where y = %%g Take 6 < ¢ so that y < 1. By Lemma A.1, there exists K > 0 such that
kY < Kn for all n.
We have, a.s.,

limsup —— Z 10,¢)(Xk,)

m—>00 Ky, 11 70

(6.8) : K1
> lim sup
m—o0 M

Z Je(X kn)

Z 1j0,0)(Xk,) > hm SuP

>E[f.(X)]/K >P(X <¢/2)/K >0,

where the first inequality on the second line of (6.8) follows from Lemma 6.10 applied to the
function

1 x <c/2;
fex)=12(c—x)/c x€c/2, ]
0 X >c.

The last inequality in (6.8) follows from Theorem 4.1 because we assumed that A* € (0, co)
in Theorem 6.1.
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Kronecker’s lemma (Lemma 6.9) and (6.8) imply that

s 1
Z I[O,C-)(an)ky— =00 a.s.
n=0 n+1

Hence, in view of (6.7), a.s.,

> logk
ZP<an+1 - H—l(M) | an) .
— A1 +e)
This and Lemma 6.8(b) imply part (i) of the present lemma.
Recall that H~! is a regularly varying function at oo with index —1/p to see that part (ii)
of the lemma follows from part (i). [J

PROOF OF THEOREM 6.1. The theorem follows from Lemmas 6.2 and 6.11. O

7. Application to Fleming—Viot-type process. This section is devoted to the proof of
Theorem 7.1, a version of the law of iterated logarithm for a Fleming—Viot-type process.
This result was the primary motivation for introducing and analyzing the “local dependence
measure.”

Fleming—Viot-type processes were originally defined in [8]. The specific model discussed
below appeared in [3, 15]. Any Fleming—Viot process has a unique spine, that is, a trajectory
inside the branching tree that never hits the boundary of the domain where the process is
confined; this was proved under strong assumptions in [15], Theorem 4, and later in the full
generality in [1].

We will now define a Fleming—Viot process and other elements of the model. Informally,
the process consists of two independent Brownian particles starting at the same point in
(0, 00). At the time when one of them hits 0, it is killed and the other one branches into two
particles. The new particles start moving as independent Brownian motions and the scheme
is repeated.

On the formal side, let (W1 (¢) : ¢ > 0) and (W;(¢) : t > 0) be two independent Brownian
motions starting from W (0) = W»(0) = 1. Let

To =0,
Yo=1,
rj=inf{t >0: W;(t) =0}, j=1.2,
T; = min(ty, 72),
Y1 = max(Wi(T1), Wa(T1)),
and for k > 2,
Ty = inf{t > Ty : min(Wy (1) — Wi (T—1) + Yi—1, Wa(t) — Wa(Ti—1) + Yi—1) =0},
Y = max(Wi (Tx) — Wi(Tk—1) + Ye—1, Wa(Ti) — Wa(Tk—1) + Yi—1).

It follows from [2], Theorem 5.4, or [15], Theorem 1, that 7 — o0, a.s. Hence, for any ¢ > 0
we can find j such that z € [T;_1, T}). Then we set

V(1) = (Y1(1), Ya(1))
= (Wi(t) = Wi(Tj—) + Y1, Wa(t) — Wa(Tj—1) + Y _1).

This completes the definition of {)/(¢), t > 0}, an example of a Fleming—Viot process. If Z is
the spine of our process, we have Z(Ty) = Y} for all k.

(7.1)
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The specific Fleming—Viot process defined above was one of the models analyzed in [15].
The distribution of Y| was given in [15], Prop. 10.
The following is the main result of this section.

THEOREM 7.1. Almost surely,

. Yy
(7.2) lim su

pP————=1.
n—oo +/21,loglogT,

The main technical challenge in the proof of Theorem 7.1 comes from the fact that Y;,’s
and T;,’s are not independent. In the last remark on page 360 of [15], the authors pointed out
that the sequence (Y, /Y,—1)n>2 is i.1.d. and, therefore, (¥,),>1 is relatively easy to analyze.
A direct consequence is that the law of large numbers implies that log Y,,/n — E[log Y] > 0.
Hence, Y,, — o0, a.s.

However, as we will see in Lemma 7.10, 7;, depends on both 7;,_; and Y,_1, since the
sequence in (7.16) is i.i.d. This is where the LDM theory for dependent random variables
developed in the first six sections is crucially used.

We note that the law of iterated logarithm stated in (7.2) indicates (but does not prove) that
the spine Z(t) satisfies the same law of iterated logarithm as the three-dimensional Bessel
process, which is known to have the same distribution as the one-dimensional Brownian
motion conditioned not to hit 0. Hence, it is possible that the spine Z(¢) is distributed, at least
in an asymptotic or approximate sense, as the driving Brownian motion W1(¢) conditioned
not to return to 0. We plan to investigate this question in a forthcoming paper.

The remaining part of this section will be devoted to the proof of Theorem 7.1, presented as
a sequence of lemmas. The formulas in the first of the lemmas are taken from [16], Chapter 2,
Remark 8.3 and Problem 8.6.

LEMMA 7.2. If W((0) =1 then for y,t > 0,

1
Pty €dt) = ——e V' 41,

NorTsl
P(Wi(t) edy, 11 >1) = \/%(exp(— d ;ty)2> — exp(— d ;ty)2)> dy.

LEMMA 7.3. If Wi (0) = W»(0) =1 then for y,t > 0,
P(Wi(r) €dy, rn <t, 11 > 12)

1 [exp<—<<1 — 9>+ 1D)/@0)  exp(=((1 +y)*+ 1)/(2t>>} .
T r A—y2+1 A+y)2+1 v

PROOF. We use Lemma 7.2 as follows,

P(Wi(r2) edy, ©a <t, 11 > 12)

= /()Z]P(Wl(s) edy, 1 > 5)P(ry €ds)

:/, ! (exp(_a—y)2>_exp(_(1+y)2>)dy L -1 g
0 +/27s 2s 2s V2ms3

_ff 1 <ex <_(1—y)2+1)_eX (_(1+y)2+1>)d "
—Jo 27s2 P 2s P 2s yas.

Now easy integration yields the formula stated in the lemma. [
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LEMMA 7.4. If W1(0) = W»(0) =1 then for y,t > 0,
P(Y; edy, T €dt)

(7.3) —L(ex (_(1—y)2+1)_ex <—(1+y)2+1>)dtd
= 22 \P 2t P 2t Y

PrROOF. It follows from the definition that, a.s.,
(Y1, T1) = (Wi(12), 2)1(11 > 12) + (Wa(t1), 1) 1(12 > T1),
so for Borel sets C,
PY1eC,Ti <t)=P(Wi(n) €eC,a <1, 71 >12) + P(Wa(r1) € C, 71 <1, 72 > 1T1)
=2P(Wi(n) € C, 12 <t, 71 > 12).

The claim now follows from Lemma 7.3.

Let A=Y, 2and B = Ty, 2 Lemma 7.4 and a standard calculation, left to the reader,
show that for a, b > 0,

IP(A € da, B €db)

(74) B 1 (al/Z_%)Z_{_% (a1/2+%)2+411
=———|exp( — =) —exp| ——*—2 | |dbda.
b Ja b b

LEMMA 7.5. Suppose that u is a finite positive measure on [a, b}, it is absolutely contin-
uous with respect to Lebesgue measure, and (1) > 0 for every interval I C [a, b] of strictly
positive length. Assume that f is a continuous function on the interval [a, b]. Then

b
lim 810g/ eSO (dx) = = finin,
e—>0t a

where fiin = infxe[a,b] fx).
PROOF. Foreg >0,
b
(1.5) [ T ) < el u(fa, ).
a

Suppose that f attains the minimum at xo € [a, b]. For any 6 > O there is an interval
Is C [a, b] with strictly positive length, containing xg, and such that for all x € I5 we have
S (x) < fmin + 6. Then

b
(7.6) o~ Umint9)/2 (10 < / e (dx).

a

Since

limsup e log i4([a, b]) = liminfe log u(I5) =0,
e—>0t

e—>0t
estimates (7.5) and (7.6) yield
b b
—(fmin +9) < liminfslog/ e O dx) < lim sup ¢ log e TW/e < — fmin-
e—>0t a 0t a

The claim follows by letting § | 0. [

The next lemma is elementary so we leave the proof to the reader.
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LEMMA 7.6. Assume that A > Ay > 0, and f| and f> are nonnegative functions such
that

lim ¢log fj(e) = -4
8_1)1‘{)1+8 ngj(g) J
fgrj — 1, 2 Then
lim elog(f2(e) % fi(e)) = —
e—0t

Let Hi(x) =x"!

PROPOSITION 7.7. The random vector (A, B) with density (7.4) has (1, Hy)-LDM given
by
) 1 1
gx)=-— .
2 x+24+V4+x2

PROOF. It has been proved in [9], Prop. 8.1, that g(0) = 1/4.
We will compute g(x) for x > 0. In the following calculation we use formula (7.4), and
the substitution @ = u? on the last line.

P(eAx + B < ¢)

1/x re—eax 1 (01/2 — 1)2 4+ 1
L bl
o Jo 2nb\/a b

12 12 4 1
_ exp(_w)}dwa
(1.7) b

_(a‘/2—1/2>2+1/4)

(@'?41/2)2+1/4
exXp(——m=ay )

_/l/x 1 [exp( (=TS
“Jo 2ndal @2 —122+1/4 (@2 +1/2)2+1/4

1/2)2+1/4 1/2)2+1/4
/1/\/_ 1 |:CXp( (u 8(1/ 342;‘;)/ ) exp(_ (uj(l/_22§)/ )

w—1/22+1/4  w+1/22+1/4

If we define measures w1 and wy by

*2 ] 1
wi(lx1, x21) =/);1 X221 14 du,
*2 ] 1
MZ([XI,XZ])Z/XI 22T 14 du,
then (7.7) can be written as
P(eAx + B < ¢)

1/Vx (u—1/2)>+1/4
=f eXP(- 3 )m(du)
0 e(l —usx)

1/J% (u+1/2)>+1/4
—/ eXP(— 3 )uz(du)-
0 e(l —u*x)

attains the minimum value of

1 1
2 x42+4+2

(7.8)

2
The function u > W=1/2 +1/4
1—usx
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at \/4_+2 € (0, 1/4/x). Thus Lemma 7.5 implies that
+x442+x
1/v/x (u—1/2)>+1/4 1 1
7.9 lim elo exp| — du) =—= + .
7o Ielee ), Xp( e(1—u2x) )‘“( R T S

2
The function u — W is increasing on [0, 1/x], so it achieves the minimum of

1/2 at 0. Lemma 7.5 yields

/l/ﬁ (_(u—{— 1/2)2+1/4
g 0 cxp e(1 — ux)

lim ¢lo
e—01

>M2(du) — 172,

This, (7.8), (7.9) and Lemma 7.6 imply that

1 1
lim glogP(ecAx+ B <¢g)=—=+ .
0t 2 x42+V4+x2
The proposition now follows from (3.2). [

Recall Definitions 3.8 and 3.14.

PROPOSITION 7.8. We have

1
— 12 .

(7.10) 5100 = | 7@VA=2 1) ifrel0.1/2),
1/2 ifx>1/2.

The fixed point of ¢ is equal to A* =1/2.

PROOF. For a fixed A € [0, 1/2) the function
1 1

X — —

+_
2 x42+/x%24+4 x

attains the minimum of %(2«/)» — M+ Datx= 473}‘_(12;”. For A > 1/2, it attains the mini-
mum of 1/2 at x = oo. This proves (7.10). It is easy to check that ¢1(1/2) = 1/2 and there
are no other fixed points. [

LEMMA 7.9. IfX isan IED}LI1 (A)-random variable with A > 0, then
lim 1o P(X~ 12 >1)=-2
t—00 [2 g - - ’

PROOF. Recall that H{(x) = x~! and use the definition of IED random variables. [J

Let

Y,
(O, Ay) = ( +L

Tn—H - Tn)
Yy

ri
for n > 0. Then
Ty Tt A Y Dut 1 Tt | Ane
AN 6 JRCHER FETNCF

n—1"n—1 n—1
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If we set

(7.11) Xo=0,

(7.12) Xy =Tu/ Yy,
(7.13) Ay =072,

(7.14) By=An1/0;_,
for n > 1 then

(7.15) Xy =AuXn_1+ By.

LEMMA 7.10. The sequence (®,, A,)n=0 is i.i.d. with elements distributed as (Y1, T1).
The sequence (A, By) is i.i.d. and its elements are distributed as (A, B) in (7.4).

PROOF. Recall the definition (7.1). By the strong Markov property and the scaling prop-
erty of Brownian motion, for every k > 1,

Ty +1Y?

(y( K+t k),tZO)
Yi

has the same distribution as ()/(¢), t > 0) and is independent of () (¢), ¢ € [0, T¢]). Hence,

Yn+l Tn+1 _Tn)
Yn ' Ynz n>0

(7.16) Oy An)nso = (

is an i.i.d. sequence with elements distributed as (Yy, 77).

The sequence (A, B,),>1 isi.1.d. because (®,, A,)y>0 isi.1.d. Since (O, A,) 4 Y1, Th)
for all n, it follows that (A,, B;) are distributed as (A, B) in (7.4). O

LEMMA 7.11. We have

1 ~1/2
(7.17) t1_1>nolo 2 logP(X, >1)=—1/4.
PROOF. By Remark 3.6 random variable B; is IED}{1 (A1), where A1 = g(0). It follows

from Proposition 7.7 that g(0) = 1/4 so X1 = B; is IED}LL,1 (1/4). Lemma 7.9 now yields
(7.17). O

We will need the following version of the results by Kesten [17] and Goldie [12], formu-
lated in [6], Theorem 2.4.4.

THEOREM 7.12. Assume that (A, B) satisfy the following conditions.

(i) A >0, a.s., and the law of log A conditioned on {A > 0} is nonarithmetic, that is, it
is not supported on aZ. for any a > 0.
(ii) There exists a > 0 such that E[A%] = 1, E[|B|*] < oo and E[A% logt A] < 0.
(iii)) P(Ax + B=x) < 1 for every x € R.

. d . .
Then the equation X = AX + B has a solution. There exist constants cy, c_ such that c4 +
c_>0and

(7.18) P(X>x)~cyx % and P(X <—x)~c_x"% whenx — o0.
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The constants c, c_ are given by

cr = ! E[(AX + B)% — (AX)"],  c_=

UMy o

E[(AX + B)Y — (AX)*],
where my = E[A% log A].

COROLLARY 7.13. There exists c1 > 0 such that for all x > 0,

Y,
(7.19) P(m < x) <cix.

PROOF. Recall (7.11)—(7.15). Suppose that the law of X is the solution to (2.1). By
Lemma 2.4,

(7.20) P(X, = x) <P(X > x).

We will now verify the assumptions of Theorem 7.12. Assumptions (i) and (iii) clearly
hold in view of (7.4). We will show that assumption (ii) holds for « = 1/2.
It has been proved in [9], Prop. 8.1, that

4

P(Aeda)=————da, a=>0,
4a? +1
(7.21) ”1( a”+1)
P(B >x)~— asx— oQ.
X
These formulas imply that
00 4
E[A'/?] :/ AP da=1,
0 m(4a® +1)
1/21 o+ 12t 4
E[A log A] :/(; a (log a)m da < o0,

E[|B|'?] < co.
The assumptions of Theorem 7.12 are verified so we obtain
P(X >x)~ c+x71/2,

as x — oo. This and (7.20) give

Y, - 2) 12 _ —1)2 12 _ —1)2 ~1)2
P <x W2)=P(X 71?2 <x7 V2 <P(X V2 <x7VH) ~cix T2
(/—Tn— (n — )—( — ) +

This implies the lemma. [

PROOF OF THEOREM 7.1.. We can apply Theorem 6.1 and Proposition 7.8 to see that,
a.s.,

- T, . . .1
lhrggéf(bgn)y_r% = lzni%%f(logn)Xn =\ = 3
Hence, a.s.,

Yy
7.22 li —=1.
( ) lrfgso%p 2T, logn

We will show that 38T — 1 as. It follows from (7.16) that ¥, =[T}_} ©,.
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It was pointed out in [15], page 360, that the logarithm log Y is integrable and it was
determined numerically that E[log Y1] &~ 0.34. In the following calculation we use the fact
that ¥; = © = A} '/*, formula (7.21), and substitutions 2a = x and y = 1/x,

1 > 4loga _ /‘X’ log(x/2)
0

Ellogh] =—EllogAl/2=—3 | 5 da= T(2+1)

/1 log x 4 /00 log x p +/°° log2 J

=—| ———dx— ————dx —————dx

0o T(x2+1) 1 T(x241) o w(x2+1)

_ /1 log x fl logy log?2 o log2
0 0

t =—.
T2+ 1) 202+ 1) y+ = arctan x| 5

Thus, by the law of large numbers, a.s.,

log Y, log?2
(7.23) lim —22" _Rllog¥|] = —2

n— o0 n 2

Consider any ¢ > 0. By Lemmas 2.4 and 7.11, for large n,

(7.24) IP’(% < e_”€> _P(X, <) < P(X) < e ") < exp(—(1/8)e™).

n

By Corollary 7.13,

~

2
(Y_n <e—ns) <61€_n8/2.
T, — -

)l ) (e o

n=1

This and (7.24) imply that
o0

>2(

n=l1

logT, —2logY,
n

M| > 8} Occur a.s.
n

— 0 a.s. We combine this

By the Borel-Cantelli lemma, only a finite number of events {|

Since this holds for every rational ¢ > 0, we have M

observation with (7.23) to obtain

log T,
lim 08 _ log2 a.s.
n—oo n
This implies that
loglog T,
— = a.s
n—o00 log n
It follows from this and (7.22) that, a.s.,
Yy

lim sup

n—oo «/2T,loglogT, -

so the proof is complete. [

APPENDIX

This section is a part of the proof of Theorem 6.1. Because of the specialized nature of this
material we relegated it to an appendix.
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LEMMA A.1. Assume that €,)*, & > 0 and y, > 1. Suppose that H is regularly varying
at 0 with index —p < 0 and H™" is its inverse. There exists a strictly increasing sequence
(k) of integers such that for eachn > 1,

logk, ke
(A.1) H*(M)ﬁﬂ“ kn 1<g’
(1 +2)
_1( logky1 knt1—k
A.2 H 1( ) n+1 n> ,
&.2) wi+e))r =€

where ¢ € (0, £yy).
Moreover, for any y € (0, 1) there exists K > 0 such that for all n > 1,

(A.3) kY < Kn.

Recall that H~! is regularly varying at infinity with index —1/p. Let f(x) be defined for
x> 1by
1 1
log H! (&)
log v A¥(1+¢)

(A 4) H—l( logkn+1 ) kn+l_k11 — gykn+1_kn_f(kn+1)
' M(1+e)) " . '

f(x)=loge —

so that for any &, k,+1 > 1,

LEMMA A.2. Forany é > 0, there exist C1, Ca € R such that

1/p—38 1 8
Ci+ ]/p loglogx < f(x) < Ca+ 1/p+
og

% 0g Vi

loglog x
for sufficiently large x.

PROOF. By regular variation of H~!, we have for any § > 0,
lim x"/PPH1(x) = 00,
X—> 00
lim x'/*H~1(x)=0.
X—> 00
Thus, there exists x; > 0 such that

x—l/p—5 S H—l(x) Sx—l/p+8

for x > x1. The assertion follows by using above inequalities in the definition of f. [J

Suppose that ag > 0 is such that f(ag) > 1 and let

apy1=ap + f(ap), n=>0.

LEMMA A.3. The following claims hold for the sequence (ay).

() @np1 > an+ 1 forn >0,
(ii) For any y € (0, 1), there exists K > 0 such that

a) <Kn, n=>1.

(i) ap+1/an —> 1 asn — oo.
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PROOF. (i) Since f is nondecreasing, we have

an+1 —danp = flap) = f(aO) > 1.
(i1)) We use induction and Lemma A.2. Fix y € (0,1) and § > 0. Let C> be as in
Lemma A.2. Suppose that K is so large that,
1 8 1 s 1 Ky
[P+ log K + /P < .
y log y« logy, 1=y = vy
Make K larger if necessary so that ai’ <K.
For the induction step, assume that al < Kn for some n. Note that logn < l/yl_lnl/)’_l.
We use this inequality and (A.5) to see that,
an1 = an + fan) < (KM + f((Kn)'/7)

1 8
<(Km)'" +Cy + 1/'0+

(A.5) Cr+

loglog(Kn)'/Y

Og Vs

1 8
< (KmW¥ 4 Cy 4 MPHD log(Kn)!/”
log)’*
1 8 1 8
:(Kn)l/y+[C2+ /PH3, K]+ /PH0 1 oan
y log y« y log y«
1 8 1 s 1
5(Kn)1/7+|:C2+/p7+10gK]nl/y_]—I— /p+ nl/v=1
y log y ylogy. 1/y —1

K
< (Km)"" + —n"" < (K + 1),
Y

where the last inequality follows by convexity of x — x!/7 . Part (ii) follows by induction.
(iii) By the definition of (a,) and Lemma A.2 we have
an+1 f(an)

=1+
a, a,

— 1. 0

PROOF OF LEMMA A.1. Let
kn = [an].
Since a, <k, <ap+1<ay+1 <kpt1 <ap+1 + 1, we have

Vi = yiarl+l+1)_an_f(an) - yin+l_kll_f(krl+l) - y:n+l_(an+1)_f(kn+l)
(A.6)
_ - fan)—flkny)
= y* .

By Lemma A.3(ii) a,+1/a, — 1, by Lemma A.3(i) a, — 00, and by Lemma A.2 f(x) — oo
as x — 09, 80 ky41/a, — 1 as n — oo. It follows that

—1 lngn 1
L oo 7 Grak)

g y* 0g H-1 logay,
(m)

n — oQ.

Sflan) — fkpt1) = o

Hence y, I/ @)=1 (k"“), that is, the right-hand side of (A.6), converges to 1/y, as n — o0.

Thus, by (A.4) and (A.6), for large n,
iy, > H—l(M) ke o €
A5(1+¢) 2y,
Since £/(2y4) < €y, this implies (A.1)—(A.2).
The bound (A.3) follows from Lemma A.3(i). [
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