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1. Introduction

Consider the space M of probability measures on [0, +00). For p,v € M we have
natural operations of convolutions: additive denoted by p * v and multiplicative y ® v,
which correspond to distributions of the sum and the product of independent random
variables. One of the important characteristics of a probability measure p € M is its tail
behavior at +oo, more precisely one can ask at what rate the function fi(t) := p((t, +00))
goes to zero when ¢t — 4o00. Tail behavior determines many properties of a measure like
existence of moments or its domain of attraction. One can also ask how tails of u * v
and p ® v behave, given that the tail asymptotics of p and v are known. Clearly, since
the multiplicative convolution corresponds to the distribution of X - Y for independent
X,Y one can reduce it to the case of additive convolution upon taking the logarithm
(where one considers the operation * on the set M of all probability measures on R).
Tail asymptotics of additive convolutions is a classical and well studied problem.

In parallel to the classical theory one can consider a non-commutative probability
space, where classical random variables are replaced by non-commutative operators. In
non-commutative probability there are several possible notions of independence, among
which the most prominent is freeness defined by Voiculescu [21]. Freeness allows to
define counterparts of operations x and ®, the free additive convolution H and the free
multiplicative convolution X. In this paper we focus on free multiplicative convolutions.
Similarly as ®, the operation X is a binary operation defined on M4 x M, taking
values in M. Given pu,v € M, one can consider two freely independent operators
X,Y with respective distributions p and v. Then X/2Y X1/2 has the distribution p X
v. One should note that, despite the fact that X and Y above do not commute, the
operation X is actually commutative i.e. we always have uXv = vXu. In [22] Voiculescu
showed existence of a transform (so-called S-transform) which is multiplicative under
the operation X in M, that is one has:

S,z (t) = S,(£)S,(t) for t € (—¢,0) (1.1)

for some ¢ > 0. In [22], S-transform is considered in a more general framework, where it
takes complex argument. For our purposes it is enough to consider the S-transform as a
function of real argument. Initially free multiplicative convolution was defined for com-
pactly supported measures, in [6] the authors extended the definition of free convolutions
to all probability measures. Since equation (1.1) is the only fact from free probability
theory which is relevant for our paper, we decided to not introduce the notion of free
independence, instead we refer to one of the monographs [18,19].

The free multiplicative convolution appears naturally in the theory of random matri-
ces. Assume that compactly supported probability measures p and v are the a.s. weak
limits of eigenvalue distributions of sequences of N x N matrices as N — +oo. Let
us denote these sequences by (Xn)n and (Yy)n and assume that distribution of one
of these sequences is invariant by conjugation with independent Haar unitary matrices.
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Then, X v is a.s. the weak limit of the eigenvalue distribution of product X }V/ZYNX ]1\,/ 2
provided X and Yy are independent in the classical sense and X is positive definite
for each N € N [23].

In contrast to the commutative case, in the framework of non-commutative probability
one cannot simply reduce the operation X to the additive case. In fact the free multi-
plicative convolution has some surprising properties. Such differences are manifested for
example in the context of infinitely divisible distributions. Denote by I.D(x) and I.D ()
the set of infinitely divisible measures under * and H respectively. It was observed in [4]
that there is a bijection B: ID(x) — I D(H), such that for each p € ID(x) its domain of
attraction is the same as the domain of attraction of B(u) € ID(B). One can consider
similar mapping between the sets ID(®) and ID(K). In [5] the authors showed that
such mapping can be defined, but fails to work as well as in the additive case. Another
difference can be observed in the context of laws of large numbers. For ¢ > 0 we denote
by D.(u) the pushforward of u by the mapping = — cx, that is D.(u)(A) = u(A/c)
for any Borel set A. Classical law of large numbers says that Dy, (u*") — do weakly,
where « is the mean value of p. Similar results hold for the free additive convolution,
that is we have D, /n(,uEE”) — do. The law of large numbers for classical multiplicative
convolution follows again from the additive case, more precisely let ¥.(u) be the push-
forward of p corresponding to the mapping x — z¢ for z,c > 0, then one immediately
has 11/, (u®") — 03 with 3 = exp ([ log(t)u(dt)). For the free multiplicative case it
was shown in [13] that 1, /,,L(,u'g”) — v weakly, where in general v is not a Dirac delta
measure.

The surprising behavior of the free multiplicative convolution motivates further study
of this operation, in particular the study of the related tail behavior. Tail behavior
of the free additive convolutions was studied in [15] in the context of so-called free
subexponentiality. In particular the authors showed that if p is such that its tail &
is regularly varying then i®"(t) ~ nf(t), where f(t) ~ g(t) means that the quotient
f(t)/g(t) goes to 1 as t tends to +oo. Let us stress that such behavior coincides with the
classical case of *. Related studies were performed for Boolean additive and multiplicative
convolutions in [10].

We also work in the framework of measures with regularly varying tails. Let us briefly
recall some basic facts about regularly varying functions. A function f is called regularly
varying with index « if for every A > 0 one has f(Az)/f(x) — A* as © — 400, when
a = 0 then f is called slowly varying. For p € R we write R, for the class of regularly
varying functions with index p, which consists of functions f of the form f(x) = 2" L(x)
for some L € Ry.

Definition 1.1. We say that p has regularly varying tail at infinity with index —a < 0 if

L(x)

x()t

) = (@, +00)) ~ (1.2)

for a slowly varying function L.
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Our main result is a free probability analogue of the following classical result. Point
() below follows from additive subexponentiality of the pushforward measure of x under
the log, while (i7) can be found e.g. in [16].

Theorem 1.2.
(i) Assume that p € M., L € Ro and B > 0. If ji(x) ~ L(log(x))/log(z)?, then

1 (2, +00)) ~ mi(a).
(it) If p(x) ~ cx™® with ¢, > 0, then

an—lcn—l

(n—1)! "

1O ((, +00)) ~ log" ! (2)u(x).

The behavior of the tails of the free multiplicative convolution is much more com-
plicated. The result below is another evidence that the free multiplicative convolution
behaves in a distinctive way. We observe a phase transition for (1.2) between the cases
0 < a<1and a > 1. We observe that the case a = 1 with first moment finite is the
same as « > 1. Moreover we describe the case o = 1 when the slowly varying function
is constant, surprisingly this case is very similar to the classical case. Also in the case
when the tail is slowly varying, corresponding to a = 0, we work with the special case
ji(x) ~ L(log(x))/log(x)? similarly as in the theorem above. Recall that for the free
multiplicative convolution one can consider fractional convolution powers p® for any
t>1, see [2].

Theorem 1.3.
(i) If u € My and ji(z) ~ L(log(z))/log(x)? for L € Ry and B > 0, then fort > 1,

uxt((x,Jroo)) ~ tP ,u((x,Jroo)).

(ii) Assume p € My satisfies (1.2) for a € (0,1). Then for t > 1 we have
P2 (-, +00)) € R_q,, where

e
ap=——.
T a+t(l-a)

In particular, if p(x) ~ c/z* for some a € (0,1) and ¢ > 0, then fort > 1 one has,

Ct,a
Tt

Mgt ((-757 +OO)) ~

b

where

< T )t/(a+t(l_a)) sin(may)
Cta = | c= —_—
’ sin(ra) Ty
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(iii) If w € My is such that p(x) ~ ¢/x with ¢ > 0, then fort > 1,
% ((, +00)) ~ 't log () u((, +00)).

(iv) Let o > 1 and assume pu € M, satisfies (1.2) and has first moment (denoted
mq(u)) finite. Then fort > 1 we have

P (,+00) ~ £ (1) (. +00)).

In order to illustrate the phase transition phenomenon let us examine the tail behavior
of the free convolution powers for the family of Pareto distributions.

Example 1.4 (Phase transition for Pareto distributions). Consider the family (pqa ), of
Pareto distribution given by the density pq(dz) = a/z* T Ij1 ;) (2)da. Then for z > 1
we have fiq ((x,+00)) = 1/2%, also for o > 1 we get m1(pa) = /(o — 1). Then for the
tail of u?t, with notations as in the theorem above, we get

Crax ott1=a) for o € (0, 1),
N§t((xv+00)) ~ { tlog(z)t~tat for a =1,
a(t—1)
t (ﬁ) z~® fora>1.

Our main tool which allows us to prove the theorem above is a detailed description
of the asymptotic properties of S-transforms, which allows us to completely characterize
the behavior of the S-transform of measures with regularly varying tails. Depending on
the index, we observe several different regimes. We present the results about the relation
between the S-transform and the tail at +00 in Section 4.

The tools developed in Section 4 allow us also to study X infinitely divisible probability
measures. They are parameterized in terms of a real number + and a finite measure o
on [0, +o0], thus we will write ;ﬂgjg, for a X infinitely divisible measure parameterized
by v and o. We find a precise relation between the left (resp. right) tail of ¢ and right
(resp. left) tail of 57, The precise statement is more complicated than for the case of
convolution powers, we refer to Section 6. Let us just mention that again we obtain a
behavior which resembles Example 1.4. We observe a phase transition for the tail of y%”
with critical case when ¢ has regularly varying left tail with parameter a = 1. We refer
to Example 6.9 for an explicit example of a family of measures o for which we get a
discontinuous change of tail asymptotics of corresponding measures ;7.

This paper has 6 more sections. In Section 2 we introduce all necessary facts from
the theory of regularly varying functions and some Tauberian theorems. In Section 3 we
introduce some facts from so-called free harmonic analysis, we define all transforms that
we need, present some of their basic properties and we make some useful new observations
about the S-transform. In Section 4 we present our main technical results, that is, for
u € M, with regularly varying tail we characterize the behavior of the S-transform of
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1 at 07. In Section 5 we prove Theorem 1.3. Section 6 is devoted to the study of tails
X-infinitely divisible measures. In Section 7 we gather some more consequences of the
results of Section 4 which are not directly related with the phase transition phenomenon.
In particular we discuss free counterpart of Breiman’s lemma, we determine the left tail of
w in terms of its S-transform and discuss how our results extend to symmetric probability
measures.

2. Preliminaries

In this section we discuss in detail the theory of regular variation, Tauberian theo-
rems that we need and also some aspects of free harmonic analysis which we use in the
subsequent sections. We intend to introduce the reader with all background needed to
understand our results.

2.1. Regular variation

We say that two functions f, g defined on a neighborhood of infinity are asymptotically
equivalent if f(z) ~ g(z). Recall that R, denotes the class of regularly varying functions
with index p € R. Function L € Ry is called slowly varying and we have L(x) = o(x)
as r — +oo for any € > 0.

Theorem 2.1 (7, Section 1.7.7]). If f € Ra with o # 0, then there exists g € Ryq such
that

flg(z)) ~g(f(x)) ~ .

Function g is determined uniquely up to asymptotic equivalence. Moreover if f(x) ~
z®L(2?) for L € Ry and a,b > 0, then

g(z) ~ xl/(ab)L#l/b(xl/a),
where L¥ is a slowly varying function, unique up to asymptotic equivalence, with

lim L(z)L#(zL(z)) =1 and lim L#(z)L(zL#(z)) = 1.

r—+o0 r—+o0

In particular, if L(z) = szl(log(c’k) ()™, where log®*) is the k fold composition of
log, then

L#(z) ~ 1/L(x).

For a fixed function L, the function L# goes under the name de Bruijn conjugate of
L.
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We will also use the “second-order theory” of regular variation due to de Haan. First
we need to introduce a proper subclass of Ry.

Definition 2.2. If L € Ry, we write f € IIy(c) with ¢ € R if

i FO0) (@)

Jm I = clog(})

for all A > 0.

Remark 2.3. If f € TI1,(c) with ¢ > 0, then f(x)/L(z) — +00 as x — 400, [7, Proposition
1.5.9a]. Moreover, 1/f € Iy, /¢2(—c), [11, Proposition 1].

Observe that f(Az)/f(z) = 1+[(f(A\z) — f(x))/L(z)]-[L(z)/ f(z)], hence by the above
remark and the definition of IT,(¢), for any ¢ > 0 and L € Ry, we have that II;,(¢) C Ryo.

Theorem 2.4 ([7, Theorem 3.6.6, Theorem 3.7.1]). The following are equivalent:

(Z) f € HL(C)7

(i) There exist constants xo > 0 and C,d € R such that for x > xg,

L(t)

fla)=C+ c/(l +o(1)) =2 dt + d(1+ o(1)) L(a),

Zo

where both functions o(1) are measurable,
(iii) For any o > 0,

o0

Uxa/u_”_lf(u)du — f(z) ~ EL(x).

x

Assume that L € Ry and f; € I (c) for some ¢ # 0. We say that f; and fy are
II;-equivalent (denoted fi(x) ~m, fao(x)) if the limit

L fi@) = B

T—400 L(x)

exists and is finite. Clearly, ~pr, is an equivalence relation on U.II,(c).

As follows from Theorem 2.1, de Bruijn conjugate pairs (L, L¥) appear naturally
when we look for asymptotic inverses of regularly varying functions. However, when
dealing with slowly varying functions in the subclass IIy,, a stronger notion of conjugacy
is required.

Henceforth we will use notation f{~1 for the compositional inverse of f.
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Definition 2.5. Assume that function f € II.(c) is continuous and such that z — x f(z) is
increasing. Without loss of generality we may assume that ¢ € {—1,1}. Define a function
v on (0, +00) by

v(z) = 2 f(x),

which clearly is invertible. Writing its inverse as,

v (@) = 2 f*(2),

the function f*: (0,400) — (0, +00) is called the II-conjugate function for f € IIy(£1).
Equivalently, f* can be defined through the condition, [11, Page 1032],

H@) ) (e f ) - 1) =0

w100 L(z)

Observe that since f(x)/L(xz) — +oo as * — oo, function f* is also de Bruijn
conjugate for f.

Theorem 2.6 ([11, Theorem 1]).
(i) f eIl (£1) if and only if

f* € HM(:Fl)a

where M (x) := L(zf*(2))f*(z)? € Ro.
(i) f* is unique up to the equivalence class ~m,, on Ijs.

(iii) f**(x) ~u, f(2).
We say that a measurable function f is rapidly varying (denoted f € R) if

f(Ax)

srtoo f(2)

:+Oo

for all A > 1. We are interested in a proper subclass KR, of R, which is classically
defined as a family of measurable functions for which Karamata indices are +oo [7,
Section 2.4]. Equivalently, one can define it as follows (see [7, Proposition 2.4.3]).

Definition 2.7. We write f € KR, if and only if f is measurable and for every d € R,

lim inf inf f(Az)

> 1.
z—+o0 A>1 A f(x) ~

Below we list important properties of KR .
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Theorem 2.8.

(i) [7, Theorem 2.4.7] Assume that f is continuous and increasing to +o0c. Then,
feRy if and only if Y e KR,

(ii) [7, Proposition 2.4.4] If f € R is nondecreasing, then f € KR.
(iii) [7, Theorem 2.4.5] f € KR if and only if

[dt

f@) =exp (o) tnie) + [0 ], az1

where functions z, n and § are measurable and such that z is nondecreasing, n(x) —
0 and &(z) = +00 as x — F00.
We will need also the following easy result.
Remark 2.9. Let f be measurable and increasing. Then,
f(z) € KR if and only if (x—1)f(z) € KRw.
Indeed, it follows from Definition 2.7 and the fact that for x > 2 and A > 1 we have

fQz) _ fOo)Qe —1) o fAz)
Alf(x) = Mf(x)(x—1) = A2 f(x)

2.2. Transforms

Let M denote the set of Borel probability measures on Ry = [0, +00). For p € M
and p € R denote

mi= [ eaia).
[0, 00)

Definition 2.10. For p € N U {0} denote by M, the set on measures which have finite
moments only up to pth one, i.e.

My ={p e My:mpy(p) < +oo and mp41(p) = +oo}.
In what follows for u € M we will denote its tail by

a(t) = p((t,+00)), t>0.

Let us make some simple observation about regularly varying tails following from the
fact that my(u) = pf0+oo tP=1a(t)dt, p € N.
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Remark 2.11. Assume that p € M is such that ¢ — [(¢) is regularly varying with index
—a < 0 and slowly varying function L.
Then, p belongs to M, p € N, if and only if one of the following conditions is satisfied

(2) a€(pp+1),
(b) oz—pandf )/tdt<+oo

(c) a—p+1andf (t)/tdt =

Probability measure p belongs to My if and only if one of the following conditions is
satisfied

(@) a€l0,1),
(b") a—landf (t)/tdt =

We conclude this section with a result similar to [3, Lemma 1]. We will refer to the
type of expansion appearing in (2.2) as “one sided Taylor expansion”.

Lemma 2.12. Consider a function f: (—=0,0) = R and assume that f is C*°(—4,0) for
some & > 0. Fiz an integer p and suppose that there exists € € [0,1) such that

fP(2)=0(z"%), z—0". (2.1)
Then, there exists a real sequence (fk)i;(l) such that, for eachn € {0,...,p—1} we have
p—1—n f
n k+n —n— _
fM) = > kf, 2K po(zPmE), 2507, (2.2)
k=0

The above result is proved by the successive integration of (2.1) over interval (z,0),
z < 0. Then, we clearly have f, = f(")(07).

2.8. Tauberian theorems

This section is devoted to Tauberian theorems. We state some known result that we
need in the subsequent sections, we present also proofs of results which are not available
in research literature, thus some results of this subsection are new.

Theorem 2.13 ([7, Theorem 1.6.4]). Assume that u € M. For any number o and n
such that 0 < o < n, the following assertions are equivalent:

fi(z) ~ 2" L(x),

«
n—or .
x (213)

t"p(dt) ~

[0,7]
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Theorem 2.14 ([7, Theorem 1.7.4]). Assume that U is nondecreasing, U(0~) = 0 and
p > 0. Then, if ¢ is a positive constant, 0 < o < p and L € Ry, the following assertions
are equivalent:

U(z) ~ cz?L(x),
U(t) Llp—a)lle+1) .,
/ Gt a) ~c x? P L(x).

T

[0,400)

Corollary 2.15. Let L € Ry and let « € [p,p+ 1) for some p € N U{0}. The following
assertions are equivalent:

(i) p(x) ~2=*L(z),
(ii) f[o ] tPHL(dt) ~ a:p+1 *L(z),

p+1 al'(a Q) —a—
(ii1) Jio,o0) (tiWﬂ(dw % L(x).

Proof. Equivalence between (i) and (i¢) follows from Theorem 2.13.

To prove equivalence between (i) and (ii7) define U(z) := f[o ]tp+ w(dt). In such
case,
! dU (¢
/ ) = / _du@)
(t + x)pt2 (t + x)pt2
[0,+00) [0,400)

Moreover, U is nondecreasing and U (0~) = 0. Thus, the result follows from Theorem 2.14
withp=p+2,c=a/(p+1—-a)ando=p+1—a. O

Definition 2.16. For a kernel k: (0, +00) — R its Mellin transform is defined as

k(z) = /tlzk(t)%
0

for z € C such that the integral converges.
For functions k, f: (0,+00) — R we define their Mellin convolution by

¥ s = [(5) 107

for those > 0 for which the integral converges.
Definition 2.17. For p € N U {0} we define kernel k,: R — [0, 1] by

ky(z) = 2P 1o 1)(). (2.3)



12 B. Kolodziejek, K. Szpojankowski / Advances in Mathematics 403 (2022) 108398

It can be easily checked that /vfp is absolutely convergent for Rz < p + 1 and for such

z we have
Fole) = - (2.4)
O '
Theorem 2.18. Let v < 1+ p and let L € Ry. Assume that
f(x) ~ 27 L(z). (2.5)
Then,
M 8 ¥
kp * f(x) ~ kp(y)x"L(x). (2.6)

If f is monotonic, then (2.6) implies (2.5).

Proof. Going from (2.5) to (2.6) is standard and follows from [7, Theorem 4.1.6].
Assume (2.6). Without loss of generality, we assume that f is nondecreasing (if not,
consider —f). Let

o0

F(a) = a7 (k¥ f(@)) /f—

Recall that k,(y) = S — +p = We have

1

——— 2" P L(x).
I+p—7v (=)

F(z) ~

By monotonicity of f, for any > 1 and x > 0, we have

Bx
F(z) — F(Bz) = ;L(fldtz L f@) (1— 1).

p—+1aptl pr+i
Thus,
f(z) F(z) - F(Bz) prt!
7V L(x) =+l P 1L(z) APl —1°
Whence,
Jimn sup f(x) <(p+1) 1—pr—p=1t  grtl

o—too TVL(2) L+p—n prHl—1

and the r.h.s. above converges to 1 as § — 17.
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Let now 5 < 1. Again by monotonicity we have

i 1 1
F(fz) — F(z) < g}&ldtg i}fﬂpH <ﬁp+1 —1>.
Bx

We proceed similarly as before and show that

e f@)
> 1.
lﬁglféf vV L(x) — L0

Theorem 2.19. Assume that k is a nonnegative kernel such that I;;(z) is absolutely con-
vergent in a strip |Rz| < n for somen > 0 and k(z) # 0 for Rz = 0. Let f: (0,400) = R
be measurable, L € Ry and ¢ # 0.

(i) Assume additionally that x" f (x) is bounded on every interval (0,a]. Then

f(z) ~ cL(x) (2.7)
implies
k¥ f(a) ~ k0)eL(z). (2.8)

Conversely, if f is monotonic, then (2.8) implies (2.7).
(ii) Assume additionally that f is locally bounded on [0,+00). Then

felly(c) (2.9)
implies
k¥ f eI (k(0)e). (2.10)
Conversely, if f is monotonic, then (2.10) implies (2.9).

Remark 2.20. The above theorem follows from Section 4 in [7], however is not stated as
a single theorem. Let us explain briefly which results from [7] we use here.

The implication from (2.7) to (2.8) follows directly from [7, Theorem 4.1.6] with
p =0 and (2.9) implies (2.10) by [7, Section 4.11.1]. The converse implications hold by
[7, Theorem 4.8.3] and [7, Theorem 4.11.2], respectively, under a Tauberian condition

lim limsup sup M

—0, 2.11
A=1t g si 0o pE[LA] L(LL‘) ( )

which is clearly satisfied if f is nondecreasing. If f is nonincreasing, then we consider

_f.
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In the next theorem we state some useful conditions for a measure to have a regularly
varying tails.

Theorem 2.21. Let L € Ry and p > 0. The following assertions are equivalent:

(i) i(x) ~ 2P~ L(z),
(i) © = [io P u(dt) € H(p+1),

tpt1

(le) T xp+2 f[07+oo) W}L(dt) S HL(p + 1)

Proof. First we show the equivalence between (i) and (i7). Let us denote o = p + 1.
Observe that by Tonelli’s theorem we have

/ t7u(dt) = / /tos“_ldsu(dt) :U/ws”_l,u((s,x])ds
(0,2] 0 0

[0,2]

Thus, if (7) is assumed, then

1 u(dt) = a/(1 + 0(1))@@ L)1+ o(1)).

[0,7]

By Theorem 2.4 we obtain the result.
Conversely, assume (i7) and observe that with f(z) := f[o 2] t?u(dt), by (iii) of The-
orem 2.4 we obtain that

o0

oz’ /uig*lf(u)du — f(z) ~ L(x).

x

But the left hand side is equal to

ax”/ufg*l (f(uw) — f(2)) duzax”/uig*l / t7 u(dt) du
T T (z,u]
= oz’ / t”/u_”_lduu(dt)
(z,+00) t
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which gives ().

To show equivalence between (ii) and (i4i) we use Theorem 2.19. First take k(z) =
(p+2)xP+2/(1 4 2)P3. Then, it is clear that k(z) is absolutely convergent for |Rz| <1
and k(z) # 0 for Rz = 0. Moreover, k(0) = 1. As before, define f(z f[o tPHL(de).
Since f is nondecreasing, by Theorem 2.19 (i), we see that

fellL(p+1) if and only if kAffeHL(p-i-l).

Finally,
Y Toay L, dt df() / 1
— < =t pt2 — .pt+2
¥rw = [r(FroF = | Grap  © i+ nyrrei (@)
0 [0,400) [0,400)

where the second equality follows from integration by parts. O

Below we put into evidence that for p = 0 in the theorem above we can replace (i)
by another condition, which will turn out to be useful.

Theorem 2.22. Let L be a slowly varying function. The following assertions are equiva-
lent:

(i) i(x) ~ & L(x),
(ii) x|—>f p(dt) € T, (1),

(iii) xb—>mf07+oo o p(dt) € TIL(1).

Proof. Equivalence between (i) and (i¢) follows from Theorem 2.21 with p = 0.
Define f(x f[o o tu(dt) and k(z) = z/(1+ x)2. We have

/ tixu(dt) - /

[0,+00) [0,4-00) 0

The Mellin transform k of k is absolutely convergent for [Rz| < 1 and k(z) # 0 for Rz = 0.
Moreover, k(0) = JoS(1+¢)72dt = 1. Since f is nondecreasing, by Theorem 2.19 (i),
we see that

fell,(1) ifandonlyif k¥ fell (1),
which proves equivalence between (i¢) and (#i). O

Lemma 2.23.
(i) If f is positive and f(x) ~ g(x) then, k, X f(x) ~k, ¥ g(x).
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(ii) Let L be a slowly varying function and assume that f(x) = g(x) + co + o(x~%) for
some & >0 and ¢y € R. Then, g € 11 (c) if and only if f € (c).

(iii) Let L be a slowly varying function and assume that f(z) = g(x)(co + o(x~%)) for
some € >0 and cg € R. Then, g € I (c) if and only if f € I (coc).

Proof. For (i) fix £ > 0 and take zg > 0 such that 1 —¢ < f(z)/g(z) < 1+e¢ for z > zo.
Then, for x > z( we have

oo

(1— )k, ¥ gla) = a?™! / %dt

x

<ot [ T00 =k, ¥ pay < (v oy ¥ gl

x

For (ii) and (i7i) we use the fact that for £ € Ry we have £(x) = o(z®) for all e > 0
and the result follows from point (i7) of Theorem 2.4. O

3. S-transform

In this section we study in detail analytic properties of Voiculescu’s S-transform, seen
as a function of a real argument. We put into evidence some facts about the expansion of
the S-transform as the real argument z — 0~. While this section is mostly preliminary,
it also contains a fair amount of new observations about the S-transform, which might
be of independent interest. Throughout this section we assume that 1 € M and p # dp.
We shall also denote 6 = u({0}) < 1.

Definition 3.1. Suppose p € M and assume that § = ;({0}) < 1. The so-called moment
transform of p is defined as

u) = [ )

1—2t
[0,400)

The function v, : (—o0,0) = (6 —1,0) is invertible (see [6]) and we denote its inverse by
Xp-
The S-transform of p is defined by

Su(z) = Loz),  ze(-1,0).

Remark 3.2. Usually S, is defined for complex argument. Function ¢, is well defined for
z € C\ Ry and it is univalent in the left-plane ¢C,. Then, x,: ¢,(iCy) — C, is the
inverse of 1, and S, (z) = (1 + 27 )x,(2) for z € 1, (iC4). However, it is enough for us
to work only with real functions.
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It is also worth noticing that the S-transform determines uniquely the probability
measure, as it determines the moment transform .

In the proposition below we review some properties of the S-transform, which are
relevant for us.

Proposition 3.3.
(i) [6, Proposition 6.1, 6.3] ¢, and x,, are analytic in (—o0,0), respectively, (6 —1,0),
hence S, is analytic in (§ —1,0).
(i1) [6, Proposition 6.8] S, is decreasing on (§ —1,0) and positive.
(iii) [13, Lemma 4] S,,((6 —1,0)) = (m7 (1), m_1(11)).
(iv) [6, Proposition 6.6] Let p,v € M, none of them being dg. Then we have S,x, =
S,Sy.
(v) [14, Proposition 3.13] If n({0}) = 0, then Sy(z) = 1/5,(—1—=%), z € (—1,0), where
fi is the pushforward measure of ju by the mapping x — x~".

We record for further reference a simple fact about the derivatives of the moment
transform. Let as note that all derivatives of v, are monotonic.

Lemma 3.4. Let p € N U{0}. For z < 0 we have
(1) il
Y (z) = (p+1)! / mﬂ(dt)-

[0,400)

In the lemma below we find a useful formula for the pth derivative of the S-transform.

Lemma 3.5. Let p € N U{0}. For z € (6 — 1,0) we have

0
SP)(z) = xP)(2) + / %X,ﬁﬁ%)dt.

z

Proof. Recall that S,,(z) = x.(2) + 27 xu(2), so it is enough to show that

0
ixu(z) _ /((_t)p (p+1)(t)dt.

dzp 2 —z)ptl X
z

We proceed by induction. For p = 0, the right hand side above equals

L/><L(t)<1t = —— (w(07) ~ xu(2) = X (2)

z
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since x,(07) = 0. By the induction hypothesis we have
0
A xu(z) _d A xu(z) _ d DT ear
dzptl 2 dzdzr 2 dz (—z)ptt

(= >x<”“><> J2=Pxr ) (tat
T e TP

0
- [ Bl o

z

where the last equality follows from integration by parts. O

Remark 3.6. If 6 = 0 and m_1(u) < 400, then one can show that for z € (—1,0),

—1)PHplm_, ; P 1
Xf}’)(z) = Sx(tp)(z) * ( 1?1 +pz!)p+1 w / (1(1++z§1)7+1*S'V/(fﬂr (t)dt.

Indeed, for arbitrary pu € M4 we have

() ) d? 1 ) ~ (P gy "1
X (Z) = S/,L (Z) - @ Sl»‘«(z)l + 2 = S,u (Z) - Z n S;L (Z)de_n 1+ 2

n=0
— 50 3 () pn__ (p=1)!
R ( )S =1) <1 T
= SP)(2) +pl(— P 12 — )" (3.1)

But if p({0}) = 0 and S,(=1") = m_1(u) < +oo, then we have a one-sided Taylor
expansion with integral form of the remainder.

-1

14 (n)
Su(-17) =" M(—l —2)"+ 5 /(—1 — PSP (t)dt.

n!
n=0 %

From the Lemma 3.5 we find another representation of the pth derivative of the S-
transform. This representation allows us to apply standard Tauberian theorems. The
kernel k, was defined in (2.3).

Corollary 3.7. For x > (1 —6)~" we have

1 1 M _
S;(Lp) <_5> = Xpr) <_E> + kp * Xp+1(2),
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where Xpy1(z) = Xf}””(—l/x)

In the next lemma we observe what an expansion of any of the three functions
(s X, Su) says about expansion of the other two functions.

Lemma 3.8. Assume that p € N and p € My. Fixz ¢ € [0,1). The following three
conditions are equivalent

P
Yu(z) = Z My, (1) 2" + o(2P19), as z — 07, (3.2)
n=1
P
Xu(z) = Z cn 2" + o(2P19), as z— 0~ (3.3)
n=1
for some real coefficients (cp)n,
p—1
Su(z) = Z $p2" + o(2P71TE), as z — 0~ (3.4)
n=0

for some real coefficients (Sp)n.
Moreover if my(p) < 400 then all three equation (3.2), (3.3) and (3.4) hold with e = 0.

Proof. Equivalence between (3.3) and (3.4) follows from the definition of S,,. We shall
show by induction that (3.2) implies (3.3). The proof of the converse implication is
similar.

First we note that if m;(u) < 400, then x,(z) ~ z/mq () as z — 0~, which follows
immediately from

3

4
m(p) = lim Yulz) = lim ——
20— 2 t—0— xpu(t)
where we have made the substitution z = x,(¢). This in particular implies that if m, () <
+00, then o(x,(2)*) coincides with o(z®) for all o € R.
Substituting z — x,(2) in (3.2) with p =1 we get

z=m1 ()X (2) + o(xu(2)'°) = ma(u)xu(z) + o(z' ),

which is (3.3). Suppose that (3.2) implies (3.3) for expansions of order p. Take the

expansion (3.2) of order p + 1. Plugging z — x,(z) into this expansion gives us

ptl
z=mi(u)xu(2) + Y ma(p)xu(2)" + o(2P 1), (3.5)
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By the induction hypothesis, we have that expansion (3.3) of order p holds. This implies
that for n > 2 we have

(Z cpzP +0(2P7F) ) (Z CLZ ) + o( Zp+1+5)

With such substitution, (3.5) gives (3.3). O

‘We conclude this section with a lemma which gives a direct connection between deriva-
tives of ¥, and x,.

Lemma 3.9. Let y € M4 and p € N.
(i) For z € (6 —1,0) we have
D () (2P + 4L O (X ETV (2) = Q(z) (3.6)

where Q on the right hand side is a polynomial in wfbl)(xﬂ(z)) and Xu ( ) for
l=1,...,p
(ii) If my(p) < +oo, then the limit

lim (0 (u ()X ()72 + I H(2)) (3.7)

z—0~

exists and is finite.

Proof. (i) The first equality follows from the Fad di Bruno formula, which gives for
peN,

dr+1

= qu (xu(2)) = Z w,ﬁ‘”') H X(lB‘

mell Bem

where 7 runs through the set II of all partitions of the set {1,...,p+1} and B € 7
runs through the list of all of the blocks of the partition 7. The two terms on the left
hand side of (3.6) correspond to partitions {{1},...,{p+1}} and {{1,...,p+1}}.
The right hand side of (3.6) contains all remaining terms.

(id) Since 9/, (x,u(2)) = 1/x,(2), (3.7) follows from (i) and the fact that all ¥} (x,(2))
and Xﬁ)(z), l=1,...,p, have finite limits as z — 07. O

4. S-transform and the tail at +o0o

Our main tool concerns the relation the right tail of a measure and its S-transform.
The results of this section are the workhorse of this paper and all results that we prove
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in the subsequent sections rely on them. Our work allows to answer the open question
posed in [10, §2.4 (1) and (2)].
We have that (see Lemma 3.8), if u € M,, p € NU {0}, then

p—1

Su(z) =) snz"+71(2),  z€ (u{0}—1,0),

n=0

where (s,,)n are real numbers and each sj is a rational function of moments of u up to
k 4+ 1. Moreover, r(z) = o(2P~1) as z — 07. It turns out that the regular variation of
i is equivalent to regular variation (or its relatives) of function r. However, instead of
working with r, we decided to describe this correspondence in terms of its pth derivative,
Sff’ ) = r(®). As all involved functions are analytic, there are no regularity issues. Such

approach allows to eliminate the “Taylor polynomial” >°? ;B spz™ and avoid dealing with

n
complicated combinatorics of coefficients in the series expansion of the S-transform.

Recall that we say that a measure p has regularly varying tail with index o when

L(x)

x®

fi(x) = p((z, +00)) ~ (4.1)

The first result concerns probability measures in My, that is, measures whose first
moment is infinite.

Theorem 4.1. Let o = 0 and assume that L € Rqy. If (4.1) holds, then

. W € KR (4.2)

Conversely, if (4.2) is satisfied, then (4.1) holds with

L(z) = 1/f{ (),
where

1 z—1
)= =) T S

Remark 4.2. Suppose that Ly, Ly € Rg are decreasing to 0. Then, condition L;(z) ~
Ls(z) does not imply in general that L§_1>(t) ~ Lé_n(t) as t — 0. E.g. consider
Li(xz) = 1/log(z) and La(x) = 1/log(1 + «). Thus, in Theorem 4.1 we have L(x) ~

l/ffb_w(m) while in general it is not true that L=V (t) ~ f,(1/t) as t — 0F.

Remark 4.3. If in Theorem 4.1 we consider g € II1(1) instead of i € Ry, then one can
show the function f, belongs to a subclass I' of KR, [7, Section 3.10].
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Proof of Theorem 4.1. For any x > 0 we have

—i, (—=1/z) = / t—i—%ﬂ(dt) =1- / wxu(dt)

[0,+00) [0,400)

= [ et =¥ o),
0

where k(x) = 2/(1 + z)?. The Mellin transform of k is absolutely convergent for |Rz| <
1 and k(0) = 1. Since ji is monotonic and zfi(z) is bounded on intervals (0,a], by
Theorem 2.19 (i), we see that (4.1) is equivalent to

t

P (~1/z) = / () ~ L),
[0,+00)

Thus, if we assume (4.1), we have

1 1
U (1) " I €

Further, by Theorem 2.8, the inverse of x — —1/1,(—1/z), which is  — —1/x,(—1/z)
belongs to KR. We have

1 rz—1

xu(=1/z) S (~1/x)

and so, by Remark 2.9, z — 1/5,, (—1/z) belongs to KR« as well.
Since all steps above can be reversed, the proof is complete. 0O

Corollary 4.4. Assume that p € M is such that S,,(—1/z) = exp(—s(z)), where s € R,
with p > 0. Then,

flz) ~ 1/ (log(x)).

In particular, if L € Ro and s(x) = xPLP(x), then

fi(z) ~ 1/ (log(w)"/*L* (log(2)"/7)) .

Proof. We will start by showing that our assumptions fall in the framework of Theo-
rem 4.1, i.e. (4.2) holds. Clearly, we have x — 1/S5,,(—1/z) = exp(s(z)) belongs to Ru.
Moreover, it is known that f,(xz) = 1/xu(—=1/x) = (x — 1)/S,(—1/x) is nondecreasing
and clearly also belongs to Ro. Thus, by Theorem 2.8 (i) we see that f,, belongs to
KRs. Remark 2.9 implies (4.2).
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We have
_ os(x)(14+o0(1
fu(@) =¢ (z)(A+o(1))

which implies that

FU(E) ~ 570 (log(1)).

Thus, by Theorem 4.1, we obtain the first part of the assertion. The second part follows
from Theorem 2.1. O

Theorem 4.5. Let o € (0,1) and L € Rg. Then, (4.1) is equivalent to

% (i) - <Sin7fza)>l/a J\f;;il) (4.3)

1/04'

where M# is a de Bruijn conjugate of a slowly varying function M := L~

Remark 4.6. If (4.1) holds with L(z) = cHZZl(log(Ok) (2))* (recall Theorem 2.1), then
(4.3) may be replaced by

g 1 sin(mwa) Ve pi-1/a
P\ z T LY/ (gl/e)

In particular, if L(z) ~ ¢ > 0, then (4.3) is equivalent to

. 1/
S, <313> ~ e (Sm(m)> Ve (4.4)

T

Proof of Theorem 4.5. With U(z) := f[o 2] tu(dt), x > 0, by Corollary 2.15, we have
that (4.1) is equivalent to

«

U(z) ~ oL (x).

l-—«a
By Theorem 2.14 with 0 = 1—a, p = 1 and ¢ = /(1 —«), the above asymptotic behavior
is equivalent to

au (1) Y
/ Trs " al'(a)T'(1 — @)™ *L(x).
[0,+00)

Note that we used there the basic identity I'(2 — «) = (1 — @)T'(1 — «). By Euler’s
reflection formula we have
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(ye%

al'(@)T(1 — ) = Sn(ma)

and thus

iy <_%> _ / tjxu(dt) = / i[ﬁ? ~ Smtia)w’%(x)-

[0,4-00) [0,+00)

Then, with d := sin(ra)/(ra) and M := L~/ € Ry, the right hand side above
equals 1/(dz®*M®(x)). Observe that —1/1,(—1/x) asymptotically behaves like z —
dxz®M®(z). Theorem 2.1 allows us to determine the asymptotic inverse and we get that
the

x s d7Y gt o N (g,

Taking into account that the compositional inverse of —1/1,(—1/x) is —1/x,(—1/x),
we get

Cases o < 1 and a > 1 (see Theorem 4.9 below) are very different. This is due to
the fact that under (4.1) for a < 1 we have mi(n) = +o0o and for « > 1 the first
moment is finite. These two regimes correspond to different characters of corresponding
S-transforms. A bit surprising, the case a = 1, despite the fact whether mq(u) is finite
or infinite, is treated jointly in a theorem below. However, in the case m(u) < +oo, its
formulation can be considerably simplified, see Remark 4.8.

Theorem 4.7. Let o = 1 and L € Ro. Then (4.1) i.e. ji(x) ~ 21 L(z), is equivalent to

where M (x) := L((x — 1)/S.(—1/z)) € Ro.

Remark 4.8. Consider the case m;(p) < +o00. Then 1/5,(—1/x) = mq(p) as £ — +oo
and by the slow variation of L we have M (z) ~ L(z). Whence IIj;(1) = I (1). Further,
in view of Remark 2.3, z — 1/5,,(—1/z) € Il (1) is equivalent to
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ma(p)?

1 1
R <x) €lL0)s,(-1y2(-1) =11t ( ) : (4.6)

If S, is monotonic, we can use the Monotone Density Theorem (see [7, Theorem 3.6.8])
and “differentiate” (4.6). In this way we prove the following reformulation of the condition
in Theorem 4.7: (4.5) is equivalent to

S <913> % - miu)ngcx)'

This equivalence will be proved as a special case of Theorem 4.9.

Proof of Theorem 4.7. By Theorem 2.22, the condition (4.1) is equivalent to

vy (-%) _ / H%u(dt) € T1,(1). (A7)

[0,400)

We shall show only that (4.7) implies (4.5). The proof of the converse implication is
similar.

Consider the function f(z) = —1/(zv,(—1/z)). Since 1/f € II1(1), Remark 2.3
implies that f € Iz, (—1) with

L(zx)
M ==
)= g 1
By definition of f we have
1
s = af(e).
Yu(=1/x)
Taking inverses of both sides of the above equation, gives
1
—— =z f*(x),
Xu(=1/x)

where f* is II-conjugate function for f in the sense of Definition 2.5. By Theorem 2.6
(), we have f* € Il (1), where for My after some transformations we obtain

Ma(x) = Mi(af* (@) f*(@)? = L (—m) -

By the definition of the S-transform we have

_ 1 _ a1 afr(x) .
S, (—1/a) (z—1) oz~ w1 e f*(z) € Ty, (1),

since z/(z — 1) =1+o0(z"¢),e € (0,1). O
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If the measure p has the first moment (i.e. m;(p) < +00) and [ is regularly varying,
then the behavior of the S-transform of p is more delicate and different from the case
m1(p) = +o00. Remarkably, independently of the value of o in (4.1), the asymptotic
behavior of the pth derivative of the S-transform depends on the first moment m;j ()
and no other moments are involved. This observation will have some deeper consequences
in Section 5, Theorem 5.5, where we investigate the behavior of the tail of the free
multiplicative convolution.

Theorem 4.9. Let p e N, a € [p,p+ 1] and L € Ry.
(i) If one of the following conditions holds

(a) ae(p7p+1),
(b) a=p andf (t)/tdt < +o0,

then (4.1), i.e. p(x) ~ x~*L(x), is equivalent to

1 MNa+1)I'(p+1-—a) _
@ (_Z) ~— pHL=ar (4. 4.
5 x) e 0 )
(ii) Ifa =p+1 and f (t)/tdt = 400, then (4.1) is equivalent to
1 (p+1)!
() [ — _
T S ( :r) eIl ( ma(piE ) (4.9)

Remark 4.10. Recall the notion of one-sided Taylor expansion from Lemma 2.12. Assume
that (4.8) holds With a € (p,p+ 1). Then, the remainder term r(z) in series expansion
of Su(z) = Zn 0 sn2" + 7(2) is asymptotically equivalent to (use e.g. [7, Proposition
1.5.10])

e AT +1-a) oy (1
=1 ma () T (o — )< ) L< Z)

- e (1)

where we have used Euler’s reflection formula

T 1 ™ 1

sin(7(p+1— ) I'(a — p)

IFp+1—a)= = (—1)rH!

sin (ra)) T'(a — p)

and standard properties of the gamma function.

Proof of Theorem 4.9. We start with (¢) and present only the proof from (4.8) to (4.1).
The proof of the converse implication goes along the same steps.
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First, let us note that thanks to Remark 2.11 condition (4.1) under our assumptions
implies that my(u) < +oo. Moreover, under considered assumptions, condition (4.8)
alone also implies m,(u) < +oo. Indeed, if a € (p,p + 1), then under (4.8) we have
Sﬁp)(z) =o(z7 %) fore € (1+p—a,1). Then, Lemma 2.12 with f = S, and n = 0 implies
(3.4), that is,

p—1
Su(z) = Z sp2" + o(2P71TE), as z — 0
n=0
for some real coefficients (sy,),. If & = p, thanks to the assumption fl L(t)/tdt < +o0,

we can still integrate (4.8) to obtain (3.4). Thus, by Lemma 3.8 we obtain m,,(u) < +00
for a € [p,p+1).

Recall that kernel k, is defined in (2.3) and we denote Xpy1(z) == bepﬂ)( 1/x).

CLAIM 1. kp ¥ Xpp1(z) ~ —D(a + DT (p+ 1 — a)my (1)~ —@aP 1= L(x).
The r.h.s. of (4.8) diverges to infinity. Moreover, m,(u) < +oo implies that Xip)(fl/x)
has a finite limit as  — +o0. Thus, the claim follows from Corollary 3.7.

M M~ ~
CLAIM 2. ky * Xpp1(2) ~ —ky * pp1(2) for ppa(z) = vF ™ (xu(~1/x)) x
2

X (—1/)P 2. .
For any ¢ € R we have k, * (c+ 0(1)) = ¢+ o(1). Thus, Lemma 3.9 (4¢) implies that

M ~ M
kp * 'L/]p+1(x) = _kp * Xerl(l') +C+0(1)

for some ¢ € R. o
CLAIM 3. Ky ¥ Dpy1 (@) ~ ma(u) "2k, % v (v, (~1/) (@).
The claim follows from Lemma 2.23 (i) and the fact that

~ 1 1
Froae)~ ™ (e (+3))

CLAIM 4. ¢<p+1> (xu (=1/2)) ~ al(a+ DT (p+ 1 — ) (my (u)z)" ™~ L(z).
Denote f(z) = H Xp (—1/x)). The three claims above give that

M M _
kp % (@) ~ =mi ()" 2hy % Xpaa ()

and that the r.h.s. above is regularly varying with index p+1—a. Since 7,/}pr+1) and x, are
both monotonic, function f is also monotonic (by Lemma 3.4). Thus, by Theorem 2.18
with v =p+ 1 — «, we have

M

o (x (=3)) = 1)~ e
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We obtain the assertion after plugging (2.4) and using Claim 1.

cram 5. P (1/y) ~ al(a + DI (p + 1 — a)yPH1=L(y).
Let us substitute —1/x = ¢, (—1/y) into Claim 4. Observe that we have x — 400 if and
only if y — +o00. Moreover since ¥, (—1/y) ~ —m1(p)/y we get that

o omp)
S T

and by the Uniform Convergence Theorem [7, Theorem 1.2.1] we obtain

1
L(z)=1L <7> ~ L(y).
Yu(=1/y)
CLAIM 6. Condition (4.1) holds.
By Lemma 3.4, we have for y > 0,
PP 1) (p+1)!yP*2 / i (dt) (4.10)
g y) T (t+yrz '
[0,400)

Thus using Claim 5 and Corollary 2.15 we finally get (4.1).

The proof of (i7) works similarly, but the technical details are a bit more complicated.
First observe that similarly as in (7), both (4.1) and (4.9) under (¢7) imply m,,(u) < +oo.
The implication from (4.9) follows from the fact that for ¢ > 0 we have II1(c) C Ro and
thus S,(Lp)(—l/a:) ~ —L(x) = o(x®) for £ € Ry and all € > 0. Hence, the argument used
in (¢) works here as well.

Again, we present only the harder part of the proof, which goes from (4.9) to (4.1).

Cram 1. k, X Xp+1 € I (=(p + 1)tmq (n)=P72).

From Corollary 3.7 we have

1 1 M _
S (w> =P <m> + kp * Xp+1(@).
In view of Lemma 2.23 (%) it is enough to show that (4.9) implies
P (=1/z) = x{P(07) +o(a™) (4.11)
for some € > 0. Condition (4.9) implies that for £(x) := —S;(Lp)(—l/x) we have ¢ € Ry. By

Lemma 2.12 we have for n € {0,...,p—1}, Sﬁn)(z) = S,Sn)(O_) +o0(2%). After rearranging
(3.1) we get

(») T , 5(n ( n—p—1
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Clearly, all terms above are of the form ¢ + o(z%) for some ¢ € R and any ¢ € (0,1).
Hence, we have (4.11) and Claim 1 follows.

CLAIM 2. k, Af {EPH e I, ((p+ 1)!m1(ﬂ)fpf2)7

where again 9,1(z) == ¥ (xu(~1/2))x, (~1/2)P+2.
By Lemma 3.9 (i) we have

Xp1(2) + Gpia (@) = Q(~1/2),

where (@) is a polynomial in 1@8”()@(—1/3:)) and Xff)(—l/x) for { =1,...,p. Arguing as
in Claim 1, we infer that %&”(z) and xﬁ)(z) are all of the form ¢ + o(z°) for € € (0,1).
Under these circumstances, (3.7) can be strengthened to

Xp+1(@) + Upy1(2) = c+ o(z™%),

where ¢ € R. Claim 1 and Lemma 2.23 (i7) conclude the proof of this claim.

M
Cram 3. k, * ™ (x,, (=1/2) € L ((p+ 1)Y).
Eq. (4.11) which we already established, upon repeated integration, implies that

X, <—1> = X,(07) +o(z~%) = —— + o(z™).

T

Thus, here we get

Ppia (@) = Py <X;L (—%)) (m + o(x‘f)) :

Now we use Lemma 2.23 (iii).
Cram 4. ¢ (y, (-1/2) € g (0 + D (p + 1).
Since Q/JELPH)(XH(—l/-)) is monotonic, by Theorem 2.19 (i7) applied to Claim 3 we infer

that
o7 (o (1)) ems (%) .

By (2.4) we have k(0) = 1/(1 + p).
Cram 5. P (=172 € T ((p+ D)(p + 1)).
By Claim 4 and Theorem 2.4 we have

P&ty (X,L (—i)) =C+ec j(l + 0(1))@@ +d(1 + o(1))L(z)

Zo

where ¢, = (p+1)!(p+1), o > 0 and C, d are real constants. Setting x = —1/1,(—1/y)
we have
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-1
Pu(=1/y)

%pm(_i):m% / (1 +o(1))

L(t)

= Sdt+d(1+o(1)L (%(_—1)

—1/y)

Zo

observe that since ¢,(—1/s) ~ —mi(n)/s, by the Uniform Convergence Theorem, we
have L (—1/v,(—1/y)) = L(y)(1 + o(1)). Further, substituting ¢t = —1/¢,,(—1/s) in the
integral above we obtain

i L(=1/9u(~1/s)) ¥i(~1/s) 1
[ e S e e

-1
Xpu(—=1/xq)

Since ¥, (—=1/s) ~ —ma(u)/s and ¢;,(=1/s) ~ mi(u), the integrand equals

(1+0(1))

L(s)

Claim follows from another use of Theorem 2.4.
CLAIM 6. Condition (4.1) holds.
By (4.10) and Theorem 2.21 we obtain (4.1). O

5. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3 announced in the Introduction.
For reader’s convenience we repeat the statement, see Theorem 5.5 below.

First we determine roughly speaking how the tail of a measure changes when the
S-transform is asymptotically multiplied by a constant ¢ > 0.

Corollary 5.1. Assume that y € M is such that
p(x) ~x~*L(x), (5.1)

where o € (0,1). Let ¢ > 0, v € M4 and assume that
1 1
S, (=2 ) ~es, (——).

v(z) ~c *p(x).

Then

Proof. For M = L='/* € Ry define N, := ¢~ ! M#. Observe that de Bruijn conjugate
N# to a slowly varying function N, is asymptotically equivalent to ¢ M = ¢ L=, which
is easily seen from the definition. In view of (5.1), by Theorem 4.5 we have
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g 1 sin(ma) Ve gi-1/a
"\ x T Ne(zt/e)

Using the converse implication from Theorem 4.5 we obtain that

v(x) ~ 2 ON#(2)"% ~ ¢ 2 *L(z). O

c

Corollary 5.2. Assume that u € M is such that p € Ro. Let ¢ > 0, v € M4 and assume

that
() ~es (1), 52

v(z) ~ ().

Then

Proof. Let us define f,(z) = (x — 1)/S,(=1/x) for ¢ = p,v. By Theorem 4.1 and
Remark 2.9 we have that f, € K'Ro. It is easy to verify that assumptions of Theorem 2.8
(i) are satisfied by fﬁfl) (note that in Theorem 2.8 as f we take the function fffl)) thus
fffn is slowly varying. Thus, by (5.2) we have

£ () ~ f57 1 (ea) ~ f7 (@),

Applying once again Theorem 2.8 for fu<71> we obtain that f, € KR.. Another appli-
cation of Remark 2.9 together with the converse implication of Theorem 4.1 yields the
result. O

Corollary 5.3. Assume that yn € M is such that
fi(z) ~ L(x)/x,

where fjoo L(t)/tdt = +o00. Let ¢ > 0, v € My and assume that

1 1 .
Sy <x> =cS, (x) +o(x™*)
for some € > 0. Then

v(x) ~ ¢ ().
Proof. By Theorem 4.7 we have

1 = 1 o(z™¢ ¢!
S, (—1/a) ~ oS, (—1jm) "o ) € MuleT),
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where M(z) = L((z — 1)/Su.(—1/z)). Since L € Ro, we have M(z) ~ L((z —
1)/S,(—1/xz)), which implies that

where 1\76(:5) = ¢ 'L((z — 1)/S,(~1/z)). By the converse implication of Theorem 4.7
we obtain the result. O

Corollary 5.4. Assume that p € N, p € M, with
p(x) ~ = L(x).
Let ¢ > 0 and v € M. Moreover

(1) for a € [p,p + 1), assume that

g (_L) L ogm (1
v T m Tz )

(2) for ao=p+1 suppose

In both cases we have

Proof. We consider two cases:

a € [p,p+1): By Remark 2.11 we have f;roo L(t)/tdt < 400 if @ = p. Thus, by Theo-
rem 4.9 (i) we obtain

w( 1) Jle+rDlp+l-a) o
o ( 95) my ()t L)
MNa+1)T'(p+1-—a)

_ +1—a
T my (v)et e Le(2),

where we denoted L.(z) = ¢ (mq(v)/mq(u))* 1 L(z) € Ro. Again using Theorem 4.9
(i) we obtain the assertion.

a =p+1: In this case, Remark 2.11 ensures that f;roo L(t)/tdt = +oo. Under the
assumptions, Theorem 4.9 (i7) implies
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where L. is defined as above. Using Theorem 4.9 (ii) again yields the result. 0O

Theorem 5.5.
(i) If u € My and ji(z) ~ L(log(z))/log(x)? for L € Ry and B > 0, then fort > 1,

/ngt((x’ +OO)) ~tf ,LL((CC, +OO).

(i) Assume p € My satisfies (1.2) for « € (0,1). Then for t > 1 we have
p2 (-, +00)) € R_q,, where

o'
oy =—-".
T att(l-a)

In particular, if i(x) ~ c¢/x* for some a € (0,1) and ¢ > 0, then fort > 1 one has,

Ct,a
Tt

/Jlth ((x’ +OO)) ~

)

where

. ( T )t/(a+t(1_a)) sin(may)
ta = —.

cSiIl(T('OL) Ty
(ii7) If p € My is such that u(x) ~ ¢/x with ¢ > 0, then fort > 1,
(0, +00)) ~ ¢ elog(@)' (2, +09)),

(iv) Let o > 1 and assume p € My satisfies (1.2) and mq(u) < +oo. Then for t > 1
we have

P (r,+00)) ~ £ (1)) (. +00)).

Proof. (i) Recall that for ¢ € M, we defined f,(x) = (¢ —1)/S,(—1/x). Denote
ft = f,m=¢. Since S, = S}, we have

hi(@) = (@ =)V ()Y, (5-3)

which is equivalent to

K@ =17 (e (1w 1) ).
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Note that since @ € R, by Theorem 4.1 we have f; € KR,. This and (5.3) in
turn imply that f; € KRy for any ¢ > 1. Whence, by Theorem 2.8 (i) we obtain
that ft<71> € Rp and so

log (£ (2)) = olog(x)). (5.4)

By Theorem 4.1 we have 1/f1<_1>(x) ~ g (log(x)), where g(z) := 2P L(x). In view
of (5.4), we have

i o (o (2 (50 0) ™)) o i)
=g (t7"log(z)) ~ t7g(log(x)),

where we have used the fact that g € R_g.
The converse implication of Theorem 4.1 yields the result.
(#4) This is a straightforward application of Theorem 4.5 with L = ¢ > 0, for the case
L = c we use (4.4).
(#4¢) In view of Theorem 4.7, it is enough to show that

T +— ]./SHXH(_]-/:E) € HM(l)v

where M (z) = M((z —1)/S,m(=1/x)) and M (x) = ¢" tlog(x)"".

By direct implication of Theorem 4.7 we have z +— 1/S,,(—1/z) € II, (1), where
Li(z) = c. In particular, this implies that 1/S,(—1/z) ~ clog(x).

For t > 1, by L’ Hospital’s rule we have

2t —1

Stz —1)

Setting z = S, (—1/(Ax))/S,.(—1/z), after simple rearrangements, we obtain

1 _ 1 ~t ( 1 _ 1 > 1
S0 S N\ G 0w ) S
~t (clog(N)) (clog(x))ti1 = log(A\) M (z),

where the latter asymptotic equivalence follows from previous observations. Thus,
we see that z+— 1/S, & (—1/x) € Il (1).

Tt is left to show that M (x) ~ M(x). We have

rz—1

MmM<m4MQ~M@mwﬁ

= c'tlog (z log(ar:)t)t_1 ~ cltlog (z)' ™" = M(x).
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(iv) Let p € N be such that u € M,,. We consider two cases (see Remark 2.11):

a € [p,p+1): By Theorem 4.9 (i) we see that S,(Lk) (07) is finite for all & < p,
S,,(07) =1/mq(p), while Sﬁp)(fl/x) — 400 as * — +00. Thus, we obtain

w (LY S (1N e (N e (L
SHX”( x) dzp T £S5, x S T

8t) = my(p)t, we have

t my (™) aH_ (t—1)a
() ( () ) =)

Since my (p

and the result follows from Corollary 5.4.
a =p+1: By Theorem 4.9 (ii) we get

s (D) e (-53%)

Similarly as before, the only term that contributes to asymptotics of Sl(ffg?t (2) is

tSZ_l(z)S,Sp)(z). Indeed, we have S5 (2) = 55 (07) + 0(2°) (see the argument
after (4.11)) for any € € (0,1). Thus,

(p) _l _ 4+qt—1 _l (p) _l —€
Sugt< x)—tSM (x>5# . +c+o(x™F)

1 1
—¢— = g (_Z= —e
ma ()"t H ( $>+c+0(x )

for ¢ € R. Thus, the result follows from Corollary 5.4. O
6. X-infinitely divisible laws

In this section we apply the machinery developed in Section 4 to study the relation
between tails of Lévy measure and tails of X infinitely divisible measure. The free additive
case was studied in [9].

A measure p € M, is said to be X-infinitely divisible (X-ID) if, for every n € N,
there exists a measure v,, € M, such that u = 2. The set of X-ID distributions was
characterized in terms of S-transforms in [6, Theorem 6.13].

Theorem 6.1. A measure p € My is X-ID if and only if there exists a finite positive
Borel measure o on the compact space [0,+00] and a real number vy such that S,(z) =
exp(v(z)), where v is defined by
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z 14tz
= dt
v(l—z) vt / z—to( )

[0,400]

— 7+ ({0); ~ol{rochz+ [

(0,400)

141tz

o(dt).

Let pug” be the X-ID measure determined by (6.1). Measure o is called the Lévy
measure for p5”. We will describe asymptotics of right tail of p;” when its Lévy measure
has regularly varying left tail. A corollary to results that will be presented later is the
following.

Corollary 6.2. Assume that o has regularly varying left (resp. right) tail with index —a <
0. If a = 1, assume additionally that limit of zo([0,27")) (resp. wo((z,00))) exists as
& — +00. Then pk® has regularly varying right (resp. left) tail.

We conjecture that an additional condition for a = 1 is not necessary and that the
converse is also true: regular variation of tails of x3” implies the regular variation of
tails of o.

We will now proceed to the description of the right tail ,u%’g in terms of the asymptotics
of 0([0,2)) ~ 2*L(1/x) asz — 07, L € Ro. The case o € [0, 1) is treated in Theorem 6.3,
the case a = 1 (which is most complex) is dealt with in Theorem 6.4, while o € [p, p+1]
for p € N can be found in Theorem 6.7. Recall that by & we denote the pushforward of

o under the mapping = — 1/z.

Theorem 6.3. Let « € [0,1) and let L € Ry. Assume that o and v are related by (6.1).
The following two conditions are equivalent:

o([0,2)) ~ 2*L(1/x) as r— 0", (6.2)
v(=1/z) ~ —SinT:a)mlfaL(x) as x — +oo. (6.3)

Each of these equivalent conditions imply that for all v € R,

To 1

1/(1-a)
sin(wa)) log(x)l/(l_a)Lf(]0g(gp)1/(1_a))

as T — +00,

(6.4)

1g” (2, 400)) ~ <

where Lo := LY (1—9) ¢ Ry.

Proof. From (6.2) we obtain & ((z,400]) ~ 2~*L(x). Define

u(z) == / I —ixta(dt) =z |o{0})+ / —x&(dt)

[0,400) (0,40)
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By Lebesgue’s Dominated Convergence Theorem we have u(x)/z — o({0}) as z — +o0.
If o({0}) = 0 and (6.2) holds, then a more precise behavior of u is available. Indeed,
arguments similar to those used in the proof of Theorem 4.5 imply that in such case
(6.2) is equivalent to

iye:;

u(zx) ~ o' TOL(x).

sin(ra)

Clearly, the above condition is true also in the case of o({0}) = lim, o+ z°L(1/z) > 0.
Direct calculations show that

v( L ) = —u(x) +’y+a({+oo})é + / L&(dt) = —u(x) +v+o(1).

_:EJrl t+x
(0,400)

Clearly, we have v(—1/(1+z)) ~ —u(z) and the regular variation implies that v(—1/(1+
x)) ~ v(—1/x). Thus, we have proved equivalence between (6.2) and (6.3).
Since S,,y.v(—=1/x) = exp(v(—1/z)), under (6.3), Corollary 4.4 implies that

7 ((,+00)) ~ 1/ (log(x)),

where s(t) := —v(—1/t) = =Z2~t!72L(t). Let a = 1 — o and recall that an asymptotic

sin(mwa)

inverse of t s t' " L(t) = t*L%(t) is a > x'/*L# (2'/*). Thus,

- 1/(1—«)
S<—1)<x) -~ <5m(7ra)> xl/(l—a)Lf(xl/(l—a))
yiyes

and the result follows. O

In the result below we show that in the case o = 1, the right tail of ,u%’a is regularly
varying with index depending on a limit at 400 of L(z) ~ z o ([0,271)). We refrained
from exhibiting the slowly varying function related with right tail of ;37 as it depends
on ¢ in a quite complicated way. Nevertheless, it is hidden in the proof of Theorem 6.4.
We do not know whether a similar result holds when L does not have a limit at infinity.

Theorem 6.4. Let L € Ry.

(i) The following two conditions are equivalent:

o([0,z)) ~ zL(1/x) as r— 07T, (6.5)
x—v(=1/z) € U (-1). (6.6)
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(i) If d :=lim,_, 1~ L(x) exists, then each of these equivalent conditions implies that

KRe, ifd=-+oo,
€S Ra, if d € (0, +00), (6.7)

1
Hi
S v (—1

YD rd—o

where M(z) := L(x)/S, (—1/).
(#ii) If d = 0 assume additionally that f(o +00) t~lo(dt) = +oo. Then, (6.7) implies that

z = g’ ((x,400)) € R_1/(144)-
The proof of Theorem 6.4 is based on the following result.

Lemma 6.5. Assume that L € Ro and f € Il (c), ¢ > 0. Let g(z) = exp(f(x)). Assume
that L(x) has a limit as x — +oo and define d = lim, o L(z). If d = 400 assume
additionally that g is nondecreasing. We have

KR, if d = 400,
g€ Rcd; Zfd € (07+OO)7
Hg.L(C), Zfdz 0.

Proof. We start with d = +oc0. In view of Theorem 2.8 (i%) it is enough to show that
g € R, that is, g(Ax)/g(x) — +00 as & — +oo for all A > 0. We have as x — +00,

o)\ FOa) - f(a)
1%(9@))_ 1)

Assume that d € (0,+00). We have L(z) = d + o(1). By Theorem 2.4 we have for
C,D e€R and zg > 0,

L(z) ~ clog(\) L(z) — +oo.

x

gla) =@ = exp (4 [(1+01)

Zo

@dt +D(1 + 0(1))L(z)

x

~ 1 Fio @ o(1)
exp | cdlog(z) +C+o(1l) + 1 / #dt — ped Cro()+en [ ¢ dt’

Zo

where we have substituted L(z) = d + o(1) in the third equality above. By [7, Theorem
1.3.1] function £(x) := exp(C + o(1) + fw o(1) dt) is slowly varying.
If d =0, then

o) —gla) _ O el SRS g
g@)L(x)  J@L) L(x) crosl
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which ends the proof. O

Proof of Theorem 6.4. We first show the equivalence between (6.5) and (6.6). We pro-
t

ceed as in the proof of Theorem 6.3. With u(z) = f[o o) 7170 (dt) we have
V) = —ula Dottt [ o) = —ue- o)
vl )= —ul yHo({+oo}) — T o10d) = —ule y+o(z
(0,+00)

for all € € (0,1). By Theorem 2.22 we have the equivalence of (6.5) and u € II1(1). Since
u(z) —u(x — 1) = o(z~°), by Lemma 2.23, we have  — u(x — 1) € II(1). Thus, again
using Lemma 2.23 we obtain (6.6) and prove the first part of the assertion.

For (i), recall that

v
Sy (—1/x)

Under (6.6) we have x — —v(—1/z) € II(1) and so (6.7) follows from Lemma 6.5.
Point (#47) for d = +oo follows from Theorem 4.1 and for d € (0,400) from Theo-
rem 4.5. The case of d = 0 requires more work.
Since [, 1 o)t~ o(dt) = +00, we have v(07) = —oo. Define a function L € Ro by
(recall that (x —1)/S,(—1/x) = —1/x,(—1/z) is monotonic and continuous)

P el \_ L@
L (Su(_l/x>> CSu(=1/z) (6.8)

Thus, (6.7) for d = 0 implies that

_ ef'u(fl/z)'

1

Ty ——— € T=(1),
Spae (—1/z) ()

where M(z) := L ((z —1)/5,(~1/x)).
In view of Theorem 4.7, if we show that

+oo

/ L(t)/tdt = +oo0, (6.9)

1

then we will have

157 (@, +00)) ~ L(x)/.

Denote f,(z) = (x —1)/Su(—1/x) and observe that (6.8) gives

L@
fu ) fu( )=

L(x)
z—1

fu(@).
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Thus, we see that (6.9) holds true if

L
-1 t)dt — +o0 as T — +00.
1

!/
b0 ~ (18,7 (<1/8)) and 1/8,50 (~1/2) = 00 by the fact that v(07) =
—o0. 0O

We extend a definition of M to finite measures on [0, +00]. Let P4 denote the set
of finite Borel measures on R and define for p € N U {0},

Mvp ={o € Py:mp(0) < +o0 and mp41(0) = +00}.

It is easy to see that we have v(0~) = +oc if and only if f[o to0] t~Lo(dt) = m1(6) = +oo.
Thus, by Proposition 3.3 (iii) we have

pLk’ e My ifandonly if 6 € M.
Lemma 6.6. Let p € N. We have
pg” € M, if and only if & € Mvp.

Proof. We will show that condition & € /\71, implies y1” € M,,. The reverse implication
works along the same lines.

In view of Lemma 3.8, we know that condition my,(ug”) < 400 is equivalent to series
expansion in 07 of order p — 1 of S,5.v(2) = exp(v(z)). This will be established upon
showing series expansion in 0~ of order p — 1 of v(z/(1 — 2)). For s =t~ € (0, +00) we
have for any n € N U {0}

n

1 t 1 2\ .nn+1
_iHte o (Sk+1+8k—1)zk+(+s)sz
z—1 1—s2
k=1
which implies that for n =p —1 (see (6.1))
z =
”(1_Z)v ma(8) = D (9) + mea(§))2" + 27 A(E)

where h(z) = _f[o o] %&(ds). If m,(6) < +o0, then for z € (—1,0) we get

<sPTh s

(1+s%)sP~ 1z
1-—sz2
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and by Lebesgue’s Dominated Convergence Theorem we obtain h(z) = o(1) as z — 0.
If m,y41(6) = 400, then clearly v(z/(1 — 2)) does not have series expansion of order p
and the same applies to exp(v(z)). The result follows. O

If m_1(0) < oo (and so o({0}) = 0), then by Proposition 3.3 (i) we have
mi(pg”) = 1/8F(07) = exp(—v(07)) = exp (=7 + m_1()).
Theorem 6.7. Let p € N, a € [p,p + 1] and L € Ry be such that

(a) [°L(t)/tdt < oo if a=p,
(b) [ L(t)/tdt =00 ifa=p+ 1.

The following two conditions are equivalent:

o((0,2]) ~ 2*L(1/x) as r— 0t (6.10)
0@ (=1/z) ~ —T(a+ D0 (p+1 — a)aP™~*L(z), ifac[pp+1), (6.11)
v®(=1/z) € L (=(p+1)Y), fa=p+1 '
Each of these equivalent conditions imply that
. ovar1 Lz
i (. 00) ~ mn )+ 2. (612

Proof. First we show that (6.10) implies (6.11) for a € [p,p + 1). The other direction

and the case a = p + 1 is proven similarly.

Since L2 = — (24 271) 22—z for s = 7! € [0,00), by the definition of v we obtain

v <?zz> =7+ U({O})é —2z0((0,00]) = (2 4+ 27 s (2), (6.13)

where ¢¥5(z) = f[o 0] zt/(1—zt)6(dt) is the moment transform of 6 € P,.. Under (6.10)
we have o({0}) = 0. We will need the following easy facts, which we state without proofs.

(a) By Theorem 2.13 we have

PTG (dt) ~

[0,2]

m$p+17QL(Z’). (614)

(b) Define U(z) by the Lh.s. of (6.14). By Theorem 2.14 we have

/ dU(s) N Fla+1DI(p+1-— a)z’O‘L(a:).

5+ oyt )
[0,400)
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(¢) By direct calculation we obtain

d? s(z) _ / sttt o / dU(s)
2P (1 — sz)ptt o(ds) = p! (1 —sz)ptt’
[0,400) [0,4-00)

(d) Combining (b) and (c) above, we get

dU (s)

dp 1[}5,(2’)
dzp (s + (z+1))pt!

dzp z

= (z +1)7+ip /

[0,400)

~T(a+ DT (p+1—a)z?™L(x),

z=—1/(z+1)

where we have used the fact that for slowly varying functions we have L(x) ~
L(z+1).

(e) By previous point we see that %(z/)g(z)/z) — 400, while %(1/}& (2)/z) has a finite
limit as z — 0~ for all k¥ < p. Hence, by (6.13), we obtain

LD B gy (12

dzp  z dzp —@v 1—=2

z
11—z

(f) As a consequence of (d) and (e) we see that v (

) has a finite limit as z — 0~.
Thus,

(g) By (f) and (e) we have

1\ ¢ d? z
P (2 —
Y ( x) dzpv<1—z>

and so (6.11) follows from (d).

() d” ¥s(2)
dzp z

z=—1/(z+1) z=—1/(z+1)

Now we will prove the implication from (6.11) to (6.12). Again, we present only the
case a € [p,p+1).

(A) Under (6.11) we have
Sf%),g(z) ~ e"@p®) (2) S 0o (07)0®)(2).

M

(B) By (A) and (6.11) we get

1 r nr 1-— ptl-a
S(z')v)yc' I <a+ ) (p—:a' 1 a)x L(.’E),
tig x my (pyg” )
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where L(z) = mi (ug”) T L(z).
(C) By the converse implication of Theorem 4.9 we obtain (6.12). O

The above results imply that the left tail of u%j” can be found under regular variation
of the right tail of . The argument is based on the following easy result.

Lemma 6.8.

where

. Z z 271 14271
“(1z>—‘vc4‘1z>—"”(f—27>—‘7‘ / T o)

Example 6.9. Let us consider a measure o, € Py defined by its cumulative distribution
function 04([0,z)) = emin{z®,d*}, x > 0 for « > 0, d, ¢ > 0. Then,

1/(1-a)
(s225) !/ (1=0) Jog() =1/ (1= for @ € [0,1),
Y0 ~ 7/(14c c c) ,— C)pn— c —
" ((@,00)) ~ § HOHD S ge/ () =7/ (k)1 /040 for o = 1,
e~ () y+ad™™ o p—a for a > 1.

The case « € [0,1) is a straightforward corollary from Theorem 6.3 with L = ¢ and
Lo = cV/0=0) = 1/L#
The case a = 1 follows from tedious calculations leading to

-2

Suge (—1/x) = (14 d(z + 1)) OFHEH ) ged/ e+

- 1/A
~d V¢ = C—l/A (bln(XA)) xl_l/A’
™

where A =1/(1+c¢) and C = %dd““)eﬂ/(l“). Thus, the result follows from
the Remark after Theorem 4.5.
In case a > 1, we have mq(ug”*) = exp(—y + m—1(0)) = exp(—y + ad**' /(e + 1))

and the result follows from Theorem 6.7.
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7. Miscellaneous remarks

In this section we provide some consequences of results from Section 4, which are
not related to the phase transitions from previous sections, but still are of independent
interest.

7.1. Free Breiman’s lemma

A special case of classical Breiman’s Lemma was proved in [8]. Its refinements can be
found in [12]. We present the most popular statement below.

Proposition 7.1 (Breiman’s Lemma). Let L € Ry. If p,v € My are such that
p((z, +00)) ~ z~*L(z) and Mate(V) < +00,
for a >0 and e > 0, then

(n@®v)((z, +00)) ~ ma(v)i().

As a conclusion from our main results we obtain an analogue of the Breiman Lemma
for free multiplicative convolution. This theorem answers an open question posed in [10,
Section 2.4 (1)] about the behavior of the tail of X v.

Lemma 7.2. Let L € Rq. If p,v € M4 are such that
p((z, +00)) ~ = “L(z) and M1 (V) < +o0,
for a >0, then
(1B ) (2, +00)) ~ mS (W)i(x).

Proof. We have ;1 € M,, for some p € Ny. We consider four cases:

1) p=0, aco,1).

‘We have
s ()51 (2) (1) g ()

and the result follows from Corollary 5.1 for a € (0,1) and by Corollary 5.2 for
a=0.
(2) p=0,a=1.
If @ = 1, then we require that ma(v) < +00. Thus, S, (z) = 1/m1(u) 4+ o(z). This
implies that
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S (=3 ) =m@) 18, (-3 ) +ola)

and Corollary 5.3 gives the assertion.
(3) peN,a€pp+1).

@ (L) gwm (L SR U N
S“'X”( :1:) S x Sv x ml(y)S“ x

and the result follows from Corollary 5.4.
(4) peN,a=p+1.
In view of Lemma 2.12, we have

@ (_LY_gm(_1 1 eyt am(_1 -
S,@V( x) S, ( o Sy . +c+o(x™F) ml(u)S“ . +c+o(x™F)

and the result follows from Corollary 5.4. O

Lemma 7.2 was already observed in [9, Corollary 4.1] in the special case when v is the
Marchenko-Pastur law with rate 1 and scale parameter 1 for which we have m(v) = 1.

A somehow similar results were obtained in [10] for Boolean multiplicative and addi-
tive convolutions.

7.2. Tails at 0F

In this subsection we observe that the results about right tail can be immediately
applied to determine the behavior of the tail at 0%. This follows from the fact that
S-transform behaves in a tractable way when one considers the pushforward measure
under the mapping z +— 1/z.

Remark 7.3. Let & denote the pushforward measure of u by the mapping  — z~1. If &

has a regularly varying tails of 07 with index —c«, then ji has a regularly varying tails
at oo with the same index. Indeed, we have

fi((z,400)) = p([0,27")) ~ 27 *L(x)
and
ma(f) = m—_1(u)-
Moreover, by Proposition 3.3 (v) we have

Si(z) =1/8,(—1 - 2), z € (-1,0).
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Definition 7.4. We say that u has regularly varying tail at 07 with index —a < 0 if

p((0,a7) ~ 22, )

for some slowly varying function L.

Let us list here some immediate consequences of the result from Section 4

Corollary 7.5. Assume L € Rg.

(i) Let a =0. If (7.1) holds, then

z— S (—1+1/z) € KR«
Conversely, if (7.2) holds, then (7.1) holds with

L(z) = 1/g{ " (x),
where g, (x) 1=

= —xu(—1+1/x) =(x - 1)S,(—-1+1/x).
(i) Let a € (0,1). Then, (7.1) is equivalent to

1 TQ Yo
_1 _ ~ 1/04—1 # 1/a
S < + x) (sin(ﬂ'oz)) v M7 (27%),

where M# is the de Bruijn conjugate of a slowly varying function M (x)
LYo (x).

(iii) Let oo =1. Then, (7.1) is equivalent to

xS, (—14+1/x) € (1),

where M (z) := L((z —1)S, (-1 + 1/x)).
(tv) Let o € [p,p+1] for pe N.

a) If one of the following conditions holds
« ae(pp+t 1)

-a—pandf (t)/tdt < +o0,

then (7.1) is equwalent to
1 MNa+1)I'p+1-a) _
@) (14 =) ~ (=1 pri=ar ().
0 (-1+ x) e M
b) Ifa=p+1 andf (t)/tdt =

+o0, then (7.1) is equivalent to

x> S (—1 + é) €1y, ((—1)?M) :

m_1(p)?
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We also note that recently in [17, Remark 3.2] determined the tail at 0" of xXv when
both measures have regularly varying tail at 0T with indexes in (0,1). This falls under
the case (ii) of the above result.

Let us determine here left and right tails of a family of probability measures considered
in [13].

Example 7.6. In [13] the authors considered family of probability measures (pq,5: a, f >
0) defined by their S-transforms

(=2)°

Stia.s (2) = m

In particular, pg,; is the image of the free Poisson distribution with shape parameter
under the map = — 2! and has a density

1 vz —1
/,L()’l(d.’E) = 571(1/474_%) (.’L')d.’E

This is also the free stable distribution with parameters & = 1/2 and p = 1 ([4, Appendix
A1)). In general case, the asymptotic behavior of tails fi,, g, if non trivial, can be obtained
from the implicit description of densities of p14 5 from [13, Theorems 4,5,6] or by the use
of standard Tauberian theorems applied to results of [13, Theorem 3]. Thanks to the
results of Section 4 and this section we are able to deduce the precise asymptotics of
T — fio,s(x) and z — p([0,1/2)) just by examining the asymptotics of corresponding
S-transform. We have

and

1
sin(7w ==
lim oYV, 4(x) = (m557)
r— 400 ’ WL
+1
If a > 0, then
) N B sin(m =)
xgglooxl/( +1)Maﬂ([0’x 1)) = 71_4?4‘1
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7.8. Symmetric measures

The definition of the S-transform of y when mi(p) = 0 is problematic, however in
order to define X v it is enough that one of the measures is supported on [0, +0c0). In
this subsection we apply our results in the case when p is symmetric it is possible do to
some observations from [1]. The notion of S-transform was first extended measures with
mq () = 0 and with all moments finite in [20]. In the case of symmetric measures it was
then further generalized to arbitrary symmetric probability measures in [1]. We say that
a Borel measure p is symmetric if u(B) = u(—B) for all Borel sets B. Let Mg denote
the class of symmetric Borel probability measures on R.

Define the moment transform v, of 1 € Mg by

bl2) = / 2 dl), zeiR.

1— 2zt
R

Then, the function 1, : iR_ — (u({0}) — 1,0) is invertible and we denote its inverse by
Xu: (u({0}) —1,0) = iR_. The S-transform of yr € Mg is then defined by

142
Tz

Unlike the S-transform of measure in M, (which was a real function), the S-transform
of symmetric measures is imaginary. Eq. (1.1) is still holds if one of the measures belongs
to M4, [1, Theorem 7). More precisely, if 4 € Mg, v € M, and both measures are not
dg, then p X v € Mg and

Sumu(2) = Su(2)Su(2), z € (—¢,0)
for some € > 0.

Remark 7.7. In [1] two S-transforms of a symmetric measure. The second one corresponds
to the fact that function ¢, : iR, — (u({0}) — 1,0) is also invertible and we may take
use it instead of x, to define the S-transform.

Both S-transforms in [1] were defined for complex argument, but for our purposes it
is enough to consider real ones.

Let u? € M denote the pushforward measure of u € Mg by the mapping = — 2.
Clearly,

p((z, +00)) = %/f((x{—!—oo)). (7.3)

Moreover, the S-transforms of u € Mg and of u? € M are related by the following
equation (see [1, Theorem 6 b)]) for  # o there exists € > 0 such that
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S,u(2)* = S,2(2), z € (—¢,0). (7.4)

Finally, it is easy to see that x — M((x, +oo)) is regularly varying with index —a < 0
if and only if 2 — p?((z,+00)) is regularly varying with index —a/2. Thus, we may
apply results of Section 4 to completely characterize the behavior of the S-transform
of symmetric probability measures with regularly varying tail. We present an example
below.

Example 7.8. Let us consider u € Mg for which

lim S,(z) =ci (7.5)

z—0—

for some ¢ > 0. Then (7.4) implies that

1 1
S —— |~
2 < m) C -
By the converse implication of Theorem 4.5 with o = 1/2 we obtain

2 2
1 (@, +00)) —e %

Thus, by (7.3) we finally arrive at

i((@, +o00)) ~ =2 (7.6)

Tcx’
Clearly, all above steps can be reverted and we therefore see that (7.5) and (7.6) are
equivalent.
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