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ut—%Do‘u:O in Qs,7,

ux(0,t) =0, u(t,s(t))=0 forte(0,T), (1)
u(x,0) = uo(x) for 0 < x < s(0) = b,

s(t) = —=(D>u)(s(t),t) fort € (0, T),

Qs, 7 ={(x,t): 0<x<s(t),0<t< T}

(D*u)(x) = %) /0 “(x = ) (p)dp.

1l-«a

e V. Voller, Fractional Stefan Problems, 2017.

o V. Voller, On a fractional derivative form of the Green-Ampt infiltration model,
2011.
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Fractional operators

Let o« € (0,1). For integrable function u we define the fractional integral

(1u)(x) = ﬁ | =)t uto)d,
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Fractional operators

Let o« € (0,1). For integrable function u we define the fractional integral

1 x _

(1“0)) = oy [ (= ) ulp)p.
Ma) Jo

The Riemann-Liouville fractional derivative is defined by the formula

(aau)(x)=(%/1—au)(x>:ﬁ AR RO
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Fractional operators

Let o« € (0,1). For integrable function u we define the fractional integral

(1u)(x) = ﬁ | =)t uto)d,

The Riemann-Liouville fractional derivative is defined by the formula

(aauxx):(%/l—auxx):ﬁ AR RO

and the Caputo derivative

(D¥u)(x) = (9% (u — u(0)))(x) = (/1 o= u(O))(x) =

1 8 [ .
- T JACELRTORFOTS
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Fractional operators

Let o« € (0,1). For integrable function u we define the fractional integral

(1u)(x) = ﬁ | =)t uto)d,

The Riemann-Liouville fractional derivative is defined by the formula

(aauxx):(%/l—auxx):ﬁ AR RO

and the Caputo derivative

(D¥u)(x) = (9% (u — u(0)))(x) = (/1 o= u(O))(x) =

1 8 [ Y
- T JACELRTORFOTS

For u absolutely continuous we have

@ — L x —a,/
(D u)(x)—m/o (x — p)~u'(p)dp.
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Let us define the operator of integration on LP(0, L) for p € [1, 00] by

(IF)(x) = /0 F(p)dp for f € LP(0, L). @)
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Let us define the operator of integration on LP(0, L) for p € [1, 00] by

(IF)(x) = /0 F(p)dp for f € LP(0, L). @)

Proposition

Let L>0, p€[l,00] and \€C, A#0. Ifu,v € LY(0,L), then
t o
(AE + Dv(t) = u(t) <= v(t):xlu(t)—xz/ u(s)eTtds. (3)
0

Furthermore, | + XE : LP(0,L) — LP(0, L) is an isomorphism and there holds the
following estimate

IOE + 1) e,y < (L+V2)A™! for A€X, (4)

where

>={ze€C: Rez>|Imz|}.
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Definition

[1, Definition 1.1.1] We say that A is non-negative if (—oo,0) C p(A) and there exists
M > 0 such that

[[(AE + A)_IHB(X) < for every A > 0.
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Definition

[1, Definition 1.1.1] We say that A is non-negative if (—oo,0) C p(A) and there exists
M > 0 such that

[[(AE + A)_IHB(X) < % for every A > 0.

Let A be a non-negative operator. We define for 0 < Rea < 1 operator J* as follows
D(J%) = D(A)
H oo
Joy = ANam / A1\ + A) "L AudA.
0

™
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Definition

[1, Definition 1.1.1] We say that A is non-negative if (—oo,0) C p(A) and there exists
M > 0 such that

[[(AE + A)_IHB(X) < % for every A > 0.

Let A be a non-negative operator. We define for 0 < Rea < 1 operator J* as follows
D(J%) = D(A)
H oo
Joy = ANam / A1\ + A) "L AudA.
0

™

Definition

[1, Definition 5.1.1] If A is non-negative and bounded we define A% = J* for Rea > 0.
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Definition

[1, Definition 1.1.1] We say that A is non-negative if (—oo,0) C p(A) and there exists
M > 0 such that

[[(AE + A)_IHB(X) < % for every A > 0.

Let A be a non-negative operator. We define for 0 < Rea < 1 operator J* as follows
D(J*) = D(A)
H oo
Joy = ANam / A1\ + A) "L AudA.
0

™

Definition

[1, Definition 5.1.1] If A is non-negative and bounded we define A* = J* for Reax > 0.

Definition

[1, Definition 5.1.2] Let A be an unbounded and positive operator (nonnegative and
0 € p(A)). We define for Reaw > 0

A% — ((Afl)a)fll

Here, the domain of A® consists of u € X such that u € R((A~1)%).
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Let us discuss 0 < Rea < 1.

H o0
oy = M/ A“"L(AE + 1)~ ud.
0

™

Katarzyna Ryszewska A semigroup approach to the space-fractional diffusion



Let us discuss 0 < Rea < 1.

H o0
Jou= S'"‘”/ AC"YAE + 1)~ MudA.
0

™

By Proposition 1 we note that

T—1t

t t s s t _
(AE+/)*1/u(t):)ﬁ1/ u(T)deA72/ / u(r)dTeTtds:,\*l/ u(r)e > dr.
0 0 0 0
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Let us discuss 0 < Rea < 1.

H o0
Jou= S'"‘”/ AC"YAE + 1)~ MudA.
0

™

By Proposition 1 we note that

T—1t

t t s s t _
(AE+/)*1/u(t):)ﬁ1/ u(T)deA72/ / u(r)dTeTtds:,\*l/ u(r)e > dr.
0 0 0 0

Hence,

. oo t .
Jou = S'”O‘”/ ,\a*Z/ u(r)e > drd.
0 0

™
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Let us discuss 0 < Rea < 1.

H o0
Jou= S'"a”/ AC"YAE + 1)~ MudA.
0

™

By Proposition 1 we note that

T—1t

t t s s t _
(/\E+I)’1Iu(t):)\’1/ u(T)de)fz/ / u(r)dTeTtds:,\*l/ u(r)e > dr.
0 0 0 0

Hence,
sin oo t T—
Joy =T / ,\a*Z/ u(t)e > drdA.
T 0 0
Applying the Fubini theorem and then the substitution ”TT = p we arrive at

sin am

t [es}
J%u = / u(r)(t —7)> 1 / p~“e Pdpdr
T Jo 0

sinam

= — tUT — )14 7a:i tUT — )14
= 20 [ (e = )t = o) = s [ ure - ryetar

™
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Let us discuss 0 < Rea < 1.

H o0
Jou= S'"‘”/ AC"YAE + 1)~ MudA.
0

™

By Proposition 1 we note that

T—1t

t t s s t _
(AE+/)*1/u(t):)ﬁ1/ u(T)deA72/ / u(r)dreTtds:,\*l/ u(r)e > dr.
0 0 0 0

Hence,
sin oo t T—
Joy =T / ,\a*Z/ u(t)e > drdA.
T 0 0
Applying the Fubini theorem and then the substitution ”TT = p we arrive at

sin am

t [es}
J%u = / u(r)(t —7)> 1 / p~“e Pdpdr
T Jo 0

sinam

= — tuT — )14 7a:i tUT — )14
= 20 [ (e = )t = o) = s [ ure - ryetar

™

Proposition

Let Rea, L > 0, p € [1,00]. Then the operator |* defined as an operator acting on
LP(0, L) coincides with the fractional power of integration operator defined by (2).
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Let us define the operator of differentiation

0

— D(E) = oWLP(0,L) — LP(O, L), L—, (5)
Ox Ox X

We will show that this operator is positive.
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Let us define the operator of differentiation

a .

Ox '
We will show that this operator is positive. Indeed, we fix v € LP(0,L), p € [1,0] and
we search for a solution to

D(ag) = oWLP(0,L) — LP(O, L), L—, (5)
X X

)\u—&—gu:v, Re A > 0,
Ox

belonging to D(%).
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Let us define the operator of differentiation

7]

— D(E) = oWLP(0,L) — LP(O, L), L—, (5)
Ox Ox X

We will show that this operator is positive. Indeed, we fix v € LP(0,L), p € [1,0] and
we search for a solution to

)\u—&—gu:v, Re A > 0,
Ox

belonging to D(%). We multiply the equation by e**.

7]
6—(ue>‘x) = ve™.
X

Since u(0) = 0, we get
X
u= / e~ x=P)y(p)dp
0
and by the Young inequality for convolution

Ivllie (0,1
L1(o,L) — Re A

—Ax for Re A > 0.

lull oo,y < WVIlie(o,0y He
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Let us define the operator of differentiation

7]

— D(E) = oWLP(0,L) — LP(O, L), L—, (5)
Ox Ox X

We will show that this operator is positive. Indeed, we fix v € LP(0,L), p € [1,0] and
we search for a solution to

)\u—&—iu:v, Re A > 0,
Ox

belonging to D(%). We multiply the equation by e**.

7]
6—(ue>‘x) = ve™.
X

Since u(0) = 0, we get
X
u= / e~ x=P)y(p)dp
0
and by the Young inequality for convolution

||VHLP(0,L)
L1(o,L) — Re A

—Ax for Re A > 0.

lull oo,y < WVIlie(o,0y He

Obviously, zero belongs to the resolvent set of % and (%)*1 =/, where | is an
integration operator defined in (2).
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D((%)“) ={uelP(0,L): ue RN}

and 5 5
(5= (5™
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m(a%)a) ={uelP(0,L): ue RN}

and 5 5
(5= (5™

Making use of ()~ =/ we arrive at

) -
Ox
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D((50)") = lu e LP(0.1): u e RIM))
and 9 1o}
(a = (( a

Making use of ()~ =/ we arrive at

@)+
Ox

)71)04)71.

Let us recall

Proposition

[1, Theorem 7.1.1] Let o, B € C and let A be a non-negative and injective operator.
If u € D(A*P) N D(AP), then ABu € D(A%) and A*APu= A*tBy.
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D((3-)") = {u € 20, 1) : w € RU)}
and 5 9
(a = (( a

Making use of ()~ =/ we arrive at

@)+
Ox

)71)04)71.

Let us recall

Proposition

[1, Theorem 7.1.1] Let o, B € C and let A be a non-negative and injective operator.
If u € D(A*P) N D(AP), then ABu € D(A%) and A*APu= A*tBy.

If ue D(I=%), then u € D(I*=®) = LP(0, L). We apply Proposition with parameters
a=—1and B =1— « and we obtain that I'1=®u € D(/7!) and I~y = |7 /1=y,
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D((50)") = lu e LP(0.1): u e RIM))
and 9 1o}
(a = (( a

Making use of ()~ =/ we arrive at

@)+
Ox

)71)04)71.

Let us recall

Proposition

[1, Theorem 7.1.1] Let o, B € C and let A be a non-negative and injective operator.
If u € D(A*P) N D(AP), then ABu € D(A%) and A*APu= A*tBy.

If ue D(I=%), then u € D(I*=®) = LP(0, L). We apply Proposition with parameters
a=—1and B =1— « and we obtain that I'1=®u € D(/7!) and I~y = |7 /1=y,
Furthermore,

|mitmey = 83/1—% =9%.
X
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D((50)") = lu e LP(0.1): u e RIM))
and 9 1o}
(a = (( a

Making use of ()~ =/ we arrive at

@)+
Ox

)71)04)71.

Let us recall

Proposition

[1, Theorem 7.1.1] Let o, B € C and let A be a non-negative and injective operator.
If u € D(A*P) N D(AP), then ABu € D(A%) and A*APu= A*tBy.

If ue D(I=%), then u € D(I*=®) = LP(0, L). We apply Proposition with parameters
a=—1and B =1— « and we obtain that I'1=®u € D(/7!) and I~y = |7 /1=y,
Furthermore, o
7Ty = — 1Ty = 9.
Ox
Summing up the results, we obtain that

(agx)au = 0%u for every u € D((%)D‘) =D(I7%) = R(I?).
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[1, Theorem 12.1.9] Let 5 be defined by (5) and p € (1,00). Then,

il
<c(l+|r|))e"2  for T#O.

LP(0,L)
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[1, Theorem 12.1.9] Let 5 be defined by (5) and p € (1,00). Then,

il
<c(l+|r|)e 2 for T#0.

LP(0,L)

| A\

Proposition

For L >0, € (0,1),p € (1,00) the operators [* : LP(0,L) — oH*P(0, L) and
0% : gH*P(0,L) — LP(0, L) are isomorphism and the following inequalities hold

cHullgpar(,r) < N10%ulliro,r) < cllullgpa.po,y for u € oH*P(0, L),

I Fllghen(o,r) < IFller(o,r) < cll*Fllghapo,y for £ € LP(O, L).
Here by ¢ H*P(0, L) we denote the fractional Lebesgue space defined by

oH®P(0, L) := [LP(0, L), oW P(0, L)]a

and c denotes a positive constant dependent on a, p, L.
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Proposition

[1, Theorem 3.1.8 and Corollary 5.1.12] Let Rea > 0 and A be an non-negative
operator. Then, J is closable and A“ = J* if and only if A is densely defined.
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[1, Theorem 3.1.8 and Corollary 5.1.12] Let Rea > 0 and A be an non-negative
operator. Then, J is closable and A“ = J* if and only if A is densely defined.

| A\

Proposition

Let L >0 and 0 < oo < 1. Let us discuss the operator % defined in (5). Then, the

Balakrishnan operator J of % coincides with the Caputo derivative D*.
Furthermore, the operator 0 defined on ¢ H*P(0, L) is the closure of D® defined on
oWLP(0, L).

\
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[1, Theorem 3.1.8 and Corollary 5.1.12] Let Rea > 0 and A be an non-negative
operator. Then, J is closable and A“ = J* if and only if A is densely defined.

| A\

Proposition

Let L >0 and 0 < oo < 1. Let us discuss the operator % defined in (5). Then, the

Balakrishnan operator J of % coincides with the Caputo derivative D*.
Furthermore, the operator 0 defined on ¢ H*P(0, L) is the closure of D® defined on
oWLP(0, L).

\

Let us calculate the Balakrishnan operator of %. For u € D(%) we have

H oo}
Joy sma7r/ )\a71(>\+2)71ﬂud)\
s 0 Ox Ox
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[1, Theorem 3.1.8 and Corollary 5.1.12] Let Rea > 0 and A be an non-negative
operator. Then, J is closable and A“ = J* if and only if A is densely defined.

| A\

Proposition

Let L >0 and 0 < oo < 1. Let us discuss the operator % defined in (5). Then, the

Balakrishnan operator J of % coincides with the Caputo derivative D*.
Furthermore, the operator 0 defined on ¢ H*P(0, L) is the closure of D® defined on
oWLP(0, L).

\

Let us calculate the Balakrishnan operator of %. For u € D(%) we have

H oo}
Joy sma7r/ )\a71(>\+2)71ﬂud)\
s 0 Ox Ox

=TT [Tt [ e (p)dpay
0 0

™

Katarzyna Ryszewska A semigroup approach to the space-fractional diffusion



[1, Theorem 3.1.8 and Corollary 5.1.12] Let Rea > 0 and A be an non-negative
operator. Then, J is closable and A“ = J* if and only if A is densely defined.

| A\

Proposition

Let L >0 and 0 < oo < 1. Let us discuss the operator % defined in (5). Then, the

Balakrishnan operator J of % coincides with the Caputo derivative D*.
Furthermore, the operator 0 defined on ¢ H*P(0, L) is the closure of D® defined on
oWLP(0, L).

\

Let us calculate the Balakrishnan operator of %. For u € D(%) we have

H oo}
Joy sma7r/ )\a71(>\+2)71ﬂud)\
s 0 Ox Ox

=TT [Tt [ e (p)dpay
s 0 0

_ sin o /X ul(p) /*00 Aa—le—k(x—p)dAdp.
0

™ 0
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operator. Then, J is closable and A“ = J* if and only if A is densely defined.

| A\

Proposition

Let L >0 and 0 < oo < 1. Let us discuss the operator % defined in (5). Then, the

Balakrishnan operator J of % coincides with the Caputo derivative D*.
Furthermore, the operator 0 defined on ¢ H*P(0, L) is the closure of D® defined on
oWLP(0, L).

\

Let us calculate the Balakrishnan operator of %. For u € D(%) we have

H oo}
Joy sma7r/ )\a71(>\+2)71ﬂud)\
s 0 Ox Ox

=TT [Tt [ e (p)dpay
s 0 0

_ sin o /X ul(p) /*00 Aa—le—k(x—p)dAdp.
0

™ 0

Applying substitution A\(x — p) = w we get

fed _; Xxi —au/ _ au
J u_r(lfa)/o( p)~“u'(p)dp = D%u.
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Definition

H*(0,1) for a € (0, %),
oH*(0,1) = {UEH%(O,l): fol Mdt<oo} for a=1,
{ue H*(0,1): u(0) =0} for ae(%,l).
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H*(0,1) for a€ (0, %),
oH*(0,1) =4 {ueHi(0,1): [1LOPG <o} for a=1,
{ue H¥(0,1) : u(0) =0} for ae(%,l).

v
Theorem

The operators 0% : gH*(0,1) — L2(0,1), I* : L?(0,1) — oH*(0,1) are isomorphism
and

ca Hlullgreo,1) < 0% ulli2(0,1) < €allullgnao,y for u € 0H*(0,1),

calll®Fllgno(o,1) < IIflli2(,1) < calll*Fllgna(o,ny for f € L3(0,1).

A
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H*(0,1) for a€ (0, %),
oH*(0,1) =4 {ueHi(0,1): [1LOPG <o} for a=1,
{ue H¥(0,1) : u(0) =0} for ae(%,l).

Theorem

| A

The operators 0% : gH*(0,1) — L2(0,1), I* : L?(0,1) — oH*(0,1) are isomorphism
and

ca Hlullgreo,1) < 0% ulli2(0,1) < €allullgnao,y for u € 0H*(0,1),

calll®Fllgno(o,1) < IIflli2(,1) < calll*Fllgna(o,ny for f € L3(0,1).

A

We have to deal with 8 8
—D% = 1" = 0%uy.
Ox “ Ox “ “
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H*(0,1)

{UEH%(O,l): fol Mdt<oo} for =1,
{ue H*(0,1): u(0) =0} for ae(%,l).

for a€ (0, %),
oH*(0,1) =

Theorem

| A\

The operators 0% : g H*(0,1) — L2(0,1), 1% : L%(0,1) — oH(0,1) are isomorphism
and

ca Hlullgreo,1) < 0% ulli2(0,1) < €allullgnao,y for u € 0H*(0,1),

calll®Fllgno(o,1) < IIflli2(,1) < calll*Fllgna(o,ny for f € L3(0,1).

We have to deal with

A

g o
— D% = —1""%u = 9%u,.
ax "7 ox =%

We define the domain of %D“ by
1o}
D(—D%) =
(5-D)

Do = {u € H(0,1) : ux € gHY(0,1), u(1) =0}.

Katarzyna Ryszewska
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Operator %D"‘ : Do C L2(0,1) — L2(0,1) generates an analytic semigroup.
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Operator %D"‘ : Do C L2(0,1) — L2(0,1) generates an analytic semigroup.

Idea of the proof:
° %DO‘ : Do C L2(0,1) — L2(0,1) generates a Co semigroup of contractions.
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Operator %D"‘ : Do C L2(0,1) — L2(0,1) generates an analytic semigroup.

Idea of the proof:
° %DO‘ : Do C L2(0,1) — L2(0,1) generates a Co semigroup of contractions.

o Re(— & D%, u) >0
o R(AI — Z D) =13%(0,1) for A > 0.
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Operator %D"‘ : Do C L2(0,1) — L2(0,1) generates an analytic semigroup.

Idea of the proof:
° %DO‘ : Do C L2(0,1) — L2(0,1) generates a Co semigroup of contractions.

o Re(— & D%, u) >0
o R(AI — Z D) =13%(0,1) for A > 0.

Proposition

Let us discuss %DO‘ : Do — LZ(O, 1). Then, for every X € C belonging to the sector

m(a+1)

Vq :={z€ C\ {0} : |argz| < #}U{O} (6)

there holds

gDf*) = [2(0,1).

R(AE —
Ox

a({%DO‘) = {A\€C: Eas1(N) =0}
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The solution to 9
Au— —D% =
u 8)( u g

is given by

u(x) = (Eas1(A) " (g#y* East1,a+1(Ay* 1)) (1) Earr (A1) —gax® Easr a1 (A1),
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The solution to 9
Au— —D% =
u 8)( u g

is given by

u(x) = (Eas1(A) " (g#y* East1,a+1(Ay* 1)) (1) Earr (A1) —gax® Easr a1 (A1),

@ An analytic extension of Cp- semigroup on a sector of complex plane.
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The solution to 9
Au— —D% =
u 8)( u g

is given by

u(x) = (Eas1(A) " (g#y* East1,a+1(Ay* 1)) (1) Earr (A1) —gax® Easr a1 (A1),

@ An analytic extension of Cp- semigroup on a sector of complex plane.

For u € D, we have
a «
Re(—=—D%u,u) > ca Hu|| (7)
ox =% 0.1)
and p
——D%%u, <b o s 8
(D% )| < bl e (®)
where co, b are positive constant which depends only on «.
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Theorem

Let us consider problem

ur— 2D%u=0 in (0,1) x (0, T),
ux(0,t) =0, u(l,t)=0 forte(0,T),
u(x,0) = ug(x) in (0,1).

If we assume that ug € L2(0,1), then there exists exactly one solution which belongs
to C([0, T]; L2(0,1)) N C((0, T]; Do) N CL((0, T]; L2(0,1)). Furthermore, there exists
a positive constant ¢ = ¢(T), such that the following estimate holds for every

te (0, T]

EDQU(-, t)

s Dllzg0,1) + £ e, Dl 20,2y + || 5

<c H“0||L2(o,1) :
2(0,1)

Nevertheless, u € C>°((0, T]; L2(0,1)) and for every t € (0, T], for very k € N we
have u(-,t) € D((%DD‘)"). The last property implies that u(-,t) € C°°(0,1) for
every t € (0, T], however u has a singularity of the form x®t1 at the left endpoint of
the interval.
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Case with Dirichlet boundary conditions

{ ur— 2D =f in (0,1) x (0, T),
u(0,t) =0, u(l,t)=0 forte(0,T), (9)
u(x,0) = up(x) in (0,1),
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Case with Dirichlet boundary conditions

ur— 2D =f in (0,1) x (0, T),
u(0,t) =0, u(l,t)=0 forte(0,T), (9)
u(x,0) = uo(x) in (0,1),

Let us introduce
Do = {u=w — w(1)x®, where w € gHT%(0,1)}.

We equip D,, with the following norm

1
lullp,, = Iwllpara,yy for € (0,1)\ {5}

1

1 2 2
2 [wx (x)] 1
_ = + d. for a = —.
Iz, <||WH§(0,1) /0 x X “72

and
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Case with Dirichlet boundary conditions

ur— 2D =f in (0,1) x (0, T),
u(0,t) =0, u(l,t)=0 forte(0,T), (9)
u(x,0) = uo(x) in (0,1),

Let us introduce
Do = {u=w — w(1)x®, where w € gHT%(0,1)}.

We equip D,, with the following norm

1
lullp,, = Iwllpara,yy for € (0,1)\ {5}

1

1 2 2
2 [wx (x)] 1
_ = + d. for a = —.
Iz, <||WH§(0,1) /0 x X “72

and

The operator =D : Do, C L2(0,1) — L2(0,1) is a densely defined sectorial operator,
thus it generates an analytic semigroup.
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Case with prescribed flux at the left boundary

{ Ut—%DaU:f in (071)X(07T)7
(D%*u)(0,t) = h(t), u(l,t)=0 forte (0,T), (10)
u(x,0) = wo(x) in (0,1).
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Case with prescribed flux at the left boundary

{ u— 2D =f in (0,1) x (0, T),
(D>u)(0,t) = h(t), wu(l,t)=0 forte (0,T), (10)
u(x,0) = up(x) in (0,1).

Let F be an absolutely continuous function and f := F’'. Then we denote

(D*F)(0) = lim ——t— r(1 / (x — p)~*F(p)dp

© If(DF)(0) exists and (D*F)(0) = c, then lim, 0 £ = e,
Q if the limit lim, o yffyjl exists and lim, o yﬁf—{), = Gy then (D*F)(0) = c.
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Case with prescribed flux at the left boundary

{ ur— 2D = in (0,1) x (0, T),
(D>u)(0,t) = h(t), wu(l,t)=0 forte (0,T), (10)
u(x,0) = up(x) in (0,1).

Let F be an absolutely continuous function and f := F’'. Then we denote

(DF)(O) = lim, oo )/ (x — p)~*F(p)dp

© If(DF)(0) exists and (D*F)(0) = c, then lim, 0 £ = e,
Q if the limit lim, o yf(”l exists and lim, o yfa({)l = Gy then (D*F)(0) = c.

Hence, it is natural to search for a solution to (10) in the form

h(t)

o . € oH*(0,1). 11
TTata)f TV wEo ©.1) (11)
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Solution to the Stefan problem

Let b, T >0 and o € (0,1). Let us assume that
e up € H*T(0, b), uy € 0H*(0,b), uo(b) =0 and up >0, up # 0.

Mr(2 — a)
pl—«

Then, there exists exactly one (u, s) a solution to the system (1), s.t.

M >0 Vx € [0,b] wo(x) < (b — x).
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Solution to the Stefan problem

Let b, T >0 and o € (0,1). Let us assume that
e up € H*T(0, b), uy € 0H*(0,b), uo(b) =0 and up >0, up # 0.

MF(2 — )
pl—«
Then, there exists exactly one (u, s) a solution to the system (1), s.t.

e s€ CY([0,T])and 0 < $(t) < M forallt€[0,T],

M >0 Vx € [0,b] wo(x) < (b — x).

Katarzyna Ryszewska A semigroup approach to the space-fractional diffusion



Solution to the Stefan problem

Let b, T >0 and o € (0,1). Let us assume that
e up € H*T(0, b), uy € 0H*(0,b), uo(b) =0 and up >0, up # 0.

Mr(2 — a)
pl—«
Then, there exists exactly one (u, s) a solution to the system (1), s.t.
e s€ CY([0,T])and 0 < $(t) < M forallt€[0,T],

o u, D € C(Qs,7), ut, %Do‘u € C(Qs, 7).

M >0 Vx € [0,b] wo(x) < (b — x).
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Solution to the Stefan problem

Let b, T >0 and o € (0,1). Let us assume that
e up € H*T(0, b), uy € 0H*(0,b), uo(b) =0 and up >0, up # 0.

° M2 — o)

pl—o
Then, there exists exactly one (u, s) a solution to the system (1), s.t.

e s€ CY([0,T])and 0 < $(t) < M forallt€[0,T],

o u, D € C(Qs,7), ut, %Do‘u € C(Qs, 7).

o ux € C(Qs,7) in the case a € (%,1) and ux € C(Qs,7 \ ({t =0} x [0, b])) in the

case o € (0, %]

M >0 Vx € [0,b] wo(x) < (b — x).
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Solution to the Stefan problem

Let b, T >0 and o € (0,1). Let us assume that
e up € H*T(0, b), uy € 0H*(0,b), uo(b) =0 and up >0, up # 0.

° M2 — o)

pl—o
Then, there exists exactly one (u, s) a solution to the system (1), s.t.
e s€ CY([0,T])and 0 < $(t) < M forallt€[0,T],
o u, D € C(Qs,7), ur, D% € C(Qs,7),
o ux € C(Qs,7) in the case a € (%,1) and ux € C(Qs,7 \ ({t =0} x [0, b])) in the
case o € (0, %]
o There exists 8 € (a, 1), such that for every t € (0, T] and every
0 <e<w<s(t) we have u(-, t) € Wz’ﬁ(s,w).

M >0 Vx € [0,b] wo(x) < (b — x).
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The idea of the proof

@ The solution to parabolic type problem in non-cylindrical domain with given
boundary s, where

se€ C%0,T], 0<s<M foraa. te(0,T). (12)
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The idea of the proof

@ The solution to parabolic type problem in non-cylindrical domain with given
boundary s, where

se€ C%0,T], 0<s<M foraa. te(0,T). (12)

o Transformation to cylindrical domain p = 7, v(p, t) == u(s(t)p, t) = u(x, t)
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The idea of the proof

@ The solution to parabolic type problem in non-cylindrical domain with given
boundary s, where

se€ C%0,T], 0<s<M foraa. te(0,T). (12)
o Transformation to cylindrical domain p = 7, v(p, t) == u(s(t)p, t) = u(x, t)

w(0,£) =0, v(1,t)=0 for t € (0, T), (13)

{ vr—x%vx—sl%am%D“‘v:O for0<x<1,0<t<T,
v(x,0) = vo(x) for 0 < x < 1.
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The idea of the proof

@ The solution to parabolic type problem in non-cylindrical domain with given
boundary s, where

se€ C%0,T], 0<s<M foraa. te(0,T). (12)
o Transformation to cylindrical domain p = 7, v(p, t) == u(s(t)p, t) = u(x, t)

vr—x%vx—sl%am%D“‘vzo for0<x<1,0<t< T,
w(0,£) =0, v(1,t)=0 for t € (0, T), (13)
v(x,0) = vo(x) for 0 < x < 1.

o Existence and regularity of the solution by means of evolution operator theory.

1 9 Ha 0,1 . 2
slm(t)gf’ € ¢*([0, T]; B(Da, L*(0,1)))

t— A(t) =

and A(t) is sectorial for every t € [0, T] and A(t) have common domain.
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The idea of the proof

@ The solution to parabolic type problem in non-cylindrical domain with given
boundary s, where

se€ C%0,T], 0<s<M foraa. te(0,T). (12)
o Transformation to cylindrical domain p = 7, v(p, t) == u(s(t)p, t) = u(x, t)

vr—x%vx—sl%am%D“‘vzo for0<x<1,0<t< T,
w(0,£) =0, v(1,t)=0 for t € (0, T), (13)
v(x,0) = vo(x) for 0 < x < 1.

o Existence and regularity of the solution by means of evolution operator theory.

1 9 Ha 0,1 . 2
slm(t)gf’ € ¢*([0, T]; B(Da, L*(0,1)))

t— A(t) =
and A(t) is sectorial for every t € [0, T] and A(t) have common domain.

v(x, t) = G(t,0)vo(x) + /ot G(t, 4:7)%)<VX(X7 o)do.
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The idea of the proof

@ The solution to parabolic type problem in non-cylindrical domain with given
boundary s, where

se€ C%0,T], 0<s<M foraa. te(0,T). (12)
o Transformation to cylindrical domain p = 7, v(p, t) == u(s(t)p, t) = u(x, t)

vr—x%vx—sl%am%D“‘vzo for0<x<1,0<t< T,
w(0,£) =0, v(1,t)=0 for t € (0, T), (13)
v(x,0) = vo(x) for 0 < x < 1.

o Existence and regularity of the solution by means of evolution operator theory.

1 9 Ha 0,1 . 2
slm(t)gf’ € ¢*([0, T]; B(Da, L*(0,1)))

t— A(t) =
and A(t) is sectorial for every t € [0, T] and A(t) have common domain.
. .
v(x, t) = G(t,0)vo(x) + / G(t, l:r)ﬂxvx(x7 o)do.
o s(o)

o Higher spatial regularity in the interior of the domain.
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The idea of the proof

@ The solution to parabolic type problem in non-cylindrical domain with given
boundary s, where

se€ C%0,T], 0<s<M foraa. te(0,T). (12)
o Transformation to cylindrical domain p = 7, v(p, t) == u(s(t)p, t) = u(x, t)

vr—x%vx—sl%am%D“‘vzo for0<x<1,0<t< T,
w(0,£) =0, v(1,t)=0 for t € (0, T), (13)
v(x,0) = vo(x) for 0 < x < 1.

o Existence and regularity of the solution by means of evolution operator theory.

1 9 Ha 0,1 . 2
slm(t)gf’ € ¢*([0, T]; B(Da, L*(0,1)))

t— A(t) =
and A(t) is sectorial for every t € [0, T] and A(t) have common domain.

v(x, t) = G(t,0)vo(x) + /ot G(t, 4:7)%)<VX(X7 o)do.

Higher spatial regularity in the interior of the domain.
We note that v,(t, 1) need not to vanish.
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@ The maximum principles

Let f € AC[0, L] and for every e € (0,L) f € Wl’ﬁ(s, L) for some 3 € (0,1]. Then,
if f attains its maximum at the point xg € (0, L], then for every a € (0, 8) there holds
the inequality (D*f)(xo) > 0. Furthermore, if f is not constant on [0, xo], then
(D"‘f)(xo) > 0.
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@ The maximum principles

Lemma

Let f € AC0, L] and for every e € (0,L) f € WY T5 (e, L) for some B € (0,1]. Then,
if f attains its maximum at the point xg € (0, L], then for every a € (0, 8) there holds
the inequality (D*f)(xo) > 0. Furthermore, if f is not constant on [0, xo], then
(D>f)(x0) > 0.

| \

Lemma

1
Let f € AC[0, L] and f' € W 1=F (e, L) for every e > 0 and for fixed B € (0,1). If f
attains its maximum at xo € (0, L), then (%D"‘ f)(x0) < 0 for every a € (0, B).
Furthermore, if f is not constant on [0, x0], then (% D*f)(x0) < 0.

A\
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o Space-fractional version of the Hopf’s, lemma, i.e. D*u(s(t),t) < 0.
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o Space-fractional version of the Hopf’s, lemma, i.e. D*u(s(t),t) < 0.

Proposition

Let u be a nonnegative solution to u; — %D“u =0 in Qs 7, where s satisfies (12).
We assume that u has the following regularity u € C(G) ur € C(Qs,7),

u(-,t) € AC[0,s(t)] for every t € (0, T), %Dau € C(Qs, 7). Furthermore, for every
t€ (0, T), forevery 0 < e < w < s(t) we have u(-,t) € Wz’ﬁ(a,w) for some

B € (a,1]. Let tg € (0, T] be fixed. Then if u(s(to), to) = 0, then either
(D>u)(s(to), to) <0 or u=0 on Qs,zq-
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o Space-fractional version of the Hopf’s, lemma, i.e. D*u(s(t),t) < 0.

Proposition

Let u be a nonnegative solution to u; — %D“u =0 in Qs 7, where s satisfies (12).
We assume that u has the following regularity u € C(G) ur € C(Qs,7),

u(-,t) € AC[0,s(t)] for every t € (0, T), %Dau € C(Qs, 7). Furthermore, for every
t€ (0, T), forevery 0 < e < w < s(t) we have u(-,t) € Wz’ﬁ(a,w) for some

B € (a,1]. Let tg € (0, T] be fixed. Then if u(s(to), to) = 0, then either
(D>u)(s(to), to) <0 or u=0 on Qs,zq-

o Estimates
(D®u)(s(t),t) > —M, 0<u(x,t) < MI(2-— a)so‘*l(t)(s(t) — x).
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o Space-fractional version of the Hopf’s, lemma, i.e. D*u(s(t),t) < 0.

Proposition

Let u be a nonnegative solution to u; — %D“u =0 in Qs 7, where s satisfies (12).
We assume that u has the following regularity u € C(G) ur € C(Qs,7),

u(-,t) € AC[0,s(t)] for every t € (0, T), %Dau € C(Qs, 7). Furthermore, for every
t€ (0, T), forevery 0 < e < w < s(t) we have u(-,t) € Wz’ﬁ(a,w) for some

B € (a,1]. Let tg € (0, T] be fixed. Then if u(s(to), to) = 0, then either
(D>u)(s(to), to) <0 or u=0 on Qs,zq-

o Estimates
(D®u)(s(t),t) > —M, 0<u(x,t) < MI(2-— a)s“fl(t)(s(t) — x).

@ Solution of the space-fractional Stefan problem by means of Schauder fixed point
theorem.
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o Space-fractional version of the Hopf’s, lemma, i.e. D*u(s(t),t) < 0.

Proposition

Let u be a nonnegative solution to u; — %D“u =0 in Qs 7, where s satisfies (12).
We assume that u has the following regularity u € C(G) ur € C(Qs,7),

u(-,t) € AC[0,s(t)] for every t € (0, T), %Dau € C(Qs, 7). Furthermore, for every
t€ (0, T), forevery 0 < e < w < s(t) we have u(-,t) € Wz’ﬁ(a,w) for some

B € (a,1]. Let tg € (0, T] be fixed. Then if u(s(to), to) = 0, then either
(D>u)(s(to), to) <0 or u=0 on Qs,zq-

o Estimates
(D®u)(s(t),t) > —M, 0<u(x,t) < MI(2-— a)s“fl(t)(s(t) — x).

@ Solution of the space-fractional Stefan problem by means of Schauder fixed point
theorem.
Y ={se %0, T], 0<s<M, s(0)=b}.
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o Space-fractional version of the Hopf’s, lemma, i.e. D*u(s(t),t) < 0.

Proposition

Let u be a nonnegative solution to u; — %D“u =0 in Qs 7, where s satisfies (12).
We assume that u has the following regularity u € C(G) ur € C(Qs,7),

u(-,t) € AC[0,s(t)] for every t € (0, T), %Dau € C(Qs, 7). Furthermore, for every
t€ (0, T), forevery 0 < e < w < s(t) we have u(-,t) € Wz’ﬁ(a,w) for some

B € (a,1]. Let tg € (0, T] be fixed. Then if u(s(to), to) = 0, then either
(D>u)(s(to), to) <0 or u=0 on Qs,zq-

o Estimates
(D®u)(s(t),t) > —M, 0<u(x,t) < MI(2-— a)s“fl(t)(s(t) — x).

@ Solution of the space-fractional Stefan problem by means of Schauder fixed point
theorem.
Y ={se %0, T], 0<s<M, s(0)=b}.

(Ps)(t) = b— /ot(Dau)(s(T),T)dT =...
b s(t)
= b+/0 uo(X)dX 7/0 U(X, t)dX.
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o Space-fractional version of the Hopf’s, lemma, i.e. D*u(s(t),t) < 0.

Proposition

Let u be a nonnegative solution to u; — %D“u =0 in Qs 7, where s satisfies (12).
We assume that u has the following regularity u € C(G) ur € C(Qs,7),

u(-,t) € AC[0,s(t)] for every t € (0, T), %Dau € C(Qs, 7). Furthermore, for every
t€ (0, T), forevery 0 < e < w < s(t) we have u(-,t) € Wz’ﬁ(a,w) for some

B € (a,1]. Let tg € (0, T] be fixed. Then if u(s(to), to) = 0, then either
(D>u)(s(to), to) <0 or u=0 on Qs,zq-

o Estimates
(D®u)(s(t),t) > —M, 0<u(x,t) < MI(2-— a)s“fl(t)(s(t) — x).

@ Solution of the space-fractional Stefan problem by means of Schauder fixed point
theorem.
Y ={se %0, T], 0<s<M, s(0)=b}.

(Ps)(t) = b— /ot(Dau)(s(T),T)dT =...
b s(t)
= b+/0 uo(X)dX 7/0 U(X, t)dX.

P:% — X and P is continuous in maximum norm.
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The monotone dependence upon data

Let (u',s;) be a solution to (1) corresponding to b; and u6 fori =1,2. If by < by and
us < Uk, then for every t € [0, T] we have s1(t) < sp(t).
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Self-similar solution

ut—%Dauzo in {(x,t):0<x<s(t), 0<t< oo},
u(0,t) =c1, u(t,s(t))=0 for t € (0,00), (14)
$(t) = —(D*u)(s(t), t) for t € (0,00),

where we assume that s(0) = 0 and ¢; > 0.
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Self-similar solution

ut—%Dauzo in {(x,t):0<x<s(t), 0<t< oo},
u(0,t) =c1, u(t,s(t))=0 for t € (0,00), (14)
$(t) = —(D*u)(s(t), t) for t € (0,00),

where we assume that s(0) = 0 and ¢; > 0.

__1
o similarity variable £ = xt™ a+1,
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Self-similar solution

ut—%Dauzo in {(x,t):0<x<s(t), 0<t< oo},
u(0,t) =c1, u(t,s(t))=0 for t € (0,00), (14)
$(t) = —(D*u)(s(t), t) for t € (0,00),

where we assume that s(0) = 0 and ¢; > 0.

__1
o similarity variable £ = xt™ a+1,

F(€) = F(xt™a+1) := u(x, t),

oF(€) = - (o).
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Proposition

Let us consider the problem for fixed c; >0, R >0, c; < 0.

OF'(€) = — 51 F/(€) for 0<f<R,
{ F(0) = a1, Ili‘l"F’(O) = o, ae

There exists exactly one solution to (15) which belongs to
XR,cp,c 1= {v € CH((0,R]) : €17V € C([0,R]), v(0) =1, I'7°V/(0) = 2}

Furthermore, the solution is given by the formula

</ _glta\K T8 (ja+i—
£“+r(a+1)§aZ( £+) (’:1(a+ Y , (16)

FlO=a+ 2 \T+a ) T((a+1)(k+1)

(e +1)

where the series is uniformly convergent on [0, R]. Finally, if we define

u(x, t) := F(xt™ THa), (7)

1
then u(0, t) = c1 and u satisfies (14)1 on {(x,t) : 0 < x < Rto+1,0 < t < oo}.
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In the next lemma we obtain the family (u®,s®)go of solutions to (14); and (14)s.

For every c; > 0 and every R > 0 the functions

sR(t) = RtTia, (18)
R, t)=a F( ~+1)[X t~ v
m o (=X N TR (fa i — 1)
Wil e kz:;((ua)t) SCECESNL (19)
where i R
Co — — (20)

oo [ —Rita\ K TTE, (iati—1)
(1+a) {1 + 2k ( 1ta ) (e Dk ]

satisfy the equation (14)3. Moreover, uR is a solution to (14); with s(t) = s®(t) and
R
u (07 t) = C1.
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It remains to choose R > 0 such that the pair (u, s®) given by Lemma (12) satisfies
uR(sR(t),t) = 0.

Theorem

For every c1 > 0 there exists co > 0 such that the pair (u,s) := (u®,s®), where
(u,s%) come from Lemma 12 with R = co, satisfies the system (14). Furthermore,

Vx >0 u(x,-),ut(x, ), ux(x,-) € C([sfl(x), 00)) (21)
vVt >0 u(:,t),u(-,t) € C([0,s(t)]), ux(:,t) € C((0,s(t)]) (22)

and 8
vt >0 gDau(-, t) € C([0,s(t)])- (23)

Finally, u >0, us >0, ux <0on {(x,t): 0<x<s(t), 0<t<oo}.
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