LINEAR IDENTITIES IN GRAPH ALGEBRAS

AGATA PILITOWSKA

ABSTRACT. We find the basis of all linear identities which are true in the
variety of entropic graph algebras. We apply it to describe the lattice of all
subvarieties of power entropic graph algebras.

1. INTRODUCTION

In 1979 Caroline Shallon introduced in her dissertation [9] algebras associated
with graphs. Let G = (V, E) be a (undirected) graph with a set V' of vertices and
aset E CV xV of edges. Its graph algebra A(G) = (V U{0},) is a groupoid with
the multiplication defined as follows:

| =z, if (x,y) € E,
Ty= { 0, otherwise.

C. Shallon proved that many finite graph algebras are nonfinitely based. More-
over it was shown in [4] that a graph algebra A(G) is finitely based if and only if it
is entropic.

In this paper we find all linear identities which are true in the variety of entropic
graph algebras. Some new linear identity (3.1) true in this variety is crucial for
the final result. Linear identities play an important role in the theory of power
algebras.

The power (complex or global) algebra CmA = (P(A), F) of an algebra (A, F')
is the family P(A) of all non-empty subsets of A with complex operations given by

f(Aly---;An) = {f(al,...,an) ‘ a; € Al},

where ) # Ay,..., A, C A and f € F is an n-ary operation.

Power algebras were studied by several authors, for instance by G. Gréatzer and H.
Lakser [5], S. Whitney [6], A. Shafaat [8], C. Brink [3], I. Bosnjak and R. Madarész
[2].

Complex operations may preserve some of properties of (A, F'), but not all iden-
tities true in (4, F') must be satisfied in CmA. For example, the power algebra of
a group is not again a group [5]. For an arbitrary variety V, G. Grétzer and H.
Lakser determined the identities satisfied by the variety generated by CmA, for
A € V. They applied their result to describe all subvarieties of power algebras of
lattices and groups [5]. They showed that there is exactly one non-trivial variety of
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power algebras of lattices and there are exactly three non-trivial varieties of power
algebras of groups.

In this paper we show that the lattice of all subvarieties of the variety generated
by power algebras of entropic graph algebras has eight elements.

In Section 2 we recall main known results concerning graph algebras. Section 3 is
devoted to linear identities satisfied in entropic graph algebras. In the last Section
4 we present some theorems concerning identities satisfied by power algebras of sets
and describe all subvarieties of power entropic graph algebras.

We say that an algebra (A, F') is idempotent if each element a € A forms a
one-element subalgebra of (A, F'). An algebra (A, F) is entropic, if each operation
f € F as a mapping from a direct power of the algebra into the algebra is actually
a homomorphism.

We call a term t linear, if every variable occurs in t at most once. An identity

~ u is called linear, if both terms ¢ and w are linear. An identity ¢ ~ u is called

regular, if ¢ and u contain the same variables. The notation t(z1,...,z,) means
that the term ¢ contains no other variables than 1, ..., z, (but not necessarily all
of them).

In the case of groupoid terms we will use non-brackets notation, as follows:

)z, n>1
it o {( (w1)a2) .. )an, 0
T, n=>0

2. GRAPH ALGEBRAS

For each natural number n € N, let P, denote n-vertex graphs in the form of
a path without loops, and L,, denote n-vertex graphs in the form of a path with
loops, as in the diagrams:

Pn: . .
1 2 3 n
L, Q. Q O .. O
1 2 3 n

For graphs G and H, G + H will denote the disjoint union of G and H, with no
edges between G and H.

It is not difficult to see that the direct product of two graph algebras is not
necessarily a graph algebra. So the class of all graph algebras does not form a
variety. Let us denote by V4(g) the variety generated by a graph algebra A(G).

As was shown in [1], the variety of all entropic graph algebras is generated by
the algebra A(P2 + La). The following identities

(2.1) Ty ~ ayy
(22) x(yz) ~ ay(yz)
(2.3) Yz N x2y
(2.4) ry ~ x(yr)
(25) wly) ~ w(y2)(yu)
(2.0 py(au) ~ a(y2)(us)
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(2.7) z(yz)(ww) =~ x(yv)(uz)
(2.8) z(zy) =~ z(yy)
(2.9) za(yz) ~ x(yy)(zz)

form a basis for V4 (p,41,)- It is easy to see that the entropic law

(B)  aylew) ~ wx(yw).
follows by the above identities:

wy(zw) % a(ys) (z0) R a(yw)(ez) B () (yw) K vz(yw).

The lattice of all subvarieties of the variety of entropic graph algebras was dis-
cussed in [1] and it is given in Figure 1.

VA(P2+L2)

/

Us VA(P3+L1)
AN

VA(P2+L1) VA(P1+L2)

Va(ps) ><
AN

VA(P2> VA(Pi+L1)

VA (Pr)

FIGURE 1

T denotes the trivial variety, SL is the variety of semilattices, LZ is the variety
of left zero bands (groupoids determined by identity zy = z), LA is the variety
of left normal bands - idempotent semigroups satisfying the additional left-normal
law (2.3), U is the variety defined by two identities: (2.1) and

(2.10) T & Y.
and Us is the variety defined by all identities (2.1)-(2.9) and additional one
(2.11) zx =~ x(yy).

The remaining subvarieties of entropic graph algebras have the following basis:
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Vap) Doy R uz;

Vapi+L,) z(yz) = (zy)z, zy ~ yz, vy ~ z(yy);
VA(P1+L2) (2.1) = (2.9), z(yz) = (2y)2;

Va(py) c(21) = (2.9), zx=yy, x(yz) = z(yx);
VA(P2+L1) : (2 1) (2 9>7 x(yz) ~ z(ysc),

Vary) b (21) = (2.9), 2z~ yy;

Va(Ps+L1) (2.1) = (2.9), z(yy) = y(ax).

As it was proved in [1] using the regular identities (2.1)-(2.9), every term in the
variety V4 (p,+1,) may be expressed in one of the standard forms:
i)
it)  xp(x121)(T222) . . (TpTy), forn > 1,

i) 21(y121) (Y222) - - - (YnZn) = (T191)(Y222) - - (YnZn),
for n > 1, where {z1,..., 24} N {y1,...,yn} = 0. The variables z1,...,z, will be
referred to as bottom and y, ..., y, will be referred to as top variables.

Theorem 2.1. [1] An identity p = q is derivable from identities (2.1)-(2.9) if and
only if both sides of the identity p ~ q have the same standard form, the same
leftmost variables and (in the case of type (iii)) the same top and bottom variables.

3. LINEAR IDENTITIES IN ENTROPIC GRAPH ALGEBRAS

In this section we will find all linear identities which are true in the variety
VA(P,+Ly)- First we prove that all entropic graph algebras satisfy some linear
identity which plays an important role in this paper.

Theorem 3.1. The following linear identity
(3.1) z(y(zt)) =~ wy(tz)
is satisfied in the variety Va(p,4L,)-

Proof.
2.2

2(y(2) B w2 (t2) B wy(ye)(t2)

(B) 2.1) (B) (2.1)
N ayt(yzz) ~ zyt(yz) = zyy(tz) ~ zy(tz).

Let X be the following set of identities:

(B)  ay(at) = 2z(yt),
Y:< (23) zyz=xzy,
(3.1) z(y(zt)) = xy(tz).

These identities are all linear and regular and they hold in any variety of entropic
graph algebras. Moreover, the linear identity (2.7) also follows from 3:
(E) (2:3) (E)
z(yz)(tw) =~ zt(yzw) =~ zt(ywz) = x(yw)(tz).

We will show that any linear identity true in V4(p,41,) is a consequence of ¥.
Before proving this fact we present a sequence of technical lemmas.
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Let n > 1 and 7 be any permutation of the set {1,2,...,n}. By using identities
from Y repeatedly we obtain:

(32) ($y1y2 s yn)(Ztth .. ~tn) ~ xz(yltl) ce (yntn)> (by (E))
(3.3) TY1Y2 - Yn R TYn()Yr(2) - - - Yr(n)» (DY (2:3))
(34)  m(y(z1t1)(22t2) ... (2ntn)) = xy(ti21)(t2z2) ... (tnzn). (by (3.1))

Moreover, as it was proved in [1], the following identity follows by entropicity
and identities (2.3) and (2.7):

(3.5) Y1 - Yk (Urr121) - - (Ykanzn) =
TYr(1) - Yr(k) YU (k+1)25(1)) - - - Y (htn) 25(n) )
where 7 is a permutation on the set {1,2,...,k+n} and ¢ is a permutation on the
set {1,2,...,n}.
Lemma 3.2. The following identities
(3.6) Y1 Yn = x(y12)(yaz) . .. (Ynx),
(3.7) x(yz129...2n) =~ xz(yz)(yz1)(yz2) ... (yzn)

hold in the variety Va(p,+r,) for any n > 1.

Proof. The proof of (3.6) goes by induction. For n = 1, the identity (3.6) follows
by (2.4). Now let us assume that (3.6) is true for some n > 1. Then using (2.3)
and (2.4) we obtain

(2.3)
Y1« Ynt1 2 (Y12)(Y2) . o (Yn®)Yn+1 = TYnt1(v12)(y2z) . .. (Yna)

(2.4) (2.3)
~ T(Yn12)(117) (y2) - .- (Ynr) = 2(y17)(y27) - - - (Ynt17).

The identity (3.7) follows directly by (3.6) and (3.4):
(3.6)

r(yz122...20) & w(y(21y)(22y) - (2ay))
(3.4) (2.4)
~ zy(yz1) ... (yzn) = z(yz)(yz1) ... (yzn).
O
Lemma 3.3. Let n,k > 0. The following identities follow from the set X:
(3.8) x(y(titezr ... 2n)) &~ zyz1...zn(tat1),
(3.9) (x(y1yz - yn))(t1taz1 .. 2k) ~ (z(y1y2..-Ynz1 ... 2k))(t1t2),
(3.10) (eltyr . yow))z ~ (altyr...yn) (),
(3.11) (z(z191 - yn))(22w) ~  (2(2201-..yn))(210),
(3.12) (Yy1y2 - yn)(z2122. .. 21) =
(y(zz1 -+ 2k—n))W12k—nt1) - - - Yn2k), @f k>n>0
YY1 - Yn—kZ(Yn—kt121) - - (Yn2k), if n>k>0
(3.13) (x(z191 -« - y))(22Uk41) - - - (Zn1Ykgn) =
((2r)¥s(1) - - - Yok) ) (Zr2)Ys(kt1)) - - - Zr(nt1)Ys(k4n) )
for any permutation 6 on the set {1,2,... k + n} and any permutation © on the

set {1,2,...,n+1}.
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Proof. 1. For n = 0, the identity (3.8) follows by (3.1). If n > 0, then

(3.1)
x(y(tltgzl e zn_lzn)) ~ (J;y)(zn(tltgzl . Zn—l))-

By induction on n and (3.3) we obtain
(3.3)
(zy)(zn(titezr ... 2n—1)) R TY2n21 ... 2n—1(tat1) =" xyz1...24(t2t1).
2. For n =0 and k = 0, the identity (3.9) is obvious. If n > 0 and &k > 0, then

(3.1)
(x(yry2 .- yn))(t1tozr .. zp—12k) = (1Y .. yn(zr(titazr ... 2k-1)))

(3:3)
~ x(y1(zk(titazr .. 2k—1))Y2 - - - Yn)-

Using (3.8) we conclude that y; (zx(t1t221 ... 2k—1)) & y12821 - - - 2k—1(t2t1). Thus
x(y1(zk(titazr - 25-1))Y2 - - Yn) = (Y1221 - - - 2p—1(t2t1)Y2 - - - Yn)
(3.3) (3.1)

~ x(y1ys .. Ynz1-.-26(taty)) = (2(y1y2 - Ynz1 - .- 2k))(E1t2).

3. For n = 0, the identity (3.10) follows by (2.3) and entropicity. If n > 0, then
(2.3) (E)
(x(tyr .. .ynw))z = (x2)(tyr ... ypw) = (z(tyr...yn))(zw).
4. For n = 0, the identity (3.11) follows by entropicity. If n > 0, then

(2.3) (E)
(x(z191 - .- yn))(22w) = (z(z0w))(z191 .- Yn) = (2(2191 - .- Yn-1))(22wYn).

By induction on n, (2.3) and (2.7) we obtain
(@(z2191 - yn—1)) (2wyn) = (2(22wy1 - Yn—1))(21n)
(2.3) (2.7)

~ (z(2201 - Yn—1w))(21yn) = (@(2291 - - yn))(210).

5. The identity (3.12) follows directly by (3.2).

6. The identity (3.13) follows by (2.3), (2.7) and (3.11). O

The next theorem describes all linear terms in the variety Va(p,4r,)-

Theorem 3.4. Every term in Va(p,+1,) may be expressed in one of the following
standard forms:

(1) zyr...ye(trwr) ... (thwy), k>0, n>0;

(12) (z(n1ys-..yk))(t1wr) ... (thwy), k>2, n>0.

Proof. We show (using X) that the set of terms of the form (I1) and (I2) is closed
under multiplication.
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a) Let v =~ zyy ... yp(tiw1) ... (thwy,) and 0 = aby ...bi(c1dy) ... (cmdm). By (3.3)
and (3.4) we have
v & [xyr...oye(tiwr) .. (Epwp)]abr .. bi(cidy) - (Cmdim)]
(3:3)
xyr ... yp(aby ... by(crdy) ... (emdm)) (trwr) .« . . (thwy,)
(3-4)
~  ((zyr...yk)(aby ... b)) (drer) ... (dmem) (Brwr) - .. (Epwy).
If Il > k >0, then

((zy1 ... yx)(aby ... o)) (drcr) . .. (dmem) (trwr) . .. (Lawy,)
(3é2) (x(aby ... bi—k)) (Y1bi—k+1) - - - (yebi)(drcr) - . . (dmem) (rwr) ... (tpwy).

Hence 6 can be written in the form (I2).
For k>1>0,

((xy1 ... yx)(aby ... b)) (d1icr) ... (dmem) (Brwn) . . . (Lawy,)
(3.12)

~ oy Y—10(Yk—i4101) - (yeb) (dict) - . (dmem) (Brwr) - .- (Bnwn),
and ¢ has the form (I1).

bl
w

Q

«
IS

b) Let v = ayy ... yx(trw1) ... (thwy) and § = (a(bibz...b;))(c1dr) ... (cmdm) for
{ > 2. Then

¥ A~ [Zy1 ...y (trwr) . .. (tpwn)][(a(brba ... by))(c1dr) ... (Cmdm)]

(3§ x((a(bibs ... b)) (c1dy) - .. (emdm))y1 - - yr(t1wy) - . . (Epwy)

,(3.3)
~ x(a(biba ... 0)y1 ... yr(dicr) ... (dmem)(Brwr) . . . (Epwy).

By (3.8) we have that xz(a(biby...b;)) = xabs ...b;(bab1). Consequently
x(a(bibz ... b))y1 ... yr(dicr) . .. (dmem)(Brwr) . . . (Erwy)
~  zabs...by ... yp(bebr)(dicr) ... (dmem)(t1wr) . .. (Epwy),
and ¢ is reduced to the form (I1).

w
=

(3.4

g

c) Let v = (a(biby...b))(c1dy) ... (emdm) and § = zyy ... yr(t1w1) ... (thwy), for
{ > 2. Then

0 = [(a(biba...b))(c1dr) ... (emdm)][zyr - - Yr(t1w1) . .. (tnwy)]

B @lbrbs . b)) @y g (trwn) . (b)) (erdy) - (Cmdyn)

) (a(b1b2 . bl))(l’yl e yk)(wltl) e (wntn)(cldl) . (Cmdm)
If k = 0, then by (3.10)

’}/5 ~ (a(blbg . bl—l))(l‘bl)(wltl) . (wntn)(cldl) . (Cmdm).
If kK > 1, then by (3.9) we have

@
w

w
=~

(

X

(a(bibs - b)) @ys - ye) & (albrba . biys - - ye))(@ys).

It follows that
(a(bibe ... b)) (zyy ... yp)(wit1) . .. (Wnty)(c1dy) ... (Cmdm)
~ (a(biba...biys...yk))(xyr)(wity) ... (wpty)(c1dr) . .. (Cmdm).
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Hence, for any k > 0, v may be reduced to the form (12).
d)Let v = (x(y1y2 - .. yx)) (t1wy) . .. (tpwy) and 6 = (a(bibs ... b)) (c1dy) - .. (emdm),
for k,1 > 2. By (3.4) and (F), we have

v =~ [(z(yryz...yk))(t1wr) ... (Lawy)][(a(bibs ... b)) (c1dy) . .. (Cmdim)]
R @) it) - (ata))) @((babs ) (drcr) . (dmem))

(B)
~  za(((y1.. -yr)(wit1) ... (Wnty))(b1be ... b)) (d1er) . .. (dmem)))-
Thus by (a) and (b), also in this case, vd reduces to the required form. O

Proposition 3.5. The set X is a basis for all linear identities true in the variety
of entropic graph algebras.

Proof. According to results of [1], each identity which is satisfied in V(p,11,) is
regular. Let p ~ ¢ be linear and regular identity true in V4(p,4r,). By Theorem
3.4, the terms p and ¢ are in one of the two standard forms.

Case 1. Let p and ¢ be of type (I1). There are distinct variables

{Z Y1y o Yk Ukl -« s Yk 215+ -5 Znt = {a,b1, o by bit, oo oy bipmsy €1, -+ oy C b
such that

Py - Yk (Yk+121) - - (Yktn2n)
and

g aby...b(biyric1) ... (birmCm)-
By (3.6),

pR2(y). . (Ys2) (Ykt+121) - - - (Yrtn2n)

and

g=~a(bra)...(ba)bir1c1) ... (birmem)-
By Theorem 2.1, the identity p ~ ¢ is satisfied in V4(p,+1,) if and only if z = a,
{z,21,...,2n} ={a,c1,...,cm} and {y1,.. ., Yrtn} = {b1,. .., bi4m}. This implies
that n = m, k = [ and there are permutations 7 on {1,2,...,k + n} and 6 on
{1,2,...,n} such that
4R TYr(1) - Yr (k) Yr(k+1)25(1) - - U (otn) Z6(n) ) -
Consequently, by identity (3.5), the identity p &~ ¢ follows from X.

Case 2. Let p and ¢ be of type (I2). There are distinct variables
{xv RlyeeeyAntly Y1y .- 7yk+n} = {a7 b17 cee 7bm+17 Cly-- ey Cl+m}7 such that

p= (z(21y1 - Yk)) (22Yk+1) - - - (Znt1Ykan),

g = (a(brer...c))(bacis1) -« - (bmt1Ciem)s
and k,1 > 2.
By the identity (3.7),

pra(nz)(z1yr) - - (21ye) (22Uk+1) - - - (Zng1Yk4n)
and

g =~ a(bra)(bicr) ... (bie))(b2cis1) - - - (bmt1Ciym)-
By Theorem 2.1, the identity p ~ ¢ is satisfied in V4(p,+r1,) if and only if z = a,
{z,y1, -, Ykan} = {a,c1,...,cem} and {z1,...,2n41} = {b1,...,bmy1}. This
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implies that n = m, k = [ and there are permutations § on {1,2,..., k+n} and 7
on {1,2,...,n+ 1} such that

q= (x(zﬂ(l)y5(1) e yé(k)))(zw(2)yé(k+l)) e (zﬂ'(n+1)yé(1~c+n))'
Hence, by identity (3.13), the identity p = ¢ follows from X.

Case 3. Let p be of type (I1) and ¢ be of type (I2). As before,

pRIYr... yk(yk+1zl) e (yk+712n)
and
q= (a(b101 ce Cl))<b201+1) N (bm+1cl+m),

where {z, 21, ..., Zn, Y1, - s Yktnt = {@ b1, .., bmt1,€15 oy Clym} and I > 2. Sim-
ilarly as in Case 1 and Case 2, the identities (3.6), (3.7) and Theorem 2.1 imply that,
the identity p ~ ¢ is satisfied in Va(p,41,) if and only if z = a, {2,21,...,2,} =
{a,c1,. .y ciem} and {y1,.. ., Yktn} = {b1,...,b;my1}. It follows that n = m +1
and m+ 1=k +n. Hence k +1 = 1. But we assumed that [ > 2, so this gives a
contradiction.

This shows that any linear identity holding in V4(p,4r,) is a consequence of
X, O

4. THE VARIETY OF POWER ENTROPIC GRAPH ALGEBRAS

Using the result of the previous section we will describe the lattice of all subva-
rieties of power entropic graph algebras.

Let V be a variety. We will denote by Cm) the variety generated by power
algebras of algebras in V), i.e.,

CmV := HSP({CmA | A € V}).

Evidently, V C CmV, because every algebra A in } embeds into CmA by
x — {z}. G. Grétzer and H. Lakser proved the following theorem.

Theorem 4.1. [5] Let V be a variety. The variety Cm) satisfies precisely those
identities resulting through identification of variables from the linear identities true
mn V.

For example, an idempotent law is satisfied in the variety CmV if and only if it

is a consequence of linear identities true in V.
As an immediate corollary of the Theorem 4.1 we have the following result.

Corollary 4.2. [5] For a variety V, CmV =V if and only if V is defined by a set
of linear identities.

As it was shown in Section 3, any linear identity true in V4(p,41,) is derivable
from the set X. Hence, by Theorem 4.1, we obtain the following result.

Proposition 4.3. CmVy(p,41,) = Mod(X).

Similarly as in the case of the variety V4(p,4r,) We can show that varieties
CmVy(p,), Cmly and CmVy(p,41,) are also defined by the set ¥.

Now we will give a description of varieties generated by power algebras from
remaining subvarieties of V4(p,41,). The varieties 7, LZ and V4 (p,) are defined
only by linear identities. Hence by Corollary 4.2, Cm7 =7, CmLZ = LZ and
CmVA(pl) = VA(pl).
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The varieties SL and V4 (p, 41, satisfy associativity and commutativity. Hence,
CmSL = CmVy(p, 41,) is the variety CS of commutative semigroups.

It is easy to see that by left-normal law (2.3) and associativity, a linear regular
identity p ~ ¢ is true in the variety LN or Va(p, 41, if and only if terms p and ¢
have the same leftmost variable. This implies that CmLN = CmVy(p, 41,) is the
variety LS of left-normal semigroups.

Moreover, the variety U; satisfies the associative law. This implies that each
linear identity in U; is a consequence of the identity zy =~ zz and associativity.
Hence Cmlf; coincides with the variety US defined by zy ~ zz and associativity.

Now let us consider the following linear identity:

(4.1) x(yz) = z(yzx).
It is not difficult to see that the identity (3.1) is a consequence of entropicity,
left-normality and the identity (4.1):

(4.1) (2.3) (4.1) (2.3) (E)
x(y(zt) = at(yz) = 2(yx)t = x(y)t & wi(yz) & ay(tz).

Let T be the following set of identities:
(E)  ay(zt) = zz(yt),
r: (2.3) zyz =~ zzy,
(4.1) z(yz) = z(yx).
Lemma 4.4. For n > 1, the identity
(4.2) r1y1(y222) - - (YnTn) = Tr)¥s1) Us2)Tr2)) - - (Ys(n)Tr(n))
follows from the set T for any permutations = and § of the set {1,2,...,n}.

Proof. This follows directly by (3.5) and (4.1). O

Theorem 4.5. Any linear identity holding in the variety Va(p,+r1,) i a conse-
quence of the set T'.

Proof. Using the same methods as in proofs of Theorem 3.4 and Proposition 3.5 we
obtain that each linear regular identity true in V4(p,+1,) is one of the two following
types:
T1Y1 - Yk (Yk+122) - -« (Yn+kTnt1)
N T Yr(1) - - Yr(k) WUr e 1)T5(2)) - - - (Yr(nt k) T5(nt1) )
for any permutation 7 on the set {1,...,n + k} and any permutation ¢ on the set
{1,...,n+1}, or

(1(y122 ... k) (Y2Trs1) - - - (Ynt1Tk4n)

~ (251) (Yr(1)T5(2) - - - T5 (k) YUr(2)T5(k+1)) - - - Y (nt 1) T5(k4n) )

for any permutation m on the set {1,...,n + 1} and any permutation ¢ on the set
{1,...,n+k}.
By identities (3.5), (3.13), (4.1) and (4.2), both follow from T'. O

Similarly, we can show that any linear identity true in V4(p,) is also a consequence
of I". All these observations prove the following proposition.

Proposition 4.6. There are eight varieties of power entropic graph algebras:
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CmVA(p2+L2) = CmVA(p3) = CI’IIUQ = CmVA(p3+L1) = MOd(E)
CmVA(p2+L1) = CmVA(pQ) = MOd(F)

CmLN = CmVy(p,11,) = LS = Mod(zyz = 2y, vyz ~ x(yz))
CmSL = CmVy(p,41,) = CS = Mod(vy =~ yx,zyz ~ x(yz))
Cmly =US = Mod(zy = 22, zyz ~ x(yz))

CmVA(pl) = VA(Pl) = Mod(:py ~ uz)

Cm/LZ = LZ = Mod(zy =~ z)

Cm7 =7 = Mod(z ~ y)

The lattice of all subvarieties of CmV y(p,41,) s given in the Figure 2:

Mod/MOd\
NN
NN

Vapy)

\/

FIGURE 2
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