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The complex (power or global) algebra (AUS, Q) of sets of an algebra (A, )
of type 7:Q — N is the family of non-void subsets of A with operations
of complex w-products given by

w: AUS*YT — AUS, X1 Xorw={z1... 20w | z; € X;},

for each operation w : A“T — A in the set 2 (in the notation of [10]).
According to [1] the concept of complex algebras of subsets originated
with Frobenius in the context of group theory. Any subset of a group is
refereed to as a “complex” and the complex products yield a “calculus of
complexes”. There are numerous examples of complex operations. In group
theory, for instance, any coset xN is the complex product of a singleton
{z} and a normal subgroup N. In lattice theory, the set I(L) of ideals
of any lattice (L,A,V) again forms a lattice under the set inclusion. If
(L,A,V) is distributive, then joins and meets in I(L) are precisely the



complex operations obtained from joins and meets in (L,A,V) (see [1]).
For distributive lattice (L,A,V) its lattice of ideals is a subalgebra of the
complex algebra of (L, A, V).

Complex algebras of subalgebras are closely related to complex algebras
of sets. Given an algebra (A4,(2) of type 7: — N, one may form the set
(A,Q)S or AS of non-empty subalgebras of (A4,€). This set AS may carry
an (l-algebra structure under the w-complex products

(CP) w:ASYT — AS; Ay Aprw={ar...aurw | a; € A},

for each w in Q. But in general, the family AS does not need to be closed
under complex operations. However if it is, AS is a subalgebra of the algebra
(AUS, Q). In this case, the algebra (AS,2) is called the complex algebra of
subalgebras of the algebra (A, (), or briefly the algebra of subalgebras.

In general, a class of algebras need not to be closed under power algebras.
The complex algebra of a group, for example, is not again a group [3]. This
is due to the fact that although a complex operation may preserve some of
the properties of (A, Q) it will in general not retain them all. In particular,
not all identities true in (A, Q) will be satisfied in (AUS, Q) or in (AS, Q).

In this paper we study identities satisfied in complex algebras of sub-
algebras of a given algebra. Recall that a term p is linear if no variable
symbol occurs more than once in p. An identity p = q is linear if both
terms p and ¢ are linear.

As was proved by G. Gratzer and H. Lakser, for any variety V' of Q-
algebras (A,) and algebras (AUS, ) of non-empty subsets of A, the
identities satisfied by the variety generated by {(AUS,Q)| (A,Q) in V}
are precisely the consequences of linear identities true in V. The aim of
this paper is to find a similar characterisation for varieties generated by
algebras (AS, ) of non-empty subalgebras of (A, ). We are looking for an
answer to the following question. Is it true that identities satisfied by the
variety generated by {(AS, )| (4,9) in V'} are precisely the consequences
of linear and idempotent identities true in V7 We present many examples
which confirm our conjecture and we do not find a counterexample. However
the full answer to this question is still unknown.

In Section 1 we recall a characterization of complex algebras of sets given
by G. Gratzer and H. Lakser. Section 2 is devoted to complex algebras of
subalgebras. We give a sufficient condition, called complex condition, for
the set of non-empty subalgebras of an algebra to be closed under the com-
plex products. We present examples of algebras satisfying this condition.
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We show that the complex condition is not necessary to make the set AS of
non-empty subalgebras of an algebra (A, ) closed under complex products.
In Section 3 the role of the idempotent law in complex algebras of subalge-
bras is studied. An example of idempotent algebras is mode i.e. idempotent
and entropic algebra. As was shown by A. Romanowska and J.D.H. Smith
n [10], if (A,Q) is a mode, then (AS,Q) is again a mode satisfying each
linear identity satisfied by (A,). Many examples of modes and their al-
gebras of submodes are demonstrated using this result. Moreover we show
that for a variety V' the class {(AS,Q)|(4,€) in V} is not necessarily a
variety. In the last, main Section 4 we present some (not necessarily lin-
ear) identities satisfied by the complex algebras of subalgebras in the case
varieties in question are idempotent. Some consequences of these results
are then applied to describe identities satisfied by algebras of subalgebras of
affine spaces. We show that many of the axioms defining affine spaces are
consequences of linear identities, and thus are satisfied by their algebras of
subalgebras.

The notation and terminology of the paper is similar to that in the
book [10]. We use “Polish notation” for words (terms) and operations, e.g.
instead of w(xy,...,z,) we write z...xw. Moreover, the symbol xj...z,w
means that xi,...,z, are exactly variables appearing in the word w. The
traditional notation is used in the case of groupoid words. For such words we
frequently use non-brackets notation. The cardinality of a set A is denoted
by |A|. We refer the reader to the book [10] for all undefined notions and
results.

1. COMPLEX ALGEBRAS OF SUBSETS

At first we recall some known results concerning complex algebras of sets.
It is convenient to use the following formalism. Let 1 < m < n and
let ¢ : {1,...,n} — {1,...,m}. Then from the term x;...z,p, with
x1,...,%, distinct variables, we get the term x1,...2,,p with the vari-
ables x1,...,zy by substituting x;, for z;.

Lemma 1.1 (see [3]). Given two terms p and q with variables in the set
{z1,...,xm}, there are an integer n > m, a mapping ¢ : {1,...,n} —
{1,...,m}, and linear terms p*, ¢* with variables in the set {x1,...,x,}
such that p is obtained from px and q is obtained from q* by substituting
Tip for x;. [
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If 21...x,p is a linear term, (A, Q) an algebra and Ay,..., A, subsets of
A, then the definition of complex w-product extends to

Ay...App={ar...anp | a; € A;}.

As was shown in [3], the linearity of p is essential. For example, let (A4,-) be
a groupoid which is not a left or right zero band and let xp := xx. Then, for
a subset A; of A, with more than one elements, the subset A;p is equal
to A1A1 = {ab|a,b€ A1} and not necessarily equal to {ap|a € A1} =
{aa | a € A1}. (See [3]).

For any variety V' of Q-algebras we denote by VUS the variety gen-
erated by {(AUS,Q) | (4,Q) e V}.

Proposition 1.2 (see [3]). Let V' be a variety of algebras. Then the identi-
ties satisfied by VUS are precisely those identities resulting through iden-
tification of variables from the linear identities true in V. [

Corollary 1.3 (see [3]). Let V' be a variety of algebras. Then VUS =V
if and only if V' is defined by a set of linear identities. [

Let us call a term p* a generalization of a term p if p is obtained from p* by
identification of some variables. If p* is linear, we call it a linearisation of p.
This leads to the following. If for 1 <m <n, ¢:{1,...,n} — {1,...,m}
is a mapping and x1...x,p" is any linearisation of the term 1, ... 7, p,
then for subsets Aj,..., A, of an Q- algebra (A,Q),

Al...Amp:{al...anp*|a¢EAZ¢}.

For instance, if (A,-) is a groupoid, zyp = xxy, then for subsets A; and
A2 of A
A1Azp = {anaizaz | a11,a12 € Ay, az € As}.

Using the linearisation xixoyp* = xr1x9y of p, we see that

A1Asp = {anaizazp™ | ai1,a12 € Ay, as € A} = A1 A1 Ay p™.

2. COMPLEX ALGEBRAS OF SUBALGEBRAS

If an algebra (A, ) is entropic, i.e. each operation, as a mapping from a
direct power of the algebra into the algebra, is actually a homomorphism,
then for each w in €2, the complex w-product Aj ... A,;w is a subalgebra of
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(A, Q). Consequently the set AS of non-empty subalgebras of (A, ) carries
an (2-algebra structure under the complex products, and (AS, ) is a well
defined algebra (see [10]). But note that A; ... A,;w is not a subalgebra of
(A,Q) for an arbitrary algebra (A, Q).

Example 2.1. Let (S3,0) be the permutation group of the set {1,2,3}. It
is easy to verify that

S8 = {{id},{id, (23)},{id, (13)},{id, (12)}, {id, (123), (132)},
{id, (123), (132), (23), (13), (12)}} .

But {id, (23)} o {id, (13)} = {id, (13),(23),(123)} is not a subalgebra of
(537 o)_ |

Let w bein Q and let (A1,Q),...,(Awr, Q) be subalgebras of an algebra
(A,Q). It is easy to see that Aj...A,rw is a subalgebra of (A,Q) if
and only if for each v in € and elements a;; in A; with 1 <1 < wr
and 1 < j < vr, there are elements a; in Aj,...,a,; in A,; such that
A1 .- Qurl W .o vn .. Glyr - - - Qurpr WU = @y . .. G, w. This suggests the follow-
ing definition.

Definition 2.2. An algebra (A, Q) satisfies the complex condition if for each
pair (w,v) in Q x €, there exist terms t1,..., %, such that the following
identities hold in (A, Q)

11 - - Lrl W Tiuvt - -« Lyror WU
(CC)
= Yi1..--Y1 kltl ------ Yorl - - yw’rkw-rtwr w,
with {vi1,..., Yk, } asubset of {x;1,..., 2} foreach i =1,... wr.

A wvariety V' of Q-algebras (A, Q) satisfies the complex condition if for
each pair (w,v) in Q x Q, there exist Q-words t1,...,t,; such that the
identities (CC) hold in each algebra (A4, ) in the variety V. |

Lemma 2.3. The complex condition (CC) is sufficient to make the set
AS of non-empty subalgebras of an algebra (A,2) closed under the complex
w-products for all w in €.

Proof. Let an algebra (A,Q) satisfy the condition (CC). For an op-
eration w in €2, consider the complex w-product A;...A,rw of ele-
ments Ai,...,A,r of AS. Clearly Aj...A,rw is non-empty. It is
a subalgebra of (A,Q), since for each operation v in €, there exist
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terms 11,...,t,r such that for elements a;; of A; with 1 < ¢ <
wt,1 < j <wvr and corresponding subsets {bi1,..., b, } of {ai1,...,aivr},
aj] ... Qurl1W...... AQlyr - - - AuroT u)U:bH e b1 k1 tl ...... boJ‘rl e bu.JTk‘w— tu_”- w,
isin Ay... A, w. [

Thus, if an algebra (A, Q) satisfies (CC), then (AS,(2) is a subalgebra of
(AUS, Q).

Example 2.4. Let (G, -) be a groupoid which satisfies the entropic identity
xy -2y =xx’ - yy.

Then, the complex condition is satisfied in (G,-) with terms ¢; = z2’ and
to = yy'. |

Example 2.4 may be generalised as follows.

Example 2.5. According to [10] the property of entropicity of an algebra
(A,Q) may be expressed algebraically by means of the linear identities

Tl Torl W e e e Tlor - - - Toror WU

that are satisfied for all operations w and v in 2. It is easy to see that
entropic law is a special case of the complex condition, where each term ¢;
is equal ;1 ... Tipv. [ |

Example 2.6. Let (G,-) be a groupoid, which satisfies any one of the
following identities:
(i) zy-2'y =2 yy';
(i) zy- 2"y’ = 22" (yy - yy);
(iii) ay -2’y = 2Fx - yyP.
Then (G, -) satisfies the condition (CC). |

Example 2.7 (see [5] and [10]. Let (S,:) be a semigroup which satisfies
any one of the following identities:

(i) wyz'y' = xa'yy’;

(ii) zya'y’ = z2'y;

(i) ayx'y = xzzxy.
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Clearly (S,-) satisfies the complex condition. [

Example 2.8 (see [8]). Let (A,p) be an algebra with one n-ary operation
which satisfies the diagonal identity:

11+ -XIipP-ee.-. Inl. - - TpynPP=T11-.-TpnpP.

Obviously, the algebra (A,p) satisfies the complex condition, where each
term ¢; is a variable.

Note, that also z11...zp1p...... Tin- - TunD P =T11-.. TpnP-
So the algebra (A, p) satisfies the entropic law. [ |

Example 2.9. There is a well known necessary and sufficient condition to
make the set of non-empty subgroups of a group closed under the complex
products. It was shown, e.g., in [15], that if (Gy,-,”!) and (Gg,-,”!) are
subgroups of a group (G,-,71), then G1Gs is a subgroup of (G,-,~!) if
and only if G1Gy = G2G; . In particular, abelian groups are closed under
the complex products. Obviously, every abelian group (G, -,~!) satisfies the
condition (CC), because it satisfies the identities:

zy -2’y =aa’ - yy,

(o) =2ty

But, by Example 2.1. this is not longer true for non-abelian groups. [

Now we will show that the complex condition (CC) is not necessary to make
the set AS of non-empty subalgebras of an algebra (A4, 2) closed under the
complex products.

Example 2.10. Let (G,-) be a four element non-idempotent groupoid,
with the following multiplication table:

S0 O O
L O o o|c
OO O OO0
QO QX

Q o o

It is easy to check that {c}, {d}, {¢d}, {a,c}, {b,c}, {a,b,c} and
{a,b,c,d} are all subgroupoids of (G,-) and by the following table
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{c} {d} {c,d} H{a,c} {b,c} {a,b,c} {a,b,c,d}

{c} {ct {c} {c} {c} {c} {c} {c}
{d} {c} {d} {e,d} {b,e} {a,c} {a,b,c} {a,b,c,d}
{c,d} {c¢} A{e,d} AHe,d}  {b,c} A{a,c} {a,b,c} {a,b,c,d}
{a,c} {c¢} Aedt {cd} A{c} {c} {c} {c, d}
{b, ¢} {ct Aedt A{cdy  A{c} {c} {c} {c. d}
{a;b,c} | {c} A{e,d}  A{c,d}  {c} {c} {c} {c,d}
{a,b,c,d} | {c} {e,d} A{c,d} {b,c} {a,¢} {a,b,c} {a,b,c d}

the set GS of subalgebras of (G,-) is closed under the complex --product.
However this algebra does not satisfy the condition (CC). Suppose that
there exist terms ¢; and ¢y such that the following identity holds in (G, -)

(2.11) T11T21 * T12T22 = Y11Y12 L1 - Y21Y22 L2,
with {vi1,yi2} a subset of {x;1, 2,2} for each i=1,2.

A simple case analysis establishes that the free algebra on two genera-
tors x and y in the variety generated by the groupoid (G, -) consists of 15

elements: x,y,zy, yr, r2, Yy, T+ TY, T YT,y YT,y TY, Yy T, TT Y, TTTY, Yy
YT, TY « TX.

Let zyt and zys denote terms different from z and y in the free
algebra on two generators x and ¥ in the variety generated by the groupoid
(G,-). Tt is easy to see that for z11 = a, x21 = d, 12 =b and w99 = d,

1121 * 12922 = ad - bd 75 abt-d =c= 1'11:E12t * 21,

1121 * 12922 = ad - bd 75 abt -d =c= .%‘11:L‘12t +L929,

11221 - T19T22 = ad - bd # abt - dds = ¢ = x11212t + T21T92 S.
Additionally, for x17 = 91 = x99 = d and 12 = ¢

1121 * 12922 = dd-cd=c 75 d-dds =d= T11 21722 S,

and for 11 =c and z91 = T12 = x99 = d

11721 - £12X922 — cd-dd=rc 7& d-dds =d = 12 * T21X922S.
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Finally, substitutions as below give the following

11721 - T12T22 = dd - c¢d = ¢ # dd = d = x11791,
T11%91 - T12T22 = dd - cd = ¢ # dd = d = w11792,
11021 - T12T22 = cd - dd = ¢ # dd = d = x12791,
T11T21 - T19T99 = cd - dd = ¢ # dd = d = x12x20.

So there exist no terms ¢; and 3 such that the identity (2.11) holds in
(Ga ) u

Example 2.12 (see [11]). Let (L,-) be a left zero semigroup and let (L', -)
denote the semigroup obtained from (L,-) by adjoining an identity element
1 such that 1-1=1 and foreach [ in L,1-l=1-1=1.

Now note that although (L,-) itself is entropic, (L',-) is not if L has
at least two distinct elements [ and m. Indeed, (1-1)-(m-1)=1#m =
(L-m)-(l-1).

Note moreover that subsemigroups of (L',-) are exactly the subsets
of L'. Hence the set of subsemigroups of (L’,-) is closed under the complex
product. But, similar arguments as in example 2.10 show that the algebra
(L',-) does not satisfy the complex condition. [ ]

3. IDEMPOTENT LAW AND MODES OF SUBMODES

An algebra (A,€) is idempotent if each singleton is a subalgebra, i.e. the
identity xz...xw = x is satisfied in (A4,Q) for each operation w in €.
The idempotent law plays a special role in complex algebras of subalge-
bras. It was shown in [10] that if (A,§) is idempotent and entropic,
then (AS,Q) satisfies idempotent law, too. In fact, if (A4,§) is idem-
potent and AS is a subalgebra of (AUS, ), then (AS,Q) is idempotent,
too. Indeed, for a non-empty subalgebra (S,) of (A4,Q) and w in €,
S...Sw = {s1...spw]|s; €S} C S. Conversely, since (4,£) is idempo-
tent, S ={s|se S} ={s...sw|se€ S} CS...Sw, whence S...Sw =S
and we have the idempotence of (AS, Q).

Let V' be a variety of idempotent (2-algebras (A4, () such that AS is
a subalgebra of (AUS, ). Let V.S be the variety generated by the class
{(AS,92) ] (A,Q) € V}. Since algebras of one-element subalgebras of alge-
brasin V satisfy exactly the identities true in V, it follows that V. C V.S C
VUS. The following example shows that the class {(AS,Q) | (4,Q) € V'}

is not necessarily a variety.
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Example 3.1. Let Lz be the variety of left zero bands, i.e. the vari-
ety of semigroups defined by the identity xy = x. We will show that the
class {(AS,-) | (A,-) € Lz} is closed neither under subalgebras, nor under
products, nor under homomorphic images.

Let (A,-) = ({a1,a2},-) and (B,:) = ({b1,b2},-) be two element left
zero bands. Then AS = {{a1},{az2},{a1,a2}}, BS = {{b1},{b2},{b1,b2}}
and |AS x BS| =9.

Note that ({{ai},{a2}}, ) is a subalgebra of (AS,-). However
({{a1},{a2}}, ) cannot be a complex algebra of subalgebras of some left
zero band (C,-) because such an algebra must contain as its element the
whole algebra (C,-) as well.

Note that for each left zero band (C,-) with |C| = n, the set C'S is
equal to the set of all non-empty subsets of C, and hence |C'S| =2" —1. So
there is no algebra (C,-) in Lz, such that |[ASx BS| = |CS|. Consequently,
(AS x BS,-) cannot be a complex algebra of subalgebras of some left zero
band. Finally, let us define a mapping

hi AS — BS:{ar} = {b1}, {az} = {ba}. {ar,az} — {bi}.

It is easy to see, that h is an Lz-homomorphism and ASh = {{b1}, {b2}}.
But, as was observed above the algebra ({{b1},{b2}},-) cannot be a com-
plex algebra of subalgebras of some left- zero band. |

One of the more important examples of idempotent algebras satisfying com-
plex condition is given by modes (i.e. idempotent and entropic algebras).
The following property of complex algebras of modes was given in [10].

Proposition 3.2 (see [10]). If (A,Q) is a mode, then (AS,Q) is again a
mode satisfying each linear identity satisfied by (A, ). [ |

Example 3.3. Semigroup modes are normal bands (see [5], [10]). Since the
variety of normal bands is specified by idempotent and linear identities, it
follows that for each normal band (A4, -), the algebra (AS,-) also lies in this
variety. The same is true for any subvariety of this variety, in particular for
varieties of semilattices, left and right-zero bands, rectangular bands, and
left and right normal bands. [

Example 3.4. Let (L,-) be a differential or LI R-groupoid (see, e.g., [9],
[12]), i.e. a groupoid mode satisfying the following reduction law

T yz = xY.



IDENTITIES FOR CLASSES OF ALGEBRAS CLOSED ... 11

By Proposition 3.2. the algebra (LS, ) is a LI R-groupoid, too. |

Example 3.5. A commutative groupoid mode (see [6], [13]) is a mode (C, -)
satisfying the following commutative law

TY = Yx.

Because the above identity is linear, the algebra (C'S,-) is also a commuta-
tive groupoid mode. [

Let E be a vector space over a field F. Let F denote the set {r | r € F'} of
binary operations r on E givenby r : ExXE — E; (z,y) — (1=1)z+ry.
The algebra (E, F) is a mode ([10]).

Example 3.6. For a vector space F over the field IR of real numbers,
the subalgebras of (E,IR) are the affine subspaces of E and the algebra
(ES,R) is the mode of affine subspaces of the space E (see [10]). A more
general case will be considered in Example 4.9. [

Note that it is not always the case that non-empty subalgebras of (E, F),
for an arbitrary field F', are affine subspaces of E. For example, if F =
GF(2), the Galois field of order 2, then the binary operations r are just the
projections, and every subset of E is a subalgebra of (E,F).

Example 3.7. Let I° be the open unit interval in the set IR of real
numbers (the interior of the closed unit interval [0,1]). One of the most
important varieties of modes is the variety of barycentric algebras (A, I°),
the smallest variety containing all convex subsets of real affine spaces. The
variety of barycentric algebras is defined by the

idempotence

rIp = T,

skew commutativity
zyp = yx(1l — p),

and skew associativity

zypzq =zyz(q¢/(1 - (1 -p)(1—-¢)) (1 -1 -p)(A—q)),

for all p and ¢ in I°.
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The skew commutativity and skew associativity are linear identities, so if
(A, I°) is a barycentric algebra, then so is (AS,I°) (see [10], p. 215). =

Finally, observe that the algebra (AS, ) may be a mode even if (4,) is

not.

Example 3.8. Let (G,-,”!) be an abelian group defined as an inverse
semigroup satisfying the following identities:

TY -z =Yz,

Y = yx,

y lyr =2 =ayy !,
zx~l = yy_l.

By Example 2.9, the abelian group (G,-,~!) satisfies the condition (CC).
By Lemma 2.3, the set GS is closed under complex multiplication and
inversion. Let (G1,-,7%), (Ga2,-,71), (G3,-,7') and (Gy4,-,!) be arbitrary
subgroups of (G,-,~1). It is easy to see that
Gyl o= {971196G1}§G1={9|9€Gl}
= {(9_1)_1 lg€ Gl} C {h‘l | h e Gl} et

and

GiG1 = {9919,9€ G} C G
= {glgeGy={oy NgyeG}CtiGr

Hence we have
-1
Gl - Gl,

and

G1G1 = Gi.

Consequently, complex multiplication and inversion are idempotent opera-
tions. Moreover

(G1Go)™' = {(9192)71 | g1 € G1,92 € GQ}

= {9f19§1 | g1 € G1, 92 € Gz} =GrlGy!
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and since commutativity and associativity are linear identities, it follows
that
G1G2G3Gy = G1G3GoGy.

Hence (GS,-,~!) is an entropic algebra and consequently is a mode. [

Let (A,Q) be an Q-algebra. Note, that for a non-empty subalgebra (5, €2)
of (A,Q) and for any w in Q

S...Sw={s1...spw|s; €8} CS.

The inverse inclusion S C S... Sw is satisfied if for each s in S and for each
w in € there exist s1,...,s, in S such that s = s1...s,w. In particular
this is true for idempotent algebras.

Example 3.9. Let (G, f,1) be an algebra with one n-ary operation f and
one nullary operation 1, satisfying at least one of the following identities:

z1... 1f=2, lzl... 1f =2,...,111... laf = x.

Then for a subalgebra (S, f,1) of (G, f,1) and for each element s in S,
s =1.s.1f isin S..Sf. It means that S C S...5f and consequently
(GS, f) is an idempotent algebra. |

Example 3.10. A groupoid (Q,-) is said to be a quasigroup if, in the
equation zy = z, knowledge of any two of x,y, z specifies the third uniquely.
It means that for each a in @ the left multiplication L, : Q — Q; b—a-b
and the right multiplication R, : QQ — Q; b+ b-a are bijections.

A quasigroup may also be defined as an algebra (Q,-,/,\) with three
binary operations satisfying the following identities:

(zy)/y =z = (z/y)y,

r\(vy) =y = z(x\y).

Each non-empty subalgebra (5,-,/,\) of (@,-,/,\) is a quasigroup and for
each s in s there exist ¢ and b in s such that s = L,(b) = a-b. Hence s
is in S-S. It follows that the groupoid (@S,-) is an idempotent algebra. m
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4. IDENTITIES IN COMPLEX ALGEBRAS OF SUBALGEBRAS

Let us assume that each variety V' considered in this section is a variety of
Q-algebras (A, () such that AS is a subalgebra of (AUS, 2). For example
V may be a variety of {2-algebras which satisfies the complex condition.

It is easy to see that if a variety V is defined by a set of linear identities,
then VS C V. As was noticed in Section 3, that for a variety V of
idempotent (-algebras we have V' C V'S. Hence by Proposition 3.2, for
the variety M of all modes of a given type, MS = M. The variety of
commutative binary modes, the variety of LI R-groupoids, all varieties of
normal semigroups also have this property.

The following examples show that there exist varieties V' such that the
inclusion V.S C V' does not hold.

Example 4.1 (cf. 3.10). Let QM be the variety of quasigroup modes and
(Q,-,/,\) bein QM. Then for each ¢ in Q, @ and {q} are subalgebras
of (Q,-,/,\). Because for each ¢ in @ the right multiplication R,Q — Q;
a — a-q is a bijection, the set {ag|a € Q} is equal to Q. On the other
hand, for each ¢ in Q, Q- {q} ={aq | a €@} = Q. Hence (QS,-,/,\)
cannot be a quasigroup, since the left multiplication Lg : QS — @S
P — QP is not a bijection. [

Example 4.2. Let S be the variety of symmetric groupoid modes (see
[14]), i.e. the variety of binary modes defined by the symmetric identity

(S) ry® = 1.

Note that for an S-groupoid (G,-), the groupoid (GS,-) does not nec-
essarily satisfy the symmetric identity (S). Indeed, consider the groupoid
(Z4,-) = (Z4,2) (see Example 3.5). In (Z4S,-) we have ({0}-{0,1,2,3})-
{0717273} = {072} {0717273} = {072} 7é {0} u
As was shown by G. Grétzer and H. Lakser [3], linear identities true in V'

are satisfied by VUS. Since, the variety V.S is a subvariety of VUS,
linear identities true in V' are also satisfied by V' S.

Example 4.3. Let (L',-) be the algebra defined in Example 2.12. Because
each subset of L’ is a subalgebra of (L’,-), then by Proposition 1.2 each
identity satisfied by (L'S,-) is a consequence of a linear identity true in

(L,-). n
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Let V' be a variety of idempotent 2-algebras. Now we will describe certain
non-linear identities satisfied by V S-algebras which are consequences of
non-linear identities true in V.

Let @11.. %1k - T01 - iy T(141)1 - - T4 D) kyyy -+ Tl - - . Znk,p" and
L1 -T(Tptl ---Tnir qF be linear Q-terms. Let for each 1 < ¢ < [ and
n+1<i¢<n+r ...z ¢ bean Q-term. By substituting ;1 ...z, ¢
for x; in the term ¢* we obtain the following Q-term g¢:

X11 -+ - Llky ---Li1 -+ - xlklx(n+1)1 ce x(n+1)kn+1 .. .x(n+r)1 .. .x(n+r)kn+rq =
=211+ - L1k G1 - - - L1 - - - Tl AT (n4-1)1 -+ - L(nA1)kpr1dn+1--

L(n+r)l - - - L(n+r)kpqr dntr q.

Let us consider the following equation

*
(4.4) 11+ - T1ky ---Ly1 -+ - xlklx(lJrl)l .. .x(l+1)kl+1 .. Tpl .- Tk, P

=211 -T1ky ---Li1 -+ - xlklm(n+1)1 ‘e x(n+1)kn+1 e .$(n+7n)1 e 'm(n—i-r)k’n_..rq

Note that if for at least one i with 1 <i <[, n4+1<i<n+4+r, ¢ isa
non-linear term then (4.4.) is not linear, either.
Let p be the following -term:

TY T - T = T L LTI T TP

k1— tzmee kj— tzmes 1+1— tzmes k tzmes

By substituting x; for x;i,...,z, in (4.4.) and then by idempotency we
obtain the equation

*

1... Li41.- - Tpp = 1’1 il?l SR S R 1 SR - Tnp
1 Z'Lmes l— times +1— tzmes n tzmes:
(4.5) = *
: =Z1...2141---Lp...2] Qan—H - Tp+1Gn+1 - xn—i—r - ntr dn+rd
k1— “times klftzmes n+1—tzme Epgr— ‘times

*
=Z1...2[Tp+1 - - Tp+rq .

If there is at least one ¢ with 1 < i < n and k; > 2, then (4.5) is a
non-linear equation.
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Proposition 4.6. Let (A,Q) be a V-algebra satisfying the identity (4.4.)
for some linear Q-term TAL e Tk - DL DU T - - T Dy - - -
S Tpl .. Tk, D, with ky > 2 for 1 <1 <mn, and Q-term

11 .- Tiky --- 211+~ xlklx(n_’_l)l oo x(n+1)kn+1 cee x(n—&-r)l cee :U(n-&-?“)knJrrq =
= L1l - L1 L - - X1 - - - DU AL (n+1)1 + - - T(n4+1)kpy19nt+1 - - -

< Tntr)l - T(ntr)kpr Antr q,

where Ty ... X Tyt - Tntr ¢ 18 a linear term and for 1 < i <1 and n+1 <
t<n+r, Ti... Tk, ¢ are Q-terms such that at least one of them is non-
linear. Then the algebra (AS,Q) satisfies the identity (4.5).

Note that (4.5) is a non-linear consequence of a non-linear identity.

Proof. For 1 <i<n+r,let (A;,Q) be subalgebras of (A,). Then

Al---AlAl+1--~Anp:14k1--~A1---Al--~AlAlt1-~-Al+1--~An---Anp*

1—times kj—times l+1—times n—times

arl ...k ---Q11 - alkla(l+1)1 e a(l+1)kl+1 ce.Qpl .-Gk, p* | Aij S Az}

ail ... a1k q1---ap - - - A QI0n+11 - - - a(n+1)kn+1qn+1 e

— = =

- Q(pgr)l - - a(n+r)kn+rq*| aij € Al} C A;.. .AlAnJrl .. .An+r q*,

because for each 1 <i <l and n+1<i<n+7r, a;j1...a;k,q isin A;.

On the other hand, since for V-algebras (4.4) implies (4.5), one has
Aq .. ~AlAn+1 .. ~An+r q* = {a1 S e 7o Y s PN q* ‘ a; € Az}

:{al...alal+1...anp | aiEAi}g Al...AlAH_l...Anp.

Hence Aj... AjAi11... App = A1 . AjlApt1 ... Apgr ¢ and (4.5) is satis-
fied in (AS, Q). [ |

The next results are based on the following Proposition.

Proposition 4.7. Let V' be a variety of idempotent Q-algebras. Let
Tl XYTa] - - TpD aNd T ... XyTpyl - - - Tnyrq be Q-terms and let p=q hold
i VS. Then there are Q-terms p and q* such that:

(i) p is a generalisation of p;

(ii) ¢* is a linearisation of q;
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(iii) p=q* holds in V;
(iv) p=gq is a consequence of p = q*.

Proof. Let X be a countable infinite set of variables and Fy (X) be the
free V-algebra over X. Let z11... 21k -+ Zi1 -+ Ty T(a41)1 - - - T4 Vi - - -
. Tpl... Tpg,p* be a linearisation of the term p and z11 ... 214, ... 251 ...

< T .’E(n+1)1 .o 'x(n+1)kn+l e x(n+r)1 cen w(n+r)kn+Tq* be a linearisation of
the term ¢, such that p is obtain from p* and ¢ is obtain from ¢* by
substituting x; for x;i,..., 2, with 1 <4 < n+r. Such terms p* and
q* exist by Lemma 1.1.

Let (F;,Q2) be the subalgebra of Fy(X) generated by the set
{z;j € X|j=1,...,ki}. Note that all these subalgebras are non empty
and pairwise disjoint.

Obviously the element

*
b=211. 1y T Ty Tt D)1 - - Lt Dkngr -+ T(ngr)] -+ T(ntr)hnsr 4

belongs to the set

By P B By Fag By By

k1 —times k1—times nt1—times n4r—times

=F...F\Fyi1...FyprqFy .. . EFi ... Fop =
FlFlF}F} l+1---ﬂ+1---Fn---an*

k1 —times k1—times kj4q—times knp—times
= {bll‘--blkl '”bll---blklb(lJrl)l‘--b(l+1)kl+1 --'bnl‘--bnknp*’
bij eF,i=1,...,n, jzl,,k‘z}

So the element b is in the subalgebra Fj...FjFj41...F,p and

b= b11 oo blkl oo bll cee blklb(l+1)l oo b(l+1)kl+1 cee bnl oo bnkn p*, where bij =
Yil - - - Yimg; i for some terms t;; with y;1,...,y; mij & subset of x;1,..., %,
foreach i =1,...,nand j=1,..., k;. It follows that the identity

Y11 -+ Ylm FYIL - Yimaa 12 - - Ynd - - Y, bk, P

*
=x11.--L1kq---Li1-- 'mlk1$(n+1)1 .o '$(n+1)kn+1 .o '$(n+r)1 .o ':'E(n+7')kn+r q

holds in V.

Let ]5 be the term Y11 - - - ylmntllyll e y1m12t12 oo Ynl - ?Jnmnkn tnkn p*.
Observe, that p is a generalization of p, because by substituting x; for
Ti1,%i2, ..., %k, for each 1 <i <mn in p, we obtain
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ES
r1...21 tuxl...xl t12...l‘n....’L'_n tnknp

myq—times mig—times Mpkn —times

k
=T1...T1..Tp...Tpp = X1...Tpp-

k1—times kn—times

It is clear that the identity p = ¢ is a consequence of p = ¢*. This completes
the proof of the Proposition. [

Note that the term p in Proposition 4.7. may not be linear because {)-terms
t;; do not need to be linear. But, if ¢;; are linear for each i =1,...,n and
j=1,..., k;, then the identity

Y11 - Yl FYIL -+ Yimgnt12 - - Ynd -+ - Yrmg,, Enky P

E3
=x11...-21 ki - - Xy .Z'lklx(n+1)1 .. .x(n_H) Eni1 - x(n+r)1 e x(n+r) kn+r q

is linear. Hence in this case the identity p = ¢ is a consequence of a linear
identity satisfied in V.

We denote by var(q) the set of all variables occurring in g. As a corollary
of Proposition 4.7. we get the following.

Corollary 4.8. Let V' be a variety of idempotent Q-algebras. Let
T1.. X141 .- - Tpp be an Q-term and x1...21%Tp41 ... Tnarq™ be a linear
Q-term. Let p = ¢* be an identity true in V.S. Then there are Q-terms
D5 q1y - QL Qntls - - - s Qnir Such that:

(i) p* is a linearisation of p;

(i) var(g;) Nvar(g;) =0 for each 1 <i,j <landn+1<1i,j<n+r,
i FJ;

(iii) if q 1is obtained from ¢* by substituting q; for x; where 1 <1i <1
and n+1<i<n+r, then p* =q holds in V;

(iv) p=q* is a consequence of p* = q.

Proof.Let X be a countable infinite set of variables and let Fy/(X) be the
free V-algebra over X. Let z11... 21k - T11 -+ Ty T(a41)1 - - - T(A4Dkpys - - -
... Tpl...Tpk,p" be a linearisation of p, such that p is obtained from p*
by substituting z; for xj,...,zy, with 1 < i < n. Let (F;,Q) be the
subalgebra of Fy (X) generated by the set {z;; € X |j=1,...,k;}, asin
Proposition 4.7. Then
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Fy...FFyy1...Foprg* =Fy...FF 11 ... Fop

*
= {an Qg - Q1 - alkla(Hl)l ‘e a(l+1)kl+l c..0nl ... 0n+k, P ’

aij € Fi,i=1,...,n, j= 1,...,/%'}.

Moreover  the element z11...%1k - 211 - T T41)1 - T4 1)kpyy - - -
. Tpl ... Tnk, D" belongs to the set Fy...FiFn4y... Fpirg®. Thus

TIL oo Dy - T DUy DAL - - Tl 1)y -+ Tl - - Tnky D

== b]_ e blbn+1 e bn+rq*,

where for each 1 < i <l and n+1<¢<n+7r, b =y1...Yimq for
some terms ¢; with {y;1,...,¥im,} a subset of {xi1,..., 2z, }. So for each
1<i<land n+1<i<n+r, b isin (F;,Q). Because the sets F; are
pairwise disjoint, var(g;) Nvar(g;) =0, for 1 <i <!l and n+1<i<n+r.

|

Note, that if for each 1 <¢ <[ and n+1 <7 <n+r, terms ¢; are linear
then the identity p* = ¢ is also linear.

Proposition 4.7 and Corollary 4.8 do not give an effective way to decide
whether an identity p = g true in V.S is a consequence of linear and
idempotent identities satisfied in V. However they may provide a good
tool to find an identity satisfied in V' such that the identity p = ¢ is its
consequence.

Example 4.9. Let R be a commutative ring with unity and let (E, +, R)
be a module over R. For each element r of R, define a binary operation
by

r:ExE—E;, (x,y)— (1—r)z+ry,

and the Mal’cev operation P by
P:ExExE~—E; (x,y,2)—x—y-+z.

Then the algebra (E, R, P), with the ternary operation P and the set
R = {r|r € R} of binary operations, has as its derived operations (those
obtained from successive compositions of the basic operations P and r
for r in R) precisely the affine combinations rixi + rozo + ... + rpzy,

with 71 + 79 + ... +r, = 1 of elements z1,z9,...,2, of E. The set
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E together with all the idempotent term operations (considered as fun-
damental) is called the full idempotent reduct of the R-module (E,+,R)
([17]). Tt follows that the algebra (F, R, P) is equivalent to the full idempo-
tent reduct (E,{rix1 +rowo + ...+ rpxy | 11,72, ... ,rn € Ry >0 = 1})
of the module (E,+, R). Note that the algebra (E,R,P) has the affine group
as its group of automorphisms, and may thus be identified with the affine
geometry ([7]). Carrying out this identification, we will refer to the algebra
(E,R, P) as an affine space over R or an affine R-space. (Note, however,
that such algebras have also been called affine modules).

It is well known that the class of affine spaces over a commutative ring
r with unity is a variety. According to [10], this variety is equivalent to the
variety R of Mal’cev modes (E, R, P), algebras with the ternary Mal'cev
operation P and one binary operation r for each r in R, satisfying the
identities defining modes and for all p, g, r in r the identities:

(A2)  zypwyq r = wypqr,
(A3) wypryqwyr P = xypgr P,
(Ad) zy0=yxl==x. |

The algebra (ES, R, P) is again a mode satisfying each linear identity sat-
isfied by (E, R, P). In general the algebra (ES, R, P) is not an affine space.

Note that the identity (A4) is linear. Hence it is clearly satisfied in the
variety RS. We will show that for some p,q, 7 in R the identities (A1) —
(A3) are also satisfied in the variety RS. First we will prove the following
lemma.

Lemma 4.10. Suppose that for some p, q, v in R, the identity (A2) is
satisfied in RS. Then the identity (A2) is a consequence of a linear identity
satisfied in R.

Proof. To prove the lemma we will use a similar method as in the proof of
Proposition 4.7. Let Z = {z1,x2,y1,y2} be a set of variables and Fr(Z)
be the free R-algebra over Z. Note that the term N

T1T2y1yet” = T1Y1PT2Y2qT

is a linearisation of the term zyt = xypxyqr, where t is obtained from t*
by substituting x for 1 and z2 and y for y; and ys.
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Let (A1, R, P) be the subalgebra of Fr(Z) generated by the set {z1,x2}
and (Ag, R, P) be the subalgebra of Fg(Z) generated by the set {y1, y2}-

If for some p, ¢, r in R, (A2) is satisfied in RS, then sets AjAyt =
A1 A1AxAst™ and A Aopqr are equal. Then obviously the element b =

r12x2y1yot™ belongs to the set
Ay Agpqr = {alaggﬂ |ay € Ay, ag € Ag}.

Hence b = ajagpqr, where a; = z129t1 and az = y1yalo for some term
t1 in (A1,R,P) and term ty in (Ag, R, P). Recall that all binary term
operations of (E, R, P) have the form wzx; + (1 — w)zs, for some w in R.
This implies that there are w and v in r such that the following identity

(4.11) T1TWY1Y2UPr = T1T2Y1Y2t” = T1Y1PT2Y2qr

holds in R. Consequently, if for some p, ¢, 7 in R, (A2) is satisfied in RS,
then it is a consequence of the linear identity (4.11) satisfied in R. [ ]

Corollary 4.12. For p, q, r in R such that (1 — r)p + rq) and
(1= (1—7)p—rq) are invertible, the identity (A2) is satisfied in RS.

Proof. Note that for any R-algebra (A,R,P) and x1,%2,y1,y2 in a
rrzawyiyopqr = (1 —p(l —7) —qr)(1 —w)xy + (1 — p(1 — r) — gr)wzs
+(p(1 =7) +¢qr)(1 —v)y1 + (p(1 — ) + gr)vys and

r1y1proyeqr = (1 —r)(1 = p)z1 + (1 — q)ae + (1 — 7)py1 + rqye.

If (1—-r)p+rqg and 1 — ((1 —r)p+ rq) are invertible in R, then for
w=(1-q)r(1—p(1—7r)—qr)~! and v=qgr(p(1 —r)+qr)~! the identity
(4.11) is satisfied in R. It follows that for invertible ((1 — r)p + r¢) and

(1—=((1=7r)+rq)), (A2) is a consequence of the linear identity (4.11) and
consequently, it is satisfied in RS. [

Lemma 4.13. Suppose that for some p, q, r in R, the identity (A3) is
satisfied in RS. Then the identity (A3) is a consequence of a non-linear
identity of the type (4.4) satisfied in R.

Proof. Let Z = {x1,22,23,91,Yy2,y3} be a set of variables and Fr(Z) be
the free R-algebra over Z. Note that the term a

T122w3Y1Y2y3l” = T1Y1pT2y2qT3Y3r P
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is a linearisation of the term xyt := wypxyqryrP, where t is obtained
from t* by substituting = for x1, o and x3 and y for y;, yo and ys.

Let (Ai,R,P) be the subalgebra of Fr(Z) generated by the set
{1, z2, x3} and (A, R, P) be the subalgebra of Fr(Z) generated by the
set {y1, Y2, Y3}

If for some p, ¢, v in R, (A3) is satisfied in RS, then sets AjAst =
A1A1A1 A3 A5 Aot™ and A1 AspqrP are equal. Theﬁobviously the element
b = z1xox3y1Y2yst™ belongs to the set

A1 AspgrP = {alagpqrp la; € Ay, ag € Ag} .

Hence b = ajaspqrP, where a; = xixoxst; and ag = y1yoyste for some
term ¢; in (A1, R, P) and term t9 in (A, R, P). Recall that all ternary
term operations of (F, R, P) have the form, for some p; and py in R. This
implies that there are 1, ro, s1, so in 7 such that the following identity

31103030272 PY3y181Y3Y3yese Ppqr P = x1y1proy2qrsysr P

holds in R.
Let
T1T2T3Y1Y2Y3P” = T1Y1PT2Y2qT3Yy3r P,
T1T2w3q1 1= T3T1712373T2r2 P,
Y1Y2Y392 = Y3y151Y3ysy252 P
and

xyq* = xypqrP.
Then, if for some p, ¢, r in R, (A3) is satisfied in RS, then it is a conse-
quence of the non- linear identity

(4-14) 3319629632112/221317* = $1$2$3Q1y1y2y3%q*
satisfied in L. ]

Corollary 4.15. For p, q, v in R such that (p—q+r) and (1—p+q—r)
are invertible, the identity (A3) is satisfied in RS.

Proof. Now note that for any R-algebra (A, R,P) and w1, z2, 3, y1,
Y2, Y3 in A

T1T203Y1Y2Y3p” = T1Y1PT2y2qx3y3r P

=1-plxr— 1 —q)z2+ (1 —7r)x3+py1 — qy2 + Y3
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and
T1T2T3q1Y1Y2Y302q" = 3211123832272 PYy3y151y3y3y2s2 Ppqr P
=1 -ptqg-—r)nz1+ (A -—p+qg—r)roze+(1—p+q—r)(1 —r —r2)as+

+p—qg+r)siyi+(p—q+7r)say2+ (p—q+7)(1 — 51— s52)y3.

If (p—q+7r) and (1 —p+ g —r) are invertible in R, then for r; =
(1-p)A—p+g—7)"" ro=-(1-)(1—p+g—7)"" s1=pp—q+r)~"
and so = —q(p — q¢+7)~! the identity (4.14.) is satisfied in R.

By substituting x for z1, z9 and z3 and y for i, 7;2 and y3 in
(4.14) we obtain the identity (A3). Hence for invertible (p — ¢ + r) and
(1—-p+q—r), (A3) is a consequence of the non-linear identity (4.14) of the
type (4.4) true in R. By Proposition 4.6. the identity (A3) is also satisfied
in RS. [ ]

Now we are left with the following question. Is the identity (4.14) a conse-
quence of some linear identity true in R?

Lemma 4.16. Suppose that the identity (A1) is satisfied in RS. Then the
identity (A1) is a consequence of a linear identity satisfied in R.

Proof. Let Z = {z1,z2,y} be a set of variables and Fr(Z) be the free
R-algebra over Z. Note that the term a

T1woyt™ = x1yxo P

is a linearisation of the term zyt := zyx P, where t is obtained from t* by
substituting x for x; and xs.

Let (A,R,P) be the subalgebra of Fpr(Z) generated by the set
{1, z2} and (y, R, P) be one element subalgebra of Fg(Z).

If the identity (A1) is satisfied in RS, then sets Ayt = AAyt* and yA2
are equal. Then obviously the element b = xixoyt™ belongs to the set

{y}A2 = {ya2 [a € A}.

Hence b = ya2, where a = z1x2s for some term s in (A, R, P). This implies
that there is r in R such that the following identity

(4.17) r1yxo P = yri120r2

holds in R. Consequently, if (A1) is satisfied in RS, then it is a consequence
of the linear identity (4.17) satisfied in R. n
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Corollary 4.18. If the element 2 of a ring r is invertible, the identity
(A1) is satisfied in RS.
Proof. 1t is easy to see, that for any R-algebra (A, R,P) and x1,x2,y
in A

T1yre P = 21 — Y + 22

and
yr1zor2 = 2(1 — r)xy + 2rey — y.

If 2 is invertible in R, then for r = 27! the identity (4.17) is satisfied in R.
It follows that for invertible 2, (A1) is a consequence of the linear identity
(4.17) and consequently it is satisfied in RS.

As was shown in [10], (see p. 256) if the element 2 of a ring R is invertible,
the identities (A1) - (A4) for R may be reduced to (A2) and (A4). Conse-
quently, for p, ¢, 7 and 2in R such that (1—r)p+rq), (1—(1—r)p—rq)
and 2 are invertible, identities (A2) and (A4) are satisfied in RS.

The following open question arised during preparation of this paper.
Let V' be a variety of idempotent algebras. Is it true that V =V .S if and

only if V' is defined by a set of linear and idempotent identities?
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