THE LATTICE OF SUBVARIETIES OF SEMILATTICE
ORDERED ALGEBRAS

A. PILITOWSKA! AND A. ZAMOJSKA-DZIENIO?

ABSTRACT. This paper is devoted to the semilattice ordered V-algebras of
the form (A, Q,+), where + is a join-semilattice operation and (A, Q) is an
algebra from some given variety V. We characterize the free semilattice ordered
algebras using the concept of extended power algebras. Next we apply the
result to describe the lattice of subvarieties of the variety of semilattice ordered
V-algebras in relation to the lattice of subvarieties of the variety V.

1. INTRODUCTION

Ordered algebraic structures, particularly ordered fields, ordered vector spaces,
ordered groups and semigroups, have a well-established tradition in mathematics.
It is due to their internal interest and due to their applications in other areas.

Special class of ordered algebras is given by semilattice ordered ones.
Let U be the variety of all algebras (A, Q) of finitary type 7: @ - Nand let V C U
be a subvariety of U.

Definition 1.1. An algebra (A, Q,+) is called a semilattice ordered V-algebra (or
briefly semilattice ordered algebra) if (A, ) belongs to a variety V, (A4, +) is a (join)
semilattice (with semilattice order <, i.e. x <y < x+y =y), and the operations
from the set 2 distribute over the operation +, i.e. for each 0 # n-ary operation
weQ and x1,...,T;Yiy. - Ty €A

(1.1.1) W@y, @i+ Yiye ooy Ty) =
WXy ey @iy @) F W (X1, Yiy e ey Tn)s
for any 1 <7 <n.

Basic examples of semilattice ordered algebras are provided by additively idem-
potent semirings, distributive lattices, semilattice ordered semigroups and modals
(semilattice ordered idempotent and entropic algebras).

In 1979 R. McKenzie and A. Romanowska [10] showed that there are exactly
five varieties of dissemilattices - semilattice ordered semilattices. Apart from the
variety of all dissemilattices and the trivial variety, there are the variety of distribu-
tive lattices, the variety of ”stammered” semilattices (where both basic semilattice
operations are equal) and the variety of distributive dissemilattices.
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In 2005 S. Ghosh, F. Pastijn and X.Z. Zhao [5] described the lattice of all subva-
rieties of the variety generated by all ordered bands (semirings whose multiplicative
reduct is an idempotent semigroup and additive reduct is a chain). They showed
that the lattice is distributive and contains precisely 78 varieties. Each of them is
finitely based and generated by a finite number of finite ordered bands.

In the same year, M. Kufil and L. Poldk [9] introduced the certain closure oper-
ators on relatively free semigroup reducts and applied them to describe the lattice
of subvarieties of the variety of all semilattice ordered semigroups.

But, in general, very little is known about varieties of modals. In 1995 K.
Kearnes [8] proved that to each variety V of entropic modals one can associate a
commutative semiring R(V), whose structure determines many of the properties of
the variety. In particular,

Theorem 1.2 ([8]). The lattice of subvarieties of the variety V of entropic modals
is dually isomorphic to the congruence lattice ConR(V) of the semiring R(V).

Using Theorem 1.2, K. Slusarska [17] described the lattice of subvarieties of en-
tropic modals (D, -, 4+) whose groupoid reducts (D, -) satisfy the additional identity:

Just recently (see [13]) we described some family of fully invariant congruences
on the free semilattice ordered idempotent and entropic algebras which can partially
result in describing subvariety lattices of modals.

The main aim of this paper is to describe a structure of the subvariety lattice
of all semilattice ordered U-algebras of a given type and study how it is related to
the subvariety lattice of all U-algebras. M. Kufil and L. Polék introduced in [9] the
notion of an admissible closure operator and applied it to describe the subvariety
lattice of the variety of semilattice ordered semigroups. Description proposed by
them is complicated and strictly depends on properties of semigroups. Applying
the techniques from power algebras theory we simplify their description. Moreover,
we generalize their results and obtain another type of description of the subvariety
lattice of all semilattice ordered algebras.

We start with the following easy observation.

Lemma 1.3. Let (A, Q, +) be a semilattice ordered U-algebra, x1,...,Tn, Y1, -, Yn €
A, and let w € Q be an 0 # n-ary operation. If x; < y; for each 1 <1i <mn, then

(1.3.1) w1,y xn) <wWY1,--Yn)-

Note, that by Lemma 1.3 each semilattice ordered U-algebra (A,$,+) is an
ordered algebra (A, €2, <) in the sense of [3], [1], [4].

There are two other basic properties worth mentioning.

Lemma 1.4. Let (A,Q,+) be a semilattice ordered U-algebra, and x;; € A for
1<i<n,1<j<r. Then for each 0 # n-ary operation w € Q we have
(1.4.1) W(T11y ooy 1) + oo FW(T1py ey Tge)

<w(@ir+ oo+ Tipye oy Tnt oo+ Tpg)-
Lemma 1.5. Let (A4,9Q,+) be a semilattice ordered U-algebra and let w € ) be an
0 # n-ary operation. The algebra (A, ), +) satisfies for any x € A the condition
(1.5.1) w(x,...,z) <z,



THE LATTICE OF SUBVARIETIES OF SEMILATTICE ORDERED ALGEBRAS 3

if and only if for any x1,...,x, € A the following holds
(1.5.2) w1, &) <1+ ..+ Tp.

In particular, if a semilattice ordered U-algebra (A,Q,+) is idempotent then
(1.5.2) holds.

It is easy to see that in general both (1.3.1) and (1.4.1) hold also for term
operations. The proofs go just by induction on the complexity of terms. Also, in
such a case, for any term operation ¢, we obtain the inequality

(1.5.3)  t(z1,. s Tiye ooy Tn) F (@1, ooy Yiy ooy Tn) < E(@1y ooy @+ Yiy oo vy Tn),

that generalizes the distributive law (1.1.1).

The paper is organized as follows. In Section 2 examples of semilattice ordered
V-algebras are provided, for some given varieties V. Among the others, we mention
semilattice ordered n-semigroups, extended power algebras and modals. In Section
3 we describe the free semilattice ordered algebras (Theorem 3.4) and next we ap-
ply the result to describe the identities which are satisfied in varieties of semilattice
ordered algebras (Corollary 3.10). Section 4 is devoted to present the ”main knots”
in the subvariety lattice of semilattice ordered algebras (Theorem 4.7). In Section
5 we characterize so called V-preserved subvarieties of the variety of all semilattice
ordered algebras. In Theorem 5.9 we show that there is a correspondence between
the set of all V-preserved subvarieties and the set of some fully invariant congru-
ence relations on the extended power algebra of the V-free algebra. Theorem 5.12
contains the main result of this paper, i.e. the full description of the lattice of all
subvarieties of the variety of all semilattice ordered algebras. The last Section 6
summarizes all results in the convenient form of the algorithm.

The notation ¢(x1,...,2,) means the term ¢ of the language of a variety V
contains no other variables than z1,...,z, (but not necessarily all of them). All
operations considered in the paper are supposed to be finitary. We are interested
here only in varieties of algebras, so the notation W C V means that W is a
subvariety of a variety V.

2. EXAMPLES

In this section we discuss some basic and natural examples of semilattice ordered
algebras.

Example 2.1. Semilattice ordered semigroups. An algebra (A4,-,+), where
(4,-) is a semigroup, (A, +) is a semilattice and for any a,b,c € A, a- (b+¢) =
a-b+a-cand (a+b)-¢c=a-c+b-cisa semilattice ordered semigroup. In
particular, semirings with an idempotent additive reduct ([18], [11]), distributive
bisemilattices ([10]) and distributive lattices are semilattice ordered SG-algebras,
where SG denotes the variety of all semigroups.

Example 2.2. Semilattice ordered n-semigroups. Let 2 < n € N. An al-
gebra (A, f) with one n-ary operation f is called an n-semigroup, if the following
associative laws hold:

f(f(ala .. 'aa/n)aa/n-‘rla .. '70‘271—1)

== f(ah ‘e ,ai,f(a7;+1, .- -vai+n)aai+n+17 .- -aa2n—1)

== flar,...;an-1, f(an, ..., a2n-1)),
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for all a,...,as,—1 € A. A semigroup is a 2-semigroup in this sense.

An algebra (A, f,+), where (A4, f) is an n-semigroup, (A, +) is a semilattice
and the equations (1.1.1) are satisfied for the operation f, is a semilattice ordered
n-Semigroup.

Let §G,, be the variety of all n-semigroups, (A, +) be a semilattice and End(A, +)
be the set of all endomorphisms of (A4,+). For each 2 < n € N, we define n-ary
composition

wr: (End(A,+))" = End(A,+), wn(f1y..oy fn)i=fno...0f1.

Then the algebra (End(A, +),wp, V), with (f1Vf2)(z) = fi(2)+f2(x), for z € A,
is a semilattice ordered n-semigroup (semilattice ordered SG,,-algebra). The algebra
(End(A,+),{wn: n € N},V) is also an example of a semilattice ordered algebra.

Another example of a semilattice ordered n-semigroup can be obtained as follows.
Let A be a set and Rel(A) be the set of all binary relations on A. For each
2 <n € N, we define n-ary relational product

Wt (Rel(A)™ = Rel(A), wn(riy...,mn) :=rpo...077.

Then the algebra (Rel(A), w,,U), where U is a set union, is a semilattice ordered
SG,-algebra and the algebra (Rel(A),{w,: n € N}, U) is a semilattice ordered
algebra.

Example 2.3. Extended power algebras. For a given set A denote by PsgA
the family of all non-empty subsets of A. For any n-ary operation w: A™ — A we
define the complex operation w: (P=oA)™ — PsoA in the following way:

(2.3.1) w(Ay,...,Ap) i={wlay,...,an) | a; € A;},

where () # A1,..., A, C A. The set PsgA also carries a join semilattice structure
under the set-theoretical union U. B. Jénsson and A. Tarski proved in [7] that com-
plex operations distribute over the union U. Hence, for any algebra (A, Q) € U, the
extended power algebra (PsgA, Q,U) is a semilattice ordered U-algebra. The algebra
(PS§A,Q,U) of all finite non-empty subsets of A is a subalgebra of (Ps¢4,Q,U).

Example 2.4. Modals. An idempotent (in the sense that each singleton is a
subalgebra) and entropic algebra (any two of its operations commute) is called a
mode. Let M denote the variety of all modes. A modal is an algebra (M, Q, +), such
that (M,Q) € M, (M,+) is a (join) semilattice, and the © operations distribute
over +. Examples of modals include distributive lattices, dissemilattices ([10]) -
algebras (M, -, +) with two semilattice structures (M, -) and (M, +) in which the
operation - distributes over the operation +, and the algebra (R, I O,max) defined
on the set of real numbers, where I" is the set of the following binary operations:
p:RXxR —=R; (z,y) = (1 — p)z+ py, for each p € (0,1) C R.
~ Each modal is in fact a semilattice ordered M-algebra. Modes and modals were
introduced and investigated in detail by A. Romanowska and J.D.H. Smith ([15],
16)).

If a modal (M, ), +) is entropic, then (M, £, +) is a mode and it is an example
of a semilattice mode. Semilattice modes were described by K. Kearnes in [8].

3. FREE SEMILATTICE ORDERED ALGEBRAS AND IDENTITIES

Results of M. Kufil and L. Polék [9] show that the problem of the characterization
of semilattice ordered algebras requires the knowledge of the structure of the power
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algebra of a given algebra. In this section we will describe the free semilattice
ordered algebras using the concept of extended power algebras. Next we will apply
the result to describe the identities which are satisfied in varieties of semilattice
ordered algebras.

Let U be the variety of all algebras of finitary type 7: Q@ — N and let V be a
subvariety of U. Let (F\,(X),Q) be the free algebra over a set X in the variety V
and let Sy denote the variety of all semilattice ordered V-algebras.

Theorem 3.1 (Universality Property for Semilattice Ordered Algebras). Let X be
an arbitrary set and (A, % +) € Sy. Each mapping h: X — A can befxtended to
a unique homomorphism h: (PS§Fyv(X),Q,U) — (A,9Q,+), such that h/x = h.
Proof. Let (A,Q,+) € Sy. By assumption, (4, Q) € V. So any mapping h: X — A
may be uniquely extended to an Q-homomorphism h: (Fy(X),Q) — (4,Q).

Further, 2-homomorphism A can be extended to a unique {2, U}-homomorphism

R (PSEFY(X),Q,0) = (A,9,4); B(T) = Y _h(D),
teT
where 7' is a non-empty finite subset of Iy (X).

To show that A is an Q-homomorphism, consider an n-ary operation w € € and
non-empty finite subsets Ty, ...,T,, C F\,(X). Then

hw(Ty,...,T) = h({w(ty, ... ta) | t; € Ti})
= Z E(w(tlw"atn))

(t17~~-,tn)ET1 X...XTp

— Z w(h(ty),...,h(tn))

(t1,eetn)ETLX .. X Ty,

=w( > htr),.., Y h(ta)) = w(A(T}),..., h(T})).
tn €Ty

t1€T1

Moreover, h is a semilattice homomorphism because

MTUTy) = > ht)= > h(t)+ Y hlts) = h(T1) + h(Ty).

teT1UT, teTy to €Ty
The uniqueness of A is obvious. O

By Theorem 3.1, for an arbitrary variety V C U, the algebra (PS§ Fy(X),Q, V)
has the universality property for semilattice ordered algebras in Sy, but in general,
the algebra itself doesn’t have to belong to the variety Sy.

Example 3.2. Let V be a variety of idempotent groupoids satisfying the identities:
z-(y-z)mz-y~(x-y) v and (z-y)- -y~

Consider the free groupoid (Fy(X),-) over a set X in the variety V and its two
generators z,y € X. One can easily see that

{zHz, y, 2y, ya {2, y, 2y, yz} = {z, 2y} # {z}.
This shows that the algebra (PS§ Fy(X),-,U) does not belong to the variety Sy.
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Note that the semilattice ordered algebra (PS§Fy(X),Q,U) is generated by the
set {{z} | z € X}. Hence, if (PS§Fy(X),Q,U) € Sy, then it is, up to isomorphism,
the unique algebra in Sy, generated by a set X, with the universal mapping property.

Corollary 3.3. The semilattice ordered algebra (PS§Fyv(X),Q,U) is free over a
set X in the variety Sy if and only if (PS§Fy(X),Q,U) € Sy.

In particular, one obtains

Theorem 3.4. The semilattice ordered algebra (PS§ Fi5(X),Q,U) is free over a set
X in the variety Sis. Moreover, S = HSP((PS§Fi(X),Q,U)) for an infinite set
X.

With each subvariety S C Sgs5 of semilattice ordered U-algebras we can associate a
least subvariety V of U with the property S C Sy. But, for two different subvarieties
VY and W of U, the varieties Sy, and Sy, can be equal.

Example 3.5. A differential groupoid is a mode groupoid (D,-) satisfying the
additional identity:

z(yz) ~ zy.
Each proper non-trivial subvariety of the variety D of differential groupoids (see
[14]) is relatively based by a unique identity of the form

(3.5.1) (..((zy)y).. )y = zy’ ~ xyttI
—_——

i—times
for some ¢ € N and positive integer j. Denote such a variety by D; ;1 ;. Obviously,
the variety Dy 1 is exactly the variety £Z of left-zero semigroups (groupoids (4, -)
such that a - b= a for all a,b € A).
Let Sp denote the variety of all differential modals (modals whose mode reduct is
a differential groupoid) and let Sp,, ; € Sp be the variety of semilattice ordered Dy ;-
groupoids. We showed in [12] that for each positive integer j, one has Sp, ; = S z.

Example above arises the question, for which different subvarieties V4 # V, C U,
the varieties Sy, and Sy, are different, too.
To answer this, for an arbitrary binary relation © on the set PS§ Fy(X) we will

introduce a new binary relation © C F,,X) x Fyy(X). For t,u € Fy(X)
(tu) €0 & ({t},{u})€O.
Example 3.6. It is easy to see that for the least equivalence relation~ id?’;;” Fy(X)
and the greatest equivalence relation 7 on the set PS§ Fy(X), we have idp<y py(x) =
idpy,(x) and T = Fy(X) x Fy(X).
Clearly, if © is an equivalence relation, then O is an equivalence relation, too.

Additionally, if we consider the algebra (Fy(X),Q) and © is a congruence on
(PS§Fyv(X),Q,U), then also © is a congruence relation on (Fy(X), ().

Lemma 3.7. Let © be a fully invariant congruence relation on (PS§Fy(X),Q,U).
Then the relation © is a fully invariant congruence on (Fy(X),<Q).

Proof. Lett,u € F,y(X). We have to prove that, if (¢, u) € © then also (a(t), a(u)) €
O, for any endomorphism « of the algebra (Fy,(X), ).
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It was shown in [2] that if a: A — B is a homomorphism of Q-algebras (A4, Q)
and (B,Q), so is at: PS§YA — PSEB, where a™(S) := {a(s) | s € S} for any
S € PS§A. Obviously, a+ is also a homomorphism with respect to U. If « is
an endomorphism of the algebra (F),(X),Q), then a™ is an endomorphism of the
algebra (PS§ Fy(X),Q,U).

Since, by assumption, © is a fully invariant congruence on (PS§Fy(X),Q,U),
then in particular ({t},{u}) € © implies (a*({t}),aT({u})) € ©. Since a™ ({z}) =
{a(z)} for any z € A, one obtains (a(t), a(u)) € O. O

Let Cong;(Fy(X)) be the set of all fully invariant congruences of the algebra
(Fy(X),Q) and denote the set of all fully invariant congruences of the algebra
('Ps(L)UFV(X)v Q,V) by Confl(/Ps((fFV(X))

From now through all over the paper, we assume X is an infinite set. By Lemma
3.7, each fully invariant congruence relation © on (PS§ Fy5(X),Q,U) determines a
subvariety Ug of U:

Ug := HSP((F5(X)/0,Q)).
Of course, it may happen that for ©1 # O, the varieties Ug, and Ug, are equal.

Example 3.8. By results of R. McKenzie and A. Romanowska [10] we have that
there are at least 5 subvarieties of the variety of semilattice ordered groupoids which
are also semilattice ordered semilattices. But the variety of semilattices has only
two subvarieties.

We will show in Theorem 3.14 that for ©1,0, € Cony;(PS§ Fis(X)), different

congruences él #* (:)2 € Cony;(Fi5(X)) always determine different subvarieties of
the variety Sg;. But first we prove some auxiliary results.

Lemma 3.9. Let © € Conyi(PS§ Fis(X)) andt = t(x1, ..., x5),u = u(x1,...,ox) €

Fi5(X) be k-ary terms. Then, the identity t ~ u holds z'n (PS§F5(X)/0,Q,V) if
and only if ({t}, {u}) € ©.

Proof. Let the identity ¢ ~ u hold in (PS§ Fi5(X)/©,Q,U). This means that for
any P1/©,...,P,/0 € PS{F5(X)/0, we have
t(Py,.. .,Pk)/G) ={(P/0,...,P/0)=u(P1/O,...,P/O) =u(Py,...,P)/O.
The latter implies that for any subsets Py, ..., Py € 77>0 FU(X) one has (t(Py, ...
u(Py,...,Py)) € ©. In particular, for P, = {z1},. = {xx}, we obtain

{1, we) ) {ulz, . 2e)}) € ©.

Now, let ({t},{u}) € @. Since © € Cony;(PS§ Fis(X)), then for any endomor-
phism « of (PS§ Fi5(X),Q,U) we also have (a({t}), «({u})) € ©. In particular, for
any subsets Pi, ..., P, € PS§Fi5(X), we obtain ( (Pl, oo P u(Py, ... Py)) € O.
This means that the identity ¢ ~ u holds in (PS§ Frs(X )/@ Q,U). O
Corollary 3.10. Let © € Cony;(PS§ Fis(X)) and t,u € Fi5(X). Then, the identity
t ~ u holds in (PS§ Fis(X)/©,Q) if and only if t = u holds in (F5(X X)/0,9).

Corollary 3.11. Let © € Conyi(PS§ Fi5(X)). Then
HSP((P6'Fi5(X)/©,Q,U)) C Sis -

Lemma 3.12. Let O,V € Cony;(PS Fi5(X)) be such that (PS§ Fis(X)/%,Q,U) €
SUé. Then, © C V.

, Pr),
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Proof. Let t,u € Fi5(X) and (t,u) € ©. By assumption, (PSGFs(X)/W,9Q) € Ug.
This means the identity ¢ ~ u holds also in (PS§F5(X)/¥,Q,U). By Lemma 3.9
we obtain (¢,u) € ¥ which shows © C . O
Corollary 3.13. Let ©,V € Conys;(PS§Fis(X)) be such that
Si5 = HSP((PSE Fis(X)/¥,2,U)).

Then, U =0.

Proof. By Lemma 3.12, we have 5) - 0. Further, by Corollary 3.11 we also have
HSP((PS§ Fis(X)/0,9Q,U)) C HSP((PS§ Fis(X)/¥,Q,U)). Therefore, ¥ C ©.
Hence, ¥ C ©, which proves ¥ = 0. O

By Corollary 3.11 and Lemma 3.12 one immediately obtains

Theorem 3.14. Let ©1,05 € Conys;(PS§Fi5(X)). Then
él 7& (:)2 = SUél 7& SU(:JZ.

Finally note that for each subvariety Sy, with V the subvariety of U, there exists
a congruence © € Cony;(PS§ F5(X)) such that V = Ug. Indeed, let
and

S5 = HSP((P(' Fis (X) /¥, 9, L)),

for some ©,¥ € Cony;(PS§ Fis(X)). By Corollary 3.11, Sy C Sis,. Further, by

Corollary 3.13 we have O=1V. Let t,u € F5(X) and let the identity ¢ ~ u hold in
Sy. By Corollary 3.10, we have that ¢t ~ u holds in Ug = Ug. This implies that
t = u holds in (PS5 Fi5(X)/ ¥, Q) and proves that Sis, C Sy.

4. "MAIN KNOTS” IN THE LATTICE OF SUBVARIETIES

In previous section we have shown that for different congruences 0, #* 0, €
Cong;(F5(X)), with ©1,05 € Cong;(PS§ Fi5(X)), the subvarieties SUél and SUé2
are always different. To describe all fully invariant congruences of the algebra
(PS¢ Fi5(X),Q,U) which uniquely determine subvarieties of the form Sy, for some
Y C U, we have to introduce the next binary relation.

Let us define a binary relation ® on the set Cong;(PS§ F5(X)) in the following
way: for ©1,02 € Conyg;(PS Fis(X))

@1 %@2 = éliéQ-

Obviously, R is an equivalence relation.
Theorem 4.1. Let ©,¥ € Cony;(PS§ F5(X)) be congruences such that Sug =
HSP((PS§ Fis(X)/®,Q,U)). Then, ¥ = ncpe@/m .
Proof. Let ©,¥ € Conyi(PS§ Fi5(X)) and Sy, = HSP((PS6 Fis(X)/¥,Q,U)). By
Corollary 3.13 we have ¥ € ©/R, thus obviously (Npcq/p ® € ¥.

On the other hand, for ® € ©/R, we have d=0. Hence, by Corollary 3.11

HSP((PS6 Fis(X)/®,Q,U)) C S, = S, = HSP((PS6 Fis(X) /¥, Q,0)),

which implies ¥ C ﬂ¢6@/% ®, and consequently, ¥ = ﬂ¢e@/% . O
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Corollary 4.2. Let ©1,0; € Conyi(PS§ Fi5(X)). Then
él - ég = m o C ﬂ P.
PO, /R POy /R
P?”OOf. Let @1, @2, \111, U, € COTlfl(’PséjFU(X)) be such that
SUél = HSP((P;&“FU(X)/\IJMQ,U)), and
Sz;é2 = HSP((P;&“FU(X)/\IJQ,Q,U)).
Since, by assumption, (:31 - ég, then by Corollaries 3.10 and 3.13 we have SUéz -
SUC:)I.
By Theorem 4.1, this is clear that
M e=tice= )
PEO, /R DO, /R

which finishes the proof. U

Lemma 4.3. Let I be a set and for each i € I, let ©; be an equivalence relation

on PS¢ Fis(X). Then

el iel

Let © € Cony;(PS§ Fis(X)), I be a set and for each i € I, let ¥; € ©/R. Then

by Lemma 4.3, also (] ¥; € ©/R. This shows that in each class of the relation $
i€l
there is the least element with respect to the set inclusion. Let

Confy(PS§ Fi(X)) = {0 € Conpi(PS§Fis(X)) |© = () @}
PcO/R

be the set of all such the least congruences in each R-class.
Directly by Theorem 4.1 we obtain
Corollary 4.4. Let © € CO?”L%(P;S)Fu(X)). Then
S, = HSP((PS8 Fu(X)/0,0,L)).

We can say that subvarieties of the form Si5, © € Con%(?’;‘)"Fa (X)), are some
kinds of "main knots” in the lattice of subvarieties of semilattice ordered algebras.

Obviously, if ©; C O, then also él - ég. As a consequence of Corollary 4.2 if
01,07 € C’on%(’P;‘)"Fz;(X)), then the converse is also true.

Corollary 4.5. Let ©1,05 € ConJ, (PS¢ Fis(X)). Then
0, C0O, & 6,C0O,.

Let ©1 V ©5 denote the least upper bound of two congruence relations~@1,(~92 S
Cony;(PS§ Fr5(X)) with respect to the set inclusion. Note that in general ©1V0, C

0,V 0.
Corollary 4.5 allows us to formulate the following result.
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Lemma 4.6. The ordered set (C’oni}?i(Psa’FU(X)), C) is a complete lattice. Let I
be a set and for each i € I, let ©; € Con??i(PngU(X)). Then, the relation

N @

Qe(V O;)/R
ier

is the least upper bound of {©;}icr, and the congruence

N @

Qe(N ©:)/R
el

is the greatest lower bound of {O;}icr.

Let us introduce the following notation:
LYDV) :={Ug C U | © € Conli(PSy Fis(X))}

Clearly, the set £®(U) is partially ordered by the set inclusion. Moreover, for
01,0, € C’on??i(P;(;”FU(X))

U(:)l QU(:)2 < éQgél & Oy C 0.
Directly from Lemma 4.6 we obtain the following

Theorem 4.7. The ordered set (L®(U), C) is a complete lattice dually isomorphic
to the lattice (Con?i(’P;‘;’FU(X)), C). For any two subvarieties Ug ,Ug_ € LY),
the variety U@TﬁéQ 18 the least upper bound ofUé1 and Uéz , and the variety 6@/1?6/)2
is the greatest lower bound of Ug, and Ug, -

By Lemma 4.3 it follows that the variety U 676, is equal to the variety Uél \Y
U, the least upper bound of Ug, and Og, with respect to the set inclusion. But
the variety O 66, has not to be equal to the variety Ug, N Vg,

By Theorem 3.14 we immediately obtain

Corollary 4.8. The lattice ({Ss, | © € C’on?i(Psg’FU(X))},g) of all "main

knots” subvarieties is isomorphic to the lattice (L®(U), C). For any two varieties

Svg. and S, the variety Sy v g s their least upper bound and the variety
<1 <2 <1 <2

St . 18 their greatest lower bound (see Figure 1).
91VO2

CH &2
Svsg, Svs,
675,

FIGURE 1. The lattice ({Sis, | © € Con’,(PS§ Fis(X))}, ©)
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5. THE LATTICE OF SUBVARIETIES

By Lemma 4.3 one obtains the following characterization of the ordered set
(0/R,C) for O € Con?i(Psg’FU(X)).
Lemma 5.1. Let© € C’on?i(Pso‘”FU(X)), I be a set and for eachi € I, U; € O/R.
Then (©/R, Q) is a complete meet-semilattice with the relation () ¥; as the greatest

il
lower bound of {V;}icr.

Let ¥ € ©/R. Note that by Corollary 3.10 the algebras (PS§ Fi5(X)/¥, Q) and
(Fi5(X)/©,0) satisty exactly the same identities. This shows that the variety
§ = HSP((P5 Fis(X) /¥, 9,U))
is a subvariety of S5 and is not included in Syy for any proper subvariety W C Ug.

This justifies the introduction of the following definition.

Definition 5.2. Let V be a subvariety of U and & be a non-trivial subvariety of
Sy. The variety S is V-preserved, if S ¢ Syy for any proper subvariety W of V.

Lemma 5.3. Let ©,¥ € Conyi(PS§ Fis(X)). A non-trivial subvariety
S = HSP((PS( Fis(X)/¥,Q,U)) € S5
is Ug-preserved if and only if U =0.

Proof. By Lemma 3.12, for each subvariety S = HSP((PS§ Fi5(X)/¥,Q,U)) C
St5g» one has 5) C T. Now let S be Ug-preserved subvariety of S5, . By definition,
S is not included in any variety Syy for a proper subvariety W C Ug. This means
that the algebra (PS§Fi5(X)/¥,9) does not belong to any proper subvariety of
Ug- Then, by Corollary 3.10, U =0.

Finally, let 7 = 0. Hence, by Corollary 3.10 the algebras (PS§ Fis(X)/ ¥, Q)
and (Fi5(X)/0, ) satisfy exactly the same identities, which shows that S is Us-
preserved. ([l

Let © € Con%(’P%“FU(X)). By Lemma 5.3 with each congruence ¥ € ©/%
one can associate the Ug-preserved subvariety HSP((PS¢ Fis(X) /¥, Q,U)) of Sis,, -
This mapping is the restriction of the dual isomorphism we have between lattice
(Congi(PS§ F5(X)),C) and the lattice of all subvarieties of S, to the set ©/R.
By Lemmas 4.3, 5.1 and 5.3 we immediately have

Theorem 5.4. Let © € C’on;{ei(Ps(‘)"FU(X)). The semilattice of all Ug-preserved

subvarieties of S5 is dually isomorphic to the complete semilattice (© /%, C). For

any Ug-preserved subvarieties {S;}icr of St the variety \ S; is their least upper
il

bound.

In Theorem 5.9 we will show that there is also a correspondence between the set
of Ug-preserved subvarieties of S5 and the set of some fully invariant congruence
relations on the algebra (PS§ (Fis(X)/ 0),Q,U). First we will prove some auxiliary
technical results.

We introduce the following notation. For a set Q € PS§ Fi5(X) and a congruence
v e Ooan(PséuFu(X)),

QY = {q(z1/T, ..., 2,/ T) | g € Q} = {q(z1, ..., 22)/¥ | ¢ € Q} € P& (Fis(X)/ D).



12 A. PILITOWSKA® AND A. ZAMOJSKA-DZIENIO?

Now, we define a relation dg C PS¢ (Fy5(X)/¥) x PS¢ (Fi5(X)/¥) in the following
way:
for Q, R € Py Fis(X).

Lemma 5.5. Let UV € Cong(PS§Fs5(X)). The relation 0y is a fully invari-
ant congruence relation on (P;g’(FU(X)/(IVI),Q,U) such that 0y = idp, g and
(PS5 (Fis(X)/¥) /6w, 9Q) € U

Proof. Let ¥ € Cony;(PS§ Fi5(X)). First note that the definition of the relation dy
is correct. Let @1,..., %k, Y1, .., Ym € Fs(X) and (z1,t1),. .., (g, tg), (Y1, u1),. - .,

(ywu um) € E’ Then ({3&‘1}, {tl})v ceey ({xk}7 {tk})v ({y1}7 {ul})7 R ({ym}’ {um}) €

. Since ¥ is a congruence on (PS§ Fy5(X),Q,U) we obtain

{z1, o, {6, te}), v, -y Ym b {ua, - - um }) € 0.

Clearly, the relation dy is a congruence on (P;SJ(FU(X)/\TI), 2,U). We will show
that dy is fully invariant. Let Q‘T’, RY € Py (Fi5(X)/¥). We have to prove that
for every endomorphism A of (P;g’(FU(X)/\TI),Q,U), if (Q‘f’,R‘T’) € Jy, then also
(@), NR") € by, _ ] ]

For each x;/¥ € X/V let us choose a subset P € PSy(Fi5(X)/V). The map-
ping A : PSE (Fs(X) /) = Py (Fis(X) /)

(551)  ANQY) = A({gwr/T, .../ T) g€ @)= | a(PF,.... PT)
q€Q
is an endomorphism of the algebra (PS¢ (Fy5(X) /W), Q,U).
Note that the algebra (F;(X)/¥,Q) is generated by the set {z/¥ | z € X}.
It follows then that the algebra (P;&“(FU(X)/\TI),Q,U) is generated by the set
{{z/¥} | € X} and for any {z;/¥}, we have A({z;/¥}) = Pf’. Because each

homomorphism is uniquely defined on generators of an algebra then we obtain that
each endomorphism X of (PS§ (Fi5(X)/¥),Q,U) is of the form (5.5.1).

Recall we consider here only finite subsets of Fy5(X). This assumption is crucial
in what follows. Let A be an endomorphism of (PS§Fi5(X),Q,U). By above
discussion, A is of the form (5.5.1) for subsets Pi, ..., P, € PS§F5(X). Let Q, R €
P Fr5(X). Hence we have

(Q¥,R") €6y = (Q,R)€T.

Therefore, because W is, by assumption, a fully invariant congruence on (PS¢ F5(X), Q,U),
for the endomorphism A we obtain

AQLAR) eV = (|JaPr,....P), [Jr(Pr,....P) €T =

qeQ ré€R
(U e P (J (P P)T) €60 =
q€Q rE€ER

(U alPF P9, | (P ) € b
qeQ reR
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This shows that for any endomorphism Y of the algebra (PS¢ (Fys(X)/¥),Q,U),
(T(QY), T(RY)) € dy and proves that the congruence dy is fully invariant.

Now we will prove that (P;‘O*’(FU(X)/\II)/(S\I,, ) € Ug. By Corollary 3.11,
the variety HSP(PSG Fis(X)/¥,Q,U) is included in S, which means that the
algebra (PS¢ Fi5(X)/%,€Q) belongs to the variety Ug. Hence, for any identity
t(x1,...,Tm) =t R u=u(xy,...,2Ty,) which holds in Ug and arbitrary Q1/V,...,Qn,/¥ €
PS§ F5(X) /¥ we have
HQ1, -, Qum)/V =t(Q1/9,...,Qn/¥Y) =
U(Ql/\:[la te Qm/\II) = U(le LR Qm)/\:[l
This is equivalent to
(t(Q1,---, Qm), u(Q1;- .., Qm)) € V.
It follows then
(t Q17 .. 'an)\P7u(Q17 .. 7Qm)‘p) S 6\11 =
QY- Qm),u(@Y -, Q) €0y &
HQY /dw, .., Qn/dw) = w(QY /0w, ..., Q. /0u).
This proves that the identity ¢ ~ u holds in the algebra (P (Fi5(X)/0) /by, Q).
Finally, for ¢,u € F5(X)
(t/5,0/8) €5y & ()T} {u/F)) €y & ({th{uhev o
(tu) eV & t/V=u/V & (t/Vu/V)c€idg v g
O
Let © € ConJ; (PS5 Fis(X)). Denote by Con’fl (PS¢ Frs, (X)) the following set:
{¥ € Conyi(PS§ Fiy (X)) | ¥ = iR, (x) and (PS8 Fog (X)/9, ) € Ug}.
Now, for ¢ € C’on}‘ﬁ (PS§ Fis4 (X)), define a relation Ay, € PSE Fi5(X) x PS¢ Fi5(X)
in the following way:
(T,U) e Ay < (T9,U®) €.
Again, by similar straightforward calculations as in the proof of Lemma 5.5 one
can obtain the following.
Lemma 5.6. Let © € Con¥, (PS5 Fis(X)) and ) € Con'fl(PS§ Fis (X)). Then, the
relation Ay, is a fully invariant congruence on (PS§ Fi5(X), Q,U) with the properties
Lemma 5.7. Let © € Con¥,(PS§ Fi5(X)).
If U € ©O/R then
U =Asg,.
For a congruence 1 € Con’ﬂ(’Ps‘o*’FUé (X)) one has

Y =0a,-
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Lemmas 5.5 and 5.7 immediately imply

Corollary 5.8. Let © € Con?i(PsffFU(X)). The map ¥ — 0y is a complete
semilattice homomorphism between (©/R,C) and (Conlﬂ(PsffFUé (X)), Q).

By Corollary 5.8 and Theorem 5.4 we obtain

Theorem 5.9. Let O € C’on%(’PES’Fz;(X)). The complete semilattice of all
Og-preserved subvarieties of Sis is dually isomorphic to the complete semilattice

Before we formulate Theorem 5.12, the main result of the paper, let us summarize
what we have already known. For each U € Cony;(PS§ Fi5(X)) such that V=0,
the subvariety S = HSP((PS§Fis(X) /¥, Q,U)) of Sps is an Ug-preserved subvariety
of Sz;é C Sp according to Lemma 5.3. Therefore, to find any subvariety S of Sgs
we should proceed as follows: first find the proper "main knot” and then choose
one of its subvarieties.

By Theorem 3.14, Lemma 5.3, and Theorem 5.9 one can uniquely associate with
the variety S two congruence relations: © € Con??i (PS¢ Fi5(X)) such that v=0
(for the "main knot” Sy, ), and then 6% € Conlﬂ(’P;‘)"F@é (X)) (for the chosen
Ug-preserved subvariety).

On the other hand, any pair of congruences: © € COTL%(P;S’FU (X)) and a €
Con'fl(PS§ Fisy (X)) describes a subvariety S = HSP((PS6Fis(X)/ ¥, Q,U)) of S
such that ¥ = © and o = Ow.

Consider the set

Con'f(U) = U Con'fl(PS§ Fs (X))
GECon%(’P;(‘;’FU(X))
One has
o€ C’onlﬂ(U) & J0 e Con%(PséjFU(X)) such that o € C’onlﬂ(P;‘fFUé (X)).

To stress the fact that the congruence o depends on © we denote it by a®. Now,
define on the set Con’ﬂ(U) a binary relation < in the following way: for a® €

Con'(PS§ Fis, (X)) and ¥ € Con'd (PS¢ Fis, (X)), with ©, ¥ € Con',(PS§ Fis(X))
a® <Y = OCT and Y(ai,...,a5b1,...,bn € Fi5(X))
({a1/0,...,ax /O, {01/O,...,bm/O}) € a® =
{a1/T,....ax)T}, {01/ T,... by/T}) € BY.
Clearly, the relation < is a partial order.

Remark 5.10. Let @,{} € 9on?i(P§3’FU(X)) and let ¥,T € Cong;(PS§ F5(X))
be such that ¥V = © and ' = A. Then for the congruences égy € Con}di(P;‘;’FUé (X)),
or € Con'fl (PS¢ Fis (X)) one has
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Theorem 5.11. The ordered set (C’onid( ), =) is a complete lattice.

Let I be a set and for eachi € I, a® € Con LPsy (X)) The binary relations
5ﬂ A 5. gP;EJ‘)FUm (:)(X) XP;(‘)UFUQ @.(X)v and
ier 7t iel ier
Sy a5 CPSEFs, (X)X PSgFs, (X), where T := N P,
o Pe(V A 5,)/R
i€l a7t

are, respectively, the greatest lower bound and the least upper bound of {aéi}iej
with respect to <.

Proof. Let ©,® € C’on??i(Psé"FU(X)). By Lemma 5.6, for any a® € C’on%(U) we
have ﬁa(:) = ©. Then by Lemma 4.3, one obtains

ﬂA =246 =)8:=[)6: and\/A =

el el i€l i€l i€l

Hence, by Lemmas 5.5 and 5.6, the congruences 0y A 5 and dy a 5 belong

ier ot ier ot

to the set C’onzﬂ(U).
Obviously, for each i € I, 0, C 0. Moreover, for t1,...,tg, U1, ..., Uy € Fi5(X)

iel
({tl/néi tk/n@} {ul/ um/ﬂe})E(sﬂAé <
1€ i€l i€l

(7’ € [) ({tl/() 77tk/(:)1}5{u1/(:)15aum/(:)1}) € a@i'
This implies that for each i € I,

6ﬂAé ja@i.

iel @
Now let v® € Con LPsy (X)) and for each i € I, ¥* < a®+. Then, for each
i€l o - G)i, and consequently, ® N éi. Further, for any ¢1,...,tg, U1, ..., Um €
iel
Fi5(X)
{t1/5: - tu/ah{w /5 um/3}) €77 =

Vi eD) ({t/g,- tifa, b {ur/a, - um/s,}) € a® =
Vi€ T) ({tyeoti (o um}) €A g, =

i

({tr-oted {ur, . um}) €[ ALe, &

iel
({tl/.m éi""’tk/_ﬂ éi},{ul/n EIERRRY um/n B, he 5ﬂ A s,
el el ier ier

This shows the relation 6 4 A . is the greatest lower bound of {aéi}ie[ with
ier a7t

respect to <.
Now note that for each i € I,

—6.C V=B c VAL =T
el el el
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and for t1,...,tg,u1,. .., Uy € Fi5(X) we have

({tl/é777tk/é7}7{u1/é777um/é7})€a®l <~
[ty s tih ity um}) €A s, =
{tr - oteh {un, . um}) € \/ A s, =

el

{t/5, - te/sh{w /5, um/5}) €6y a 4 -

ielr ot

Thus, for each i € I, o® =0y a 5 -
BAENCY
Finally, let 'yi’ € C’on’ﬂ(’Pi"FU(S (X)) and for each i € I, a® < fy‘i. Then, for
eachi €I, ©; C® and for t1,...,tg,u1,..., Uy € Fr5(X)
{t1,. st} {ur, ... um}) € Aes &
{t1/5s-- 115} (u1/5- - um/g,}) € ¥ =

(
(
({t1/50-- o te/5h {wr /5o um/5}) €97 &
({t1, - te ), {ut, ..., um}) € A,yi;.

Then, for each i € I, Aa@i - A,Y;I;. Hence \/ Aaéi - A,yg,, which implies

i€l
T=\/A. CA,=d
icl

Moreover, by Lemma 5.7 we have

({tl/f,...,tk/f},{ul/f,...,um/f}) S 5\/ N =

i€l a7t
{tr,-otud {ur, . um}) € \/ A e, =
iel
({tl,...,tk},{ul,...,um})GAwg <~

{1/ s tu/ah {ur /g um/5}) €0a =77,

which means the relation §y, A 5 s the least upper bound of {aéi}ie 1, and com-
iel a7t

pletes the proof. (I

By Theorem 5.11 we obtain a full description of the lattice of all subvarieties of
the variety Sg.

Let £(Sts5) denote the set of all subvarieties of the variety Si5. As we have already
noticed each subvariety S of &5 may be uniquely described by two congruences:
O € Con?i(P;‘j’FU(X)) and o® € Conjc‘ﬁ(Psg’FU(:) (X)). Hence, we can denote

each subvariety in the set £(Sgs) by SO‘Z. Thus, one has

L(Si5) = {S§. | © € Con®y (PS¢ Fs(X)), o € Conlil(PSy Fis, (X))}

Theorem 5.12. The lattice (L(S), <) of all subvarieties of the variety S is
dually isomorphic to the lattice (C’on%(U), =).
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For any 8%2,85: € L(Si) we have:

4

& 0A ~nA -
v 6 N

S§ VSE =850 °
o B "Osmu

N

and
VA =

5 @ oA ~
a® 5\1/ _ a® BY
S5 NS =8y ,

where T := N D, (see Figure 2).
BE(A 5 VA, 5)/R

oA ~nA =
=)

FIGURE 2. The lattice (£(Sg), Q)

Theorem 5.12 allows to describe the subvariety lattice £(Sg) without knowl-
edge of the set Cong;(PS§Fi5(X)). But, if we know the latter, each congru-

ence a® € Conjfﬁ(PSS’FUé (X)) may be replaced by the congruence dy, for ¥ €

Cony;(PS§ F5(X)) such that ¥ = ©. Then, Theorem 5.12 may be considerably
simplified.

Corollary 5.13. For any Sg‘g,qu; € L(Si5) we have:

T

€]

oy 0 _ Qlune [ 0 _ Qlwve
S5V S = Sk and S NSk = S

T="Vo

6. THE LATTICE L(Sg5) - PRACTICAL COMPUTATIONS

Now, for a subvariety V C U, we will present how to find the lattice (£(Sy), Q)
of all subvarieties of the variety Sy, knowing the lattice (£(V), C). Of course, any
lattice (L(Sy), C) is a sublattice of the lattice (£(St), C).

On the other hand, Example 3.5 shows that not for each subvariety V C U, the
variety Sy is uniquely defined. Let us consider two sets

Cony := {1 € Conpi(PSEFy(X)) | ¢ = idp,(x) and (PS¢ Fy(X)/,Q) € V} and
Oy :={WCV|Cony # 0}

By Lemma 5.6, if Cony # 0 then Sy is not equal to Syy for any proper subvariety
W C V. Therefore, to find the lattice (£(Sy), C), Theorems 5.9, 5.11 and 5.12 lead
us to the procedure described on Figure 3.

By Theorems 5.11 and 5.12, the algebra ( |J Cony,M,U), with
WeDy,

w Wa .
a1t gt = 5Aawl nA € Conw,vw,,

W2
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Take a subvariety ¥V C U

Create the set Cony

Cony =) Cony # 0

l

There is a subvariety W & V such that Syy = Sy

Sy is the "main knot” in the lattice (£L(Sss), C)

l

Create the set Oy

l

Choose subvarieties Wi, W € Oy

l

Take ot € Conyy, and V2 € Conyy,;

Calculate the congruences: A w;, Agw,, Ayw, N Agw,,

Dowi V Agwa; OA 1w, (A vy > 08w, VA o,

}

Calculate the set |J Cony
WEeDy

FIGURE 3. Algorithm of finding the lattice £(Sy)

and
w Wa
a™ gt = 5Aaw1 VA w, € Conyy,

where U = HSP((PS§ (Fy (X)/Aoéwl/_\\/_/Aﬁw2 ), 2,U)), is a lattice dually isomorphic
to the complete lattice (£(Sy), C) of all subvarieties of the variety Sy.

Example 6.1. Let U be the variety of all binary algebras (A, ) and LZ C U be the
subvariety of left-zero semigroups. It is known that L£Z-free algebra (Frz(X),-)
on a set X is isomorphic to the left-zero groupoid (X, -). It is also easy to notice
(PS§X,-) e LZ.
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By Corollary 3.3, for any V C U, the semilattice ordered algebra (PS§ Fy(X), -, U)
is free over a set X in the variety Sy if and only if (PS§Fy(X),-,U) € Sy. Then
the algebra (PS¢ X, -,U) is free in the variety Sgz of all semilattice ordered L£2-
algebras. Moreover, the algebra (PS§' X, -, U) is generated by the set {{z} | z € X}.

Let @ = {¢1,...,qx} € X and a be an endomorphism of (PS§X,-,U). Be-
cause each homomorphism is uniquely defined on generators of an algebra, a(Q) =
al{g1}) U...Ua({gr}) might be any finite subset of X. This implies Congz =
{idp<w x} and shows there are only two subvarieties of the variety Spz: Scz itself
and trivial one.

Example 6.2. Let U be the variety of all binary algebras (4, -), SG be the variety
of all semigroups and SL denote the variety of all semilattices.
By results of G. Grétzer and H. Lakser ([6, Prop. 1]), the algebra (PS§ Fsc(X), )
is a commutative semigroup, but it is not idempotent. Hence, the algebra (PS§ Fsz(X), )
does not belong to the variety Ssr, and consequently by Corollary 3.3, it is not
free in Ss..
Let us consider the so-called Ssc-replica congruence of (PS§ Fsp(X),-,U):

D550 (X) = {¢ € Con(PS§ Fsc(X), V) | (PS§Fse(X)/¢,-,U) € Ssc}-

The algebra (’P>0 Fsp(X)/®ss.(X),-,U) is called the Ssz-replica of (PS§ Fse(X), -, U).
Obviously, each semilattice is a mode, then by results of [12], the Ss,-replica of
the algebra (PS§ Fsz(X), -, U) is free over a set X in the variety Ss,.
The free semilattice (Fsz(X), -) over aset X is isomorphic to the algebra (PS§ X, U).
We proved in [13] that Sse-replica congruence of (PSg (PS¢ X),U,U) is defined in
the following way: for @, R € PS§ (PS§X)

QTss (X) R & (Q) =(R),
where (S) denotes the subalgebra of (PS¢ X,U) generated by S.

This shows the free algebra over a set X in the variety Ss. is isomorphic to
the algebra (S(PS§X),+) of all non empty, finitely generated subalgebras of the
algebra (P;SJX U) with S1 + S5 = <Sl U SQ>

By results of M. Kufil and L. Poldk ([9]), there are three more non-trivial fully
invariant congruences of (PS¢ (PS¢ X),U,U) greater than ®s,, (X), which belong
to the set Conse. They can be described as follows: for @ = {qi1,...,q}, R =
{ri,...,rm} € PSE(PSEX)

QP R &

Yige®)3I(reR) rCqgCriU...UrpandV(re R)3I(ge@) ¢CrCqrU...Ug,
QPR &

Vige®)qCrmU...UrpandV(re R)r Cqp U...Uqy,

QP33R <

Vi@geQ)3(reR) rCqandV(re R)3I(ge Q) ¢Cr.

This confirmed previous results of R. McKenzie and A. Romanowska (see [10])
that there are exactly five subvarieties of the variety Ss..
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