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Abstract. For quasivarieties of algebras, we consider the property of having definable
relative principal subcongruences, a generalization of the concepts of definable relative
principal congruences and definable principal subcongruences. We prove that a quasi-
variety of algebras with definable relative principal subcongruences has a finite quasi-
equational basis if and only if the class of its relative (finitely) subdirectly irreducible al-
gebras is strictly elementary. Since a finitely generated relatively congruence-distributive
quasivariety has definable relative principal subcongruences, we get a new proof of the re-
sult due to D. Pigozzi: a finitely generated relatively congruence-distributive quasivariety
has a finite quasi-equational basis.
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1. Introduction

In [2] K. A. Baker and J. Wang introduced the notion of definable principal
subcongruences (DPSC). With the aid of it, they provided a new proof of cel-
ebrated Baker’s theorem [1]: each finitely generated congruence-distributive
variety has finite equational basis. (All algebras and classes of algebras con-
sidered in this paper are assumed to be in a finite language.) The novelty
of this proof lies not only in its shortness and exceptional elegance, but also
in the fact that it does not relay on the existence of Jénsson’s terms [9].
Therefore it is plausible that the DPSC technique may be carried over to a
more general setting. The aim of this article is to demonstrate that it is the
case indeed. We introduce the notion of definable relative principal subcon-
gruences (DRPSC) and employ it to provide a new proof of the following
generalization of Baker’s theorem obtained by D. Pigozzi [19].

THEOREM 1. A finitely generated relatively congruence-distributive quasiva-
riety has a finite quasi-equational basis.

Our main contribution is the following theorem.
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THEOREM 2. Let Q be a quasivariety with DRPSC and let Qs (Qrsy) be
the class of (finitely) Q-subdirectly irreducible algebras. Then the following
conditions are equivalent

O O has a finite quasi-equational basis;
0O Qgr is strictly elementary;
® Qg is strictly elementary.

Several results preceded our Theorem 2. R. McKenzie [13] proved that a
variety V with definable principal congruences (DPC) which is residually less
than n, for some finite n, has finite equational basis. This was generalized by
B. Jénsson and K. A. Baker [10] who showed that a variety V with DPC and
Vsr (Vrsr) strictly elementary has finite equational basis. The extension of
this theorem to the quasivariety case by J. Czelakowski, W. Dziobiak [5] and
the first author [16] followed. Finally, K. A. Baker and J. Wang proved [2]
that a variety V with DPSC and Vs; (Vrgr) strictly elementary has finite
equational basis.

The new proof of Baker’s theorem presented in [2] is based on the above
mentioned result of K. A. Baker and J. Wang, and the fact that each finitely
generated congruence-distributive variety has DPSC [2, Theorem 2]. In order
to obtain a proof of Pigozzi’s theorem one can easily carry over the latter
fact to the quasivariety case (Proposition 7) and use our Theorem 2.

Pigozzi’s theorem was already reproved by W. Dziobiak in [6] and by
M. Maréti, R. McKenzie in [12]. But, according to our knowledge, the proof
presented here is the shortest one, as is the proof of Baker’s theorem given
in [2]. However, both these proofs are non-constructive.

The results more general than Pigozzi’s theorem are known nowadays.
The first author of this article proved in [17] that a locally finite relatively
congruence-distributive quasivariety Q has a finite quasi-equational basis
provided the class Qpgr is strictly elementary. W. Dziobiak, M. Maréti,
R. McKenzie and the first author proved [7] that each finitely generated
relatively congruence-meet-semidistributive quasivariety has a finite quasi-
equational basis. It is a quasivariety version of Willard’s theorem [20]. Fi-
nally, K. Palasiriska proved in [18] that a finitely generated protoalgebraic
filter-distributive strict universal Horn class is finitely axiomatizable.

2. Toolbox

We briefly recall basic facts from quasivariety theory we will need. A stan-
dard book about quasivarieties is [8] and about universal algebra are [4, 14].
One may also consult the classical position [11].
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We assume that all considered algebras are in the same finite language.
A quasivariety Q is a class of algebras defined by a set X of quasi-identities
(strict universal Horn sentences). The set ¥ is called a quasi-equational basis
of Q. Recall that a class is strictly elementary, or finitely axiomatizable, if it
may be defined by a single sentence. Notice that a quasivariety Q has a finite
quasi-equational basis if and only if Q is strictly elementary. The smallest
quasivariety Q containing a given class G is SPPy(G), where P denotes
the product class operator, Py denotes the ultraproduct class operator, and
S denotes the subalgebra class operator [8, Corollary 2.3.4]. If G is a finite
family of finite algebras, then Q@ = SP(G), and every such Q is called finitely
generated.

Let Q be a quasivariety. A congruence « on an algebra A is called a
Q-congruence provided A/a € Q. Note that A € Q if and only if the equality
relation 04 on A is a Q-congruence. The set Cong(A) of all Q-congruences
of A forms an algebraic lattice which is a meet-subsemilattice of Con(A)
[8, Corollary 1.4.11]. We use the symbol V€ for the lattice join in Cong(A).

A nontrivial algebra S € Q is Q-subdirectly irreducible if Og is a com-
pletely meet irreducible in Cong(A), and S is finitely Q-subdirectly irre-
ducible if Og is a meet irreducible in Cong(A). Let us denote the class of
all (finitely) Q-subdirectly irreducible algebras by Qg; (Qpsr). Note that if
Q = SP(G), then [8, Proposition 3.1.6]

Qsr € S(9). (1)

In an algebraic lattice each element is a meet of completely meet-irreducible
elements. For A € Q the lattice Cong(A) is algebraic. Thus we obtain
[8, Theorem 3.1.1]

Q =Ps(Qs1), (2)

where Pg denotes the subdirect product class operator.

Let A be an algebra and H C A2. Then there exists the least Q-con-
gruence containing H and we denote it by HS(H ). Note that 93(—) is the
algebraic closure operator associated to the lattice Cong(A). If H consists
of one element (a,b) we simply write Gg(a, b) and call such congruence a
principal Q-congruence or a relative principal congruence. Notice that for
a € Cong(A) and a, b, c,d € A we have the following useful equivalence

(c,d) € a Ve Og(a, b) & (c/a,d/a) e Hg/a(a/a,b/a). (3)
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3. DRPSC
An existential positive formula I'(z,y, u,v) is an Q-congruence formula if
Q= (Vz,u,v)[[(u,v,z,z) > u = v (4)

[8, Subsection 1.4.4]. For example ux ~ vy V zu =~ yv is a congruence
formula for the quasivariety of cancellative groupoids. The importance of
Q-congruence formulas follows from the following fact [8, Proposition 1.4.13].

PROPOSITION 3. Let Q be a quasivariety and a,b,c,d € A € Q. Then

c,d) € 04(a,b) if and only if there exists a Q-congruence formula T such
Q
that A E=T(c,d,a,b).

Let a,b € A € Q. We say that a Q-congruence formula I' defines HS(CL, b)

if
05(a,b) = {(c,d) € A> | AET(c,d,a,b)}.

We say that Q has definable relative principal congruences (DRPC) if there
exists a Q-congruence formula defining all principal O-congruences in Q.
In the variety case this reduces to having definable principal congruences
(DPC). A quasivariety Q has definable relative principal subcongruences
(DRPSC) if there exists a Q congruence formula I' such that for each pair
a,b of distinct elements of A € Q there exists a pair ¢,d € A of distinct
elements such that

AET(cd,a,b) and Gé(c, d)={(e,f) | AET(e, f,c,d)}.

Similarly as above, this reduces to having definable principal subcongruences
(DPSC) in the variety case. The property of having DRPSC is more common
than of having DRPC (Proposition 7 and Remark 8). On the other hand, it
still allows to prove the finite axiomability theorem (Theorem 2).

4. Proof of Theorem 2

We say that a quasivariety Q C U is finitely aziomatizable relative to U if
there exists a finitely axiomatizable quasivariety R such that @ = R NU.
Equivalently, there is a finite set % of quasi-identities such that, for every
algebra A € U, A € Q if and only if A | X. Our first step is to show that
each quasivariety Q with DRPSC is finitely axiomatizable relative to the
variety it generates. This means that O has a quasi-equational basis of the
form ¥ U I, where X is finite and I is a set of identities (Lemma 5). For this
we need the following lemma.
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LEMMA 4 (cf. [16]). Let Q be a subquasivariety of a quasivariety R. Assume
that Q and R generate the same variety V. If Gé(a, b) = 604 (a,b) for all
a,be A€ Q, then Q="TR.

PrROOF. Let A € Q. Note first that if a = 64 ({(a1,b1), ..., (an,bs)}) is a
finitely generated R-congruence of A, then « is a Q-congruence. Indeed, if
n = 0, then o = 04 is a trivial congruence. Let n > 0 and assume that
B = 04({(a1,b1),...,(an—1,bn—1)}) is a Q-congruence. Then by (3) and the
assumption

a=0 vR 07‘%(%, bn)
= {(c,d) € A%| (¢/B,d/B) € 03" (an/B,bs]B)}

= {(c.d) € A%| (¢/B,d/B) € 05" (an/B,b,/5)}
= B V204 (an,by)

is also a O-congruence. Thus, for every A € Q and every finite subset H of
A?% we have HS(H) = 04 (H).

Now let C' € R. Since R generates V, there exists a free algebra F' in
VY and an R-congruence v on F' such that C is isomorphic to F'/~. Since
Q generates V, F' € Q. Obviously, v = 6%(y) C 05(). Since 65(—) is
an algebraic closure operator on 2% 2, it follows from what we have estab-
lished above that 95(7) C 05 (). Hence v = 95(7), proving that ~ is a
O-congruence and C' € Q. ]

LEMMA 5. Let Q be a quasivariety with DRPSC. Then Q is finitely axiom-
atizable relative to the variety V it generates.

ProoF. Let I' be a Q-congruence formula witnessing DRPSC for Q. By the
condition (4) and compactness theorem there is a finitely based quasivariety
‘R containing Q such that I is also an R-congruence formula. We will show
that @ = VNR. Let A € Q. By Lemma 4, it is enough to show that
Hé(a,b) = 03 r(a,b) for all a,b € A. The inclusion 04 ,,(a,b) C HS(a, b)
is obvious. In order to prove the inverse inclusion we construct a sequence
(0t ) <o, Where p is an ordinal, of congruences with the following properties.

o [Cong(A)| < [{r|r < o};
e if A < K < p,then a) C ay;
e for Kk < o, ay; is a Q-congruence;

e for kK < o, a, C 97’%(6% b);

for kK < g, agt1 = o implies a, = HS(a, b).
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Note that if |Ja, # Hg(a, b), then the congruences «, form a chain in
Cong(A) of cardinality greater than | Cong(A)|, what is impossible. Thus

05(a,b) = | Jaw € 072 (a,b) = O3y (a,b).

We construct (o )x<, recursively. First put ag =04. Nowlet k = A+ 1< p
be a successor ordinal and assume that « is already defined. If (a,b) € ay,
let a, = ). Otherwise, because A/ay € Q and I" witnesses DRPSC for Q,
there exists a pair (¢,d) € a) of elements of A such that

Ajay ET(c/ax,d/ax,a/ax,b/ay) (5)

and

93/(”(0/0%61/%) = {(e/ax, f/ax) | AJax ET(e/an, f/ax,c/ax, d/ax)}.
(6)
We define
e = ay V2 9‘3(6, d).
We claim that oy, = ay VR 04 (c, d).
Indeed, by (3)

e = {(e. ) € A% | (e/ax, flan) € 05 (c/anr, dfay)},
and by (6)
= {(e,f) € A% | AJay =T (e/ay, f/ax, c/ax, d/ay)}.

But I' is an R-congruence formula and A/ay € R, hence by Proposition 3
and (3)

an C{(e, f) € A% | (e/ar, fan) € 02" (c/ar, d/ay)} = ax VR 64 (c, d).

This proves the claim.

Similarly by Proposition 3 and (3), (5) yields (c,d) € ay V* 04 (a,b).
This together with oy C Hé(a, b) imply that (¢, d) € 07‘%(@, b). Hence, by the
claim, oy, C 04 (a,b).

It remains to define a,, when k is a limit ordinal and « is defined for all
ordinals A < k. It may be done by putting a, = [J,,, ax. [

PROOF OF THEOREM 2.
O = . Let I' be a Q-congruence formula witnessing DRPSC for Q. Let
I'%(r, s, x,y) be the abbreviation of (Ju, v)[T'(u, v, z,y) AT(r, s, u,v)] and put

= (3r,s) raésA(Vx,y)[(:vaéy—>F2(r,5,x,y)]]. (7)
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Observe that S € Q is Q-subdirectly irreducible if and only if S | ¢. Thus
if A is a finite quasi-equational basis of Q, then A U {¢} defines Qg; and
this class is strictly elementary.

O = @. Let I be a set of identities and X be a set of quasi-identities such
that > U I defines Q. By Lemma 5, we may assume that X is a finite. For a
quasi-identity

let

Put
d(u,v) =T'(u,v,u,v) A /\ 05 (u,v),

where Fq is the set of axioms for the equality relation. Observe that
A= 6(c,d) if and only if B8 = {(e,f) € A% | A E I'(e, f,c,d)} is a con-
gruence containing (¢, d) and A/S = X. If additionally A =1, A = d(c, d) if
and only if § is a Q-congruence containing (¢, d). In particular, when A € Q,
A = d(c,d) if and only if T defines Qé(c, d).

Now let

v = (Va,y) [m %y — [(Elu,v)[u ZoA I'(u,v,x,9)Ad(u, v)]H

The consideration given above and the fact that I' witnesses DRPSC for Q
yield Q = ¢. Thus, by the compactness theorem, there is a finite subset Iy
of I such that

YUl e (8)

It is worth to mention that the quasivariety defined by > U I does not need
to have DRPSC. This is because I" does not need to be a congruence formula
relative to it.

Since Qgr is strictly elementary, there is a sentence y defining Qg;.
Whence XUTU{9} = x, where ¢ is as in (7). By the compactness theorem,
there is a finite set I; C I such that

YUl u{y}Ex (9)
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Let R be the quasivariety defined by XUlyUl;. We show that Rgr C Qgy.
Then by (2), R € Q. And because the inverse inclusion holds, R = Q. So let
S € Rgr and choose distinct g, h € S such that (g, h) belongs to each nonzero
R-congruence on S. By (8) for arbitrary distinct a,b € S there are distinct
c,d € S such that S = I'(c,d,a,b) and v = {(e, f) € S? : S | T(e, f,c,d)}
is an R-congruence containing (c¢,d). In particular v is nontrivial, hence
(g,h) € . This yields

SEgahA(Vry)|[(xty— T h )],

where I'? is defined as in the proof of @ = @. We obtained that S |= 1. By
(9), S E x, and thus S € Qgjy.

O < ®. One may proceed similarly. Just instead of 1 from the proof of
implication @ = @ the sentence

(o)l 2y A o] o (Bl AT 5,,0) AT 5,0
should be used. [ ]

5. Relative congruence-distributive quasivarieties

A quasivariety Q is relatively congruence-distributive if the lattice Cong(A)
is distributive for all A € Q. A variety is congruence-distributive if it is
relatively congruence-distributive. The proof by K. A. Baker and J. Wang
[2] that a congruence-distributive finitely generated variety has DPSC carries
over easily to the quasivariety case. However, for the sake of completeness,
we provide here a detailed exposition for the later case.

LEMMA 6. Let Q be a quasivariety and assume that there exists a natural
number N with the following property: For each algebra A € Q and each pair
of distinct elements a,b € A there exists a pair of distinct elements ¢,d € A
such that

e there exits a subalgebra B of A with at most N elements such that

a,b,c,d € B and (c,d) € Hg(a,b), and

o if (e, f) € Hé(c, d), then there exists a subalgebra C' of A with at most N
elements such that c,d,e, f € C and (c,d) € Og(a, b).

Then Q has DRPSC.
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PROOF. Proposition 3 and the fact that a nonempty disjunction of Q-con-
gruence formulas is also a Q-congruence formula yield that for each finite
family of finite algebras G there exists a Q-congruence formula defining prin-
cipal Q-congruences in G. In particular, there exists a Q-congruence formula
defining Q-congruences in all members of Q of cardinality not greater than
N. By the condition in the proposition, I' witnesses DRPSC for Q. [ |

PROPOSITION 7. A finitely generated relatively congruence-distributive qua-
siwariety @ has DRPSC.

PROOF. By (1) there exists a finite bound M for the cardinality of the
O-subdirectly irreducible algebras. Let N be the cardinality of the free
Q-algebra of rank M + 2. Because Q is finitely generated, N is finite.
Moreover, each Q-algebra with at most M + 2 generators has cardinality not
greater than N. We argue that N satisfies the condition of Lemma 6.

Consider an algebra A € Q and a pair of distinct elements a,b € A. By
(2) there exists a family of Q-congruences 7; € Cong(A), i € I, such that
ﬂie ;M = 04 and all S; = A/n; are Q-subdirectly irreducible. We choose
J € I so that |S}| is as large as possible subject to (a,b) & n;. Let B be a
subalgebra of A such that a,b € B and |B /nf] = |S;|, where nP denotes
n; N D2?. This condition means that B contains at least one representative
of each n; class. Because |S;| < M, we may assume that B is M generated,
and hence |B| < N. Since S is Q-subdirectly irreducible, 77;3 # B? and 77}3
is meet irreducible in Cong(B). Thus, by distributivity of Cong(B), there
exists a € Cong(B) such that a ¢ njB and for arbitrary 5 € Cong(B) either
8 < 77;3 or a < 8. Moreover, « is join-irreducible. Hence there is a pair of
distinct element c,d € B such that a = 95 (c,d) and

(VB € Cong(B)) [B<n xor 05(c,d)<p]. (10)

By the choice of j, (a,b) ¢ nJB. Thus by (10), (¢, d) € 95(@, b).

Now consider a pair e, f € A such that (e, f) € 93(0, d). Let C be a
subalgebra of A generated by B U {e, f}. Note that C is M + 2 generated,
and hence |C| < N. In order to finish the proof we need to verify that
(e, f) € 98(0, d).

The finiteness of C yields that the family {n{ | i € I} is finite. Therefore,
by distributivity,

05(c, d) = 05(c,d) Ve 0¢ = 05(c,d) v [n€ =) (65(c,d) Ve ().
el i€l
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Thus it is enough to show that (e, f) € 98(0, d)ven¢ for alli € I. There are
two cases. If (c,d) € 1;, then obviously (e, f) € n¢. Assume that (c,d) & n;.
Then (a,b) € n;. Moreover, (10) yields n? < n]B. Thus, by the choice of j
and B,

18il <181 = 1B/n7| < |B/uf| <|1C/nf'| < |A/mi| = |Si].

Therefore the mapping C/n — A/n;, given by z/n¢ — x/n;, is an isomor-
phism. Consequently by (3)

(e, f) € 08 (c, d) (e/mis f/m3) € 65 (c/mind/m;)

=
C/nC
e (el ey €6y e/l dme)
& (e f) €05(c,d) vl

REMARK 8. As in the variety case, a finitely generated relative-congruence
quasivariety does not need to have DRPC. Let L be a finite non-distributive
lattice and put V = HSP(L), where H denotes the homomorphic im-
age class operator. Jénsson’s theorem [9, Corollary 3.4.] and congruence-
distributivity of V yields Vg; € HS(L), hence V is finitely generated as
a quasivariety. But R. McKenzie proved [13, Theorem 23] that the only
nontrivial variety of lattices with DPC is the variety of distributive lattices.

PROOF OF P1G0ozzI’s THEOREM. Combine Theorem 2 and Proposition 7.
|

6. Examples

This section contains two examples, each providing a negative answer to
questions emerging naturally in the context of our work.

EXAMPLE 9. There is a finitely generated quasivariety Q without DRPSC
such that the variety H(Q) generated by Q has DPSC. Let L be a finite
lattice with SP(L) not finitely based. For examples of such lattices see [3]
or [8, Sec. 6.2]. By Theorem 2, SP(L) does not have DRPSC. Still HSP(L)
is congruence-distributive. Thus, by Theorem 2 in [2], it has DPSC.

ExaAMPLE 10. There is a finitely generated quasivariety Q with DRPSC such
that the variety H(Q) generated by Q does not have DPSC. Let A = S3U{0},
where (S3,-,1) is the group of permutations of a three elements set and
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0 ¢ S3. We extend the multiplication by a0 = 0a = a. We define two new
operations

0 ifa=0=0, 1 ifa=hb,
: eq(a,b) = :
1 otherwise; 0 otherwise.

a+b=

Then A = (A4,-,1,0,+,eq) is an equality-test algebra. It was shown in [19]
that such algebras generate relatively congruence-distributive quasivarieties
(see as well [15]). Thus SP(A) is relatively congruence-distributive quasi-
variety and by Proposition 7, it has DRPSC. Let « be the congruence of A
with one nontrivial class {0,1}. Then A/« is term equivalent to the group
S3 and by Theorem 3 in [2], HSP(A/«a) does not have DPSC. Thus HSP(A)
does not have DPSC.
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