1. R={vy, vy, ... Vii} is a basis for V. Prove that S={w +vy, vitVvotvs, ..., +Vot ... +V}is also a basis for V.
Solution. Since the size of the set is equal to the sizBebasis R it is enough to show that S is liyearl
independent (or that S spans V). Latigap(vi+Vvo)+ ... +ay(Vitvat ... +V,)=0. Easy transformation yields
(qtat ... ta)vit(aptagt ... a)Vvot ... +aVvy=0. Since R is linearly independent this impligsat+ ... +a3,=0,
atast ... 3=0, ... ,8=0. Subtracting from each equation the next ongetg=a= ... 3=0.

2. R={vi,v, v3,v4} is a basis foR* Tis a linear operator such that T)&wv1, T(Vo)=vi+vy, T(V3)=Vvit+Vvotvs and
T(v4)=V1+Votvst+v,. Find the Jordan block matrix for T.

1111
: 0111 ,
Solution. From the definition of T follows that A=MT]= 00 11 , hence the eigenalues of T are
0 001
0111
0 01 1], . : :
A=A2=A3=A4=1. The rank of A-1l 000 1 is obviously 3, so J has just 4-3=1 Jordan bloek,
0 0O00O
1100
0110
J=
0 011
0 001
-1 1 0 O -2 -1 -1 1
0O -1 1 O 1 0 1 -1
3. For matrices] = and A= find P such that J=RAP. Verify.
0O 0 -1 0 2 2 0 -1
O 0 0 -1 1 1 1 -2

Solution. The form of J implies that all four eigenvaluesJ (and thus for A) are equal to —1. The structir
J (1 block ¥3 and 1 block £1) means that R={yv,,v3,u1}, with v, and y eigenvectors and,\and \4
attached vectors of the first and second order, grgp (A-(-1)1=[0]. In other words, (A-(-1)fvs=vi,
(A-(-1))vs = v, and (A-(-1)I)y=[0]. Furthermore, vand y must be linearly independent.

-1 -1 -1 1 -1 -1 00 1 -1
1 1 1 -1 1 0O o . 1
A-(-1)) = C(A-(-1)1)? = Let'stryw| |, i.e. w= and \ =
(())221_1(()) 1 100 YVl w= v
1 1 1 -1 1 1 00 0 1
(-1
i . All we need now is another eigenvector of A, éirlg independent withiv Row-reduction of
|1
-1 -1 -1 1 1100
1 1 1 -1 001 -
easily yield , Wwhich means all eigenvectors (x,y,z,t) satisfyyxand z=t.
2 2 1 -1 vy 000 O J bey.z.0
111 1 -1 000 O
0 -1 -110
. , 0 00
Our vy used y= 1 and t=1, so for we will take y=0 and t=1, gettingsl L . Hence P 0 1
1 1 1 01
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4. Prove that for every two complex numbeesdy, if |z-v|=[z+v| then— is a real number.
v

Solution. Let z=a+bi andv=c+di. p-v|=f+v| means thaz[=|z+vf’, which means  (a%)(b-dy =



2
(a+cf+(b+dy. This resolves to’ac+é+b*2bd+d = &+2ac+é+b*+2bd+d and then ac+bd=0. No»%; =
v

(z_jz z((a+bi)(c—di)jz =(ac+bd +(bc—ad)ij2 =((bc—ad)ij2 _ _(bc—adeDR

v (c+di)(c—di) c®+d? c’®+d? c’+d?




