1. Let X be a nonempty set and fetlenote the set of all functions from X irRo For every f,gIF we define
(fF+g)(x)=f(x)+g(x), and (fg)(x)=f(x)g(x). Under what conditions i +,0) a field?
Solution. The condition is that X is a one element set. i then all functions from X int® are constant and
resulting algebra is isomorphic wikh Otherwise X contains at least two different elatea andb. The
function f@=0 and fk)=1 for everyx#a is not the zero function and is not invertiblehwiespect tal

2. Sets A and B are linearly independent. Proveitispan(A) n span(B)={ 6} then AOB is linearly independent.
Solution. Let A={vy, ... w} and B={wy, ... Wp}. Suppose @v1+ .. +avitbiwi+ ... +ywe=6. Then avq+ ..
+avi=(-b)wat ... +(-lp)wp. Since LHS is a vector from span(A) and RHS isnfspan(B), they both belong
to span(A) nspan(B). Since the only vector there@sboth are equal 16, and, by linear independence of A

and B we get#& ... =a=b= ... =,=0, i.e. AIB is linearly independent.
3. F(X,y,z,t)=(-2x-3y+4z-4t,x+z-t,x+y-z+2t,x+2y-348). Find the Jordan block matrix for Hint A3(\-1)=0.
-2 -3 4 -4
. . 1 0 1 -1 . .
Solution. Obviously, A=Ms(F)= 1 1 -1 2 . One easily verifies that rank(A-01)=3 and rank(A-
1 2 -3 4
11)=3. Hence, the number of J-blocks #at0 is 1 and the number of J-blocks kerl is also 1. That means
0100
that J 01 O.
0 00O
0 001
-2 1 0 O -3 -5 1 4
4. For the matriced = 0 -2 00 and A= "2 6 24 find P such that J=RAP.
O 0 -2 1 1 -1 -3 0
O 0 0 -2 -3 -6 3 4

Solution. (A-(-2)I)? is the zero matrix (because so is (J-(2)Hence P has columns (A-(-2)v.. (A-
(-2))v4, v4, where y and v, are chosen so that (A-(-2)band (A-(-2)1)w are linearly independent. We may

-1 1 4 0

. -2 4 0

choose y=(1,0,0,0) and »~(0,0,0,1), getting P= .

1 00O

-3 0 6 1
1 2 4 3

2 3 3 4 .
5. Mg(T) = 3 o 1 , R={V1,V2,v3,v4). Find Mg(T), where S={y,V3,V4,v1}.

4 5 1 2

Solution. The first column of M(T) signifies that T(y)=v1+2v,+3vst4v, = 2\W+3va+4v,+1v;. But v is the
last vector in S, so 2,3,4,1 will form the lastwah in Mg(T). Doing the same for,w; and v we get

334 2
4 2 1 3
MT=l5 1 5 4l
2 4 31



