HINTS & SOLUTIONS

1. Problems of the type : A given complex number is a root of a polynonwéth real coefficients, find remaining
roots.
Hint: If the coefficients of the polynomial arereal (and ONLY in this case) we can use the fact that the conjugate of
arootisalso aroot.
Example. 1-i is a root of 2-62°+167-20z+12. Find the remaining roots.
SOLUTION. First, the degree of our polynomial is 4, sotliyy main theorem of algebra we need three mors.roo
Since all coefficients are real and 1-i is a rgotpne of the remaining three roots is 1+i . Henae polynomial is
divisible by (z-(1-1))(z-(1+i)) = (z-1+i)(z-1-i) Z*-2z+2. The division yields’#4z+6. For this quadratic polynomial,
A=-8, -/A = +2./2i , so the missing two roots are-22i and 2+/2.

2. Problems of the type : Show that the intersection of two substruct(lige groups, fields, vector spaces) is also a
substructure.
Hint. These problems require the WTH (What-The-Hell)rapph. You need to realize what-the-Hell is the
intersection of two sets (it consists of those otgjevho simultaneously belong to both sets), asd what-the-Hell
is this particular type of structure. In the cabsubspaces of a vector space you may use theetineoe proved in
class.
Example. V is a vector space over a field F. Show thaefaery two subspaces W and U of VAW is a subspace.
SOLUTION. ©0W and®OU so®0OWnU and WhU £ 0. If x,yd0WnU then x,yIW and x,y1U. Then x+yIW
because W is a subspace andXtybecause U is a subspace. Hencel M U, i.e. WnU is closed under vector
addition. In the same way one shows that Wis closed under scaling.

3. Problems of the type : Calculate some power of a quotient of two complembers.
Hint. Usually it helps to find polar forms of the twonsplex numbers, use the division lemma to find tbkapform
of the quotient and then use de Moivre Law to dateuthe solution. Sometimes (Example 2 - Problenorh the
year 2005) it is easier to divide first, represiet quotient in the polar form and then use de Mobhaw.
Example 1.

\/§+|\/§ 1272
~-1+i-/3

Calculate

2+i2)" P

oz | METTE cos™ +isin> 1272

SOLUTION. (Mj =| 2 | = 24 : =(cos(ﬂ—2ﬂ)+isin(ﬂ—2ﬂ)) =
—1+i4/3 -1+i3 cos  +isin<” 4 3 4 3
2 3 3
. (cos(— 51”27) ;i sin(—“rl);[)) = cos( 127257 +isin(—127122[5n) - cosE5307) +isin(5307) = 1
Example 2.
Calculate(1+ 3+ (1__@)ij
2+2

OLUTION. [1+(3+(1_—f3)i] (1+ﬁ>+(1 /3)i (- 2)j (1+@+(1 x@)l)(Z 2|)J

2+ 2 2+2i 8
(2+2/3+2i-2/3-2i-2/3+2-2/3) _(4- 4@ ﬁa > o
= 3 cos( )+|sm(—)J =
=co{ 59ﬂj+|3|r( 597sz00{(—6()+1)77)“$"((6()1) { 20T+ j+isin(—20n+ﬂj =

3 3 3 3 3 3

=cos” +isin’t = 1+£i . Easy asn.

4. Problems of the type : Find all complex numbemssatisfying an equation involvirng z, |z, some exponents and
coefficients.
Hint. These equations can usually be reducefitofor some constantsandc. Use identitiezz=|z* , |z|=|z|
|2w|=fz|w| and some common sense. Once you reduce theautmthe fornz'=c use the root formula to find ail



roots ofc.

Example. Problem 2(2009)(z)%z = 8[|

SOLUTION. Apply modulus to both sides. We géiz)>z| = [8[z]|, which yieldsz*=8[]. This means]F0 or #>=8,
i.e. g|=2. In the case|EO we get z=0 — and this is one of our solutidimwy consider the casg42. Plugging this
into our original equation we get

i(2)°%2=16

i(z)°2z=16

Sincezz=|zf’ = 4 we get

i(z)%4=16 and

i(2)*=4 and

(2)*=-4

Conjugating both sides we get

Z = 4i. Roots of #arez;=-/2 +i~/2 andz=--/2 -i-/2 . So our solutions are: 02 +i~/2 and-~/2 -i/2.



