Linear Algebra with Geometry — Midterm 2 JAN 10, 2019

1) Show that for every vector space V and for every set of vectors {vi,v, ... ,Vn} span(vy, vy, ... ,Vp) =
span(vy Vi+Vo,Vo+Vs, ... Vp1+Vp).
Solution. Let A= span(vy, vy, ... ,Vy) and B = span(vy Vi+Va,Vot+vs, ... Vi +V,). We must show that
BcA and BoA. If weB then w = ajvi+ ap(Vit+vy) + ag(Vo+vs) + ... +an (Vi1 +Vy) = (artag)vi+(ax+as)vst

. +apvy € B. In the other direction, if ueA then u = byvi+ bov, + ... +bpv, . We have to express u as

a linear combination of vy Vi+V,,Vo+vs, ... \Vn1+V, hence we must find ¢y, ... ¢, such that byvi+ bov, +
... TbpVp = Civi+ Co(Vi+Va) + C3(VatVs) + ... +Cn(Vin-1tVn) = (C1+C2)Vi+(CatC3)Vat ... + cpVy. One
possibility is to find find ¢y, ... ¢y such that c;+c; = by, co+C3 = by, |, ChatCh=Dbn.1, €, = by. Clearly,
putting ch=by, Ch-1= bn-1-Cn = bra-bn, ..., c1=bi-by does the trick.
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1 2 1 |. Verify your solution by matrix multiplication.
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Solution. It is easy to notice that rows of A are linearly dependent (r, = r, + rs) so the matrix is not
invertible.

3) W and U are subspaces of V, WnU={0}, {wa,...,wy} is a basis for W, {u,...,un} is a basis for U.
Prove that the set {wu,...,w,U1,...,un} is a basis for W+U = {w+u:weW A ueU}.
Solution. Obviously span({wi,...,wk,Us,...,un}) = W+U. We must show that {wi,...,wk,Us,...,un} IS
linearly independent. Suppose, for some ay, ... ,ax,by, ... by, a;Wi+...aWi+bius+...+bmum =. Then
aW1t...8Wy = -b1Us-...-bmum. But this means that a;w;+...awy and -byu;-.. .-bmury, both belong to
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WU, hence both are equal to ® (the zero vector) and, consequently, ay, ... ,ax,b1, ... bp =0
1 1 1 x
. . 1 x 1
4) Solve (in C) the equation det =0.
1 x 11
x 1 11
0 0 1-x x—1
Solution. Row operations ri-ry, ro-rz and rs-ry yield 0 L=x x—1 0 . Taking out the
' 1—-x x-—1 0 0
X 1 1 1
0 O 1 -1
. ;0 1 -1 0 .
common factor in rows 1,2,and 3 we get (1 — x) 1 -1 0 o ri+rg yields
x 1 1 1
o 1 1o 12
(1-x)3 1 -1 0 ol7 (1-x)310 1 —-1|=@1—=x)3(—x—3). Theroots are 1 and -3.
1 -1 0
x 1 1 1



