Chapter 1
Complex Numbers — continued

Here comes one of the most important ideas inradistlgebra

Definition 1.1. Fields (F,+,-) and (X,#,*) are said to isemorphic iff there exists a bijection

(i.e. a one-to-one and “onto” function) f:FX such that
(Da,dF) f(a+b)=f(a)#f(b) and f(a-b)=f(a)*f(b)

Every such function is then called imomorphism.

The definition of an isomorphism can be easily eggpto groups or other algebraic
systems. Algebras that are isomorphic are congidessentially identical”. They differ only
in secondary respects, such as the nature of ¢éneeelts, the labels we use to denote them, the
symbols we use for operations and such like, whilgvhat counts” they are identical. From
algebra point of view “what counts” is propertiddtte operations, not only those listed in the

definition of the particular type of algebra butaf them.

Example 1.1.Consider groupsR,+) and R",-). The function f(x)=2is a bijection and
f(a+h)=2"%=22.2=f(a)-f(b), hence f is an isomorphism. You can kiof (R,+) as an exact
model of R*,-). That means, you can predict the result of iplidation of two positive
numbers watching the result of addition of thepresentatives iR. In other words, you can
live without ability to multiply, as long as yourtadd and you don’t mind calculating powers
and logarithms. Suppose you want to multiply 0.8Bbfzirst, we must find out who
represents 0.5 and 8. Since f(-1J=P.5 and f(3)=2=8, 0.5 and 8 are represented by —1 and
3, respectively. Now, 0.5-8=f(-1)f(3)=f(-1+3)=f(2*=4.

Example 1.2.Consider Z,,[1,00) and ({a,b},#,*), where # and * are defined adduals

# a b * a b
a b a a a b
b a b b b b

Since ({a,b},#,*) is isomorphic tas,[1,07) (the isomorphism being f(a)=1, f(b)=0) we can
claim that ({a,b},#,*) is a field, because all albgaic properties are preserved by an
isomorphism.

Example 1.3. (RxR,+,-) where + and - are defined “componentwise’(a,b)+(c,d) = (a+c,
b+d) and (a,b) - (c,d) = (a-c, b-d) is NOT a fisldce no element of the form (0,b) or (a,0) is

invertible.



Example 1.4.(RxR,+,-) with componentwise addition and multiplicatdefined as follows:
(a,b)-(c,d) = (ac-bd,ad+bc) is a field. This fisddsomorphic to the field of complex numbers,
the isomorphism being f(ai(a,b).
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We can look at the field from last example as aso#pproach to complex numbers. We
identify complex numbers with points of the Card@splane (or vectors anchored at the
origin) and we call this “geometrical interpretatiof complex numbers”. A poitof the
plane can be identified by its Cartesian coordsatay (a,b), but also by its polar
coordinates, i.e. the distancé&om the origin and the angtebetween positive half-axis OX
and the segment (0,0)(a,b). Hence, (a,lops(r,rsina) or, equivalently, z = a-l= r(cosa +
icosa). The last expression is known as the polar fofrtihe complex number z. The

nonnegative number r is called the absolute vatumodulusof z, and is denoted by |z|.

Clearly if z is given in the standard form z=a#en |z|=/a” +b* . The anglex is called an
argumenbf z. Since both sine and cosine are periodictfanavith the period of & a
complex number has infinitely many arguments. Tigeiaent of z that belongs to the

interval <0;27) is called the principal argumeot z.

With every complex number z=arve associate its conjugatemberz = a-h.
Geometricallyz is the mirror image of z with respect to the Xsaxi

Theorem 1.1The function f(z) =z is an isomorphism df with itself.

Proof. It is enough to verify by hand thatt w=z+w and zw =z W .[J

Fact z=|7".



Proof. (a+hi)(a-hi) = &+b”

Example 1.5.Here are polar forms of some complex numbers:
1=cos0+sin0

-1=coswHisinTm

. Y/ /|
1= COS— +I1SIn—

2 2
1+i=x/§(cos%+isin%)

If z=r(cosu+isina) then zZ = r(cosu-isina) = r(cos(e)+isin(-a))

Theorem 1.2(de Moivre Law)

For every positive integerif z=r(cosu+isina) then 2=r"(coa+isinna).

The theorem follows easily from the following lemma

Lemma 1.1.For every two complex numbers z=r(aessina) and w=p(coB+isinf) we have
zw=rp(cosf+p)+isin(@+p)).

Proof of the lemma.

zw=r(cosx+isina)p(coP+isinB) = rp((cosmco-sinasinB)+i(cosasinB+sinocoP)) =
rp(cos@i+p)+isin(@+p)). The last transformation follows from well-knownigonometric

identitiesl]

De Moivre Law can be used also to calculate robtomplex numbers.

Definition 1.2. Every complex number w satisfying the equatidisais called a root of z of

order n.
Suppose z=r(caos+isina) and w=p(coB+isinB) is a root of z of order n. Then'w p'(cosnB
+ isinnP) = r(cosa+isina). Hence pﬂF (in the usual sense) ardsnf=cosa andsinnB=sina.

a+k2n

Since 2tis the period of sin and cos, we ggk¥o+k2r, or S, = , for k=0,1,2, ... .

Notice that for every integer g3, ,, = ar (k; pn)27 =ar k272n+ pnzn _a+ kan +

p2rm.

Hence, w = ¥r (cosBi+isinBy) = ¥r (COSBi+pritisiNBi+pn) = Wikpn. This indicates that we only

getn different roots of z of order, namely w,wa, ... ,Wp.1 — N0 more, no less.



Example 1.6.Find 4/-1.

71+ k27

First -1=costtisintt Hencef, = for k=0,1,2,3. We get four solutions

zo:cosl—T+isin7—T:£+i£,
4 4 2 2
_ 3 . . 3T V2 N2
Z3;=COS—+isin—=—+|—,
4 4 2 2
22:(;055_7T+i5in5_n:—£_i£
4 4 2 2
_ /8N 777_\/5 2
Z3=C0S— +isin—=—-1—
4 4 2 2



