DIMENSION

Problem 1. Determine whether the given set of vectors isdiyeindependent in the indicated
vector space.

@{x*+x®+x%+x +1,x*+x+2,x}in R[x] overR,

(0){(1,0,1),(1,1,0),(0,1,1)} irZ 5 overZ,,

(c){(1,0,1),(1,1,0),(0,1,1)} irR® overR,

(d){sin x, cos x, x} inR® overR,

(e){sin’ x, co$ x, sin 2x, cos 2x} iR~ overR,

() { XX + X, X+ X, + Xy XX FiIF{ X, X,,X5,...,X, }is linearly independent.

(@ X + X, X, + Xgyooe X + X, X, X FIF{ X, X5, X5,...,X, }is linearly independent

(h){x, +Vv, X, +Vv,....x, +V} if { X;,X,,X5,....X, }is linearly independent ands any vector,

() S, where 8IT and T is linearly independent,

() S, where TIS and T is linearly independent,

(K{ x;, X,,X5,....X, }, WwherexOspan(S), x#0 for i=1,2, ... ,n, sets;@re finite and pairwise
disjoint and the set;8S,[1 ... (1S, is linearly independent.

Problem 2. Find the dimension of each of the following vedpaces:

(a)R overQ,

(b)C overR,

(c) All polynomials with real coefficients, of desgg<7, with a root at 1, oveR,
(dD)F" overF, whereF is any field,

(e) All polynomials with real coefficients, of deg<8, divisible by ¥+1, overR.
(f) Span({sin® x, cog x, sin 2x, cos 2x}) oveR,

(@)Sean({x;, X,, X3,...,X,_1} ), where {X;,X,,X,,...,X, } is a basis for V,

(N)Span({x,,, X,-1» Xp_p,---, X} ), Where {X;,X,,X5,...,X, } is a basis for V,

Problem 3. Let U={(a,b,c,d)0R*b-2c+d=0} and W={(a,b,c,d) OR*la=d & b=2c}.Find the
dimension of U,W and of bW.

Problem 4. Prove that for every subset S of a vector space V:
(a) Slspan(S),
(b) SIT = span(S) O span(T),
(c) span(S) =span(SL{w}), for every vector wlspan(S),
(d) span(span(S)) =span(S),

Problem 5. LetV be a vector space over a fiéldLet SUBY{) denote the set of all subspaces
of V. For everyU,WISUB(V) and for every scalg{F, letU+W = {u+w : uJU & wOW}
andpW = {pw : wOW}.

(a) Prove that “+” is an operation in the set SUR

(b) Is (SUBWY),+) a group? Is it commutative?

(c) Prove thapW is a subspace &f.

(d) Prove that every linear combination of subspaf&/ is a subspace &f.

(e) LetW1,Wy, ... Wy be subspaces ®. Prove thatim(span(Wi,Wo, ... \Wy)) <

dim(W1)+dim(Wy)+ ... +dim(Wy).



