POLYNOMIALSAND VECTOR SPACES

Problem 1. Let f(X)[IR[X]. Show that, if the degree of f is odd then f has at least one root in R.

Problem 2. Calculate

@ (x+1)%in Z,[X]

(b) (x—1)% in Z,[x]. Remember that in Z3 (-1)=2, SO X-1=x+2.

© (L+x+x>+x%)(2-x+3x%)in Z,[X].

Problem 3. Perform the long division

@ X°+2x* +3x*+2x* +x+1 by 2x* +3x+1

(b) x*+1Dby 2x+3

in Z,[X], thenin Z[x] and thenin C[x] ("3" isdefined as 1+1+1, "2" is defined as 1+1).

Problem 4. Find al roots of

@ x*+1

(b) x* +3x+1

© x°+2x* +3x3+2x* +x+1

in Z,[x],in Z[x].

Problem 5.

Problem 6. Prove that for every prime number n there exists a polynomial f(x)[0Z[x] such

that for each k[1{ 0,1, ... ,n-1} f(k)Z0.

Problem 7. Determine whether or not the following sets are vector spaces over indicated

fields:

(8 Z over Z, , with ordinary addition, and scalar multiplication defined as follows: Or=0,
1r=r for every r(1Z,

(b) Z, over Z, with natural operations,

(c) CoverR,

(d) Rover C,

(e) Qp[x] (all polynomialsfrom Q[x] with degree <n) over R,

(f) QnlX] over Q,

(9) All polynomials from R[x] with exactly two different roots, over R,

(h) Ry[x] (all polynomiasfrom R[x] with degree <n) over R,

(i) All functionsf:R — R such that f(0)=1, over R,

() All functionsf:R - R such that f(1)=0, over R,

(k) All continuous functionsf:R - R, over R,

(1) All functionsf:R — R which are discontinuous a O, over R,

(m)All subsets of aset X, over Z , , with the symmetric difference as vector addition, and with
OA=[ and 1A=A for every A X,

(n) All real sequences (a,, ) such that lima,, =0, over R,

Problem 8. Prove that in avector space p(v-u)=pv-pul.

Problem 9. Theintersection of any collection of subspaces of some linear spaceV isa
subspace of V. Show that this is not necessarily true for the union of subspaces,

Problem 10. Therea plane, R?, isavector space over R. Describe, in geometrical terms, all
subspaces of R?.



