CALCULUS III
Sample exercises (part I), 2013

Line integrals
1. Evaluate the following integrals:

(a) [(x+y)ds, where C is a triangle with vertices A(0,0), B(1,0), C(0,1),
c

(b) [(2*+y?)ds, where C'is given by x = cost+tsint, y = sint—tcost, t € [0, 2],
C

¢ 22 + y2 ds, where C is the contour 2% 4 y? = 2z,
ONRY
c

(d) [(a® 4+ y* + 2?) ds, where C'is given by x = cost, y = sint, z = ¢, t € [0, 27],

c
(e) [x*ds, where C is a circle given by intersection of x? + y* + 2? = 1 with
o}
r+y+z2=0,
(f) %, where C'is given by y = coshz, z € R,
c

(g) [ zds, where C is a circle given by intersection of ? + y* = 2% with y* = z
C
from the point O(0,0,0) to the point A(1,1,v/2),

(h) [xyds, where C is the contour of the square |z| + |y| = a (a > 0),
c

(i) [xds, where C is the arc of the logarithmic spiral = ae*?, (k > 0), which
c
lies inside the circle r < a,

G) J mlﬁv where C' is the first turn of the screw-line x = acost, y = asint,

z = bt.

(answers: a) 1+ v/2; b) 272(1 + 272); ¢) & d) 27(3 + 47%)V2; e) 2m; f) m; g)

. 2 2 .\ JaZro? -
2561\/5(100\/% — 72— 1T7log —25+147\/@); h) 0; i) Qk‘;%}gk ) a;rb arctan 271’)

2. Find a mass of

(a) the first turn of the screw-line z = cost, y = sint, z = 3t, whose density at a
point (z,y, 2) equals 22 + y* + 22,

(b) acurvez = 2cost, y = 2sint, t € [0, 27|, whose density at a point (z,y) equals
|z,

(c) acurve x = at, y = %atZ, z = %at:s, a>0,t € [0,1], whose density at a point

(x,y, z) equals \/%y,

(d) an arc of a parabola y* = 2pz (z € [0,p/2]), whose density at a point (z,y)
equals |y|.



3. Calculate the following integrals:

(a) [(2? —2zy)dz + (y* — 2zy) dy, where C'is the parabola y = 22, =1 <z < 1,
c

() [(a? +y?) dz + (2* — y*) dy, where C'is defined as y =1 — |z — 1], 0 < 2 < 2,
C

(¢) $(z+y)de — (z —y)dy, where C is the circle 22 + y* = 2y + 1 with counter-
C

clockwise orientation,

r+y)de—(r—y)dy
@ § ( i (2 )
¢ +y
clockwise orientation,

, where C'is the circle 22 + y? = 2y + 1 with counter-

(e) [y*dx + x*dy, where C is the upper half of the ellipse 5—; + y—2 1 traced

c
clockwise,

() [(y — 2)dz + (2 — x)dy + (v — y)dz, where C is a turn of the screw-line
c
xr = 2cost, y=2sint, z = 3t,

(2) f(y2 22)dx + 2yzdy — x*dz, where C is a curve x = t, y = 2, z = t3,
(0 <t < 1), which runs in the direction of increasing parameter ¢,

(answer: 3-)

(h) $(y* — 2% dx + (2% — 2*) dy + (2* — y*) dz, where C is a boundary of the part
c
of the sphere 22 + 92+ 22 =1, 2 >0,y > 0, z > 0, oriented so that the inner

side of the surface is to the left of C.

(answer: -4)

4. Find the potential function of a force F' = (X, Y, Z) and determine the work done
by the force over a given path if:

(a) X =0,Y =0, Z = —mg (force of gravity) and the material point is moved
from position A(z1,y1, 21) to position B(za,ys, 22),

(answer: potential: U = mgz, work: mg(z — 29))

b) X = -5,Y = - 7 = - where p = const and r = /22 4 y2 + 22
(Newton attractive force) and the material point moves from position A(a, b, ¢)
to infinity,

S R

(¢) X = =K%z, Y = —k%y, Z = —k*2, where k = const (elastic force), and the
initial point of the path is located on the sphere % + y + 22 = R?, while the
terminal point is located on the sphere 22 + ¢y + 22 =r?, R > r.

2 2

k
(answer: potential: U = —?(Iz + 9 + 2%), work: ?(R2 — %)

(answer: potential: U = H, work:
r



5. Show that the integrand functions are total differentials, find the antiderivative and
compute integrals:

(2,3)
(a) [ (x+y)de+ (x—y)dy,
(0,1)
(37_4)
(b) [ xdz+ydy,
(0,1)
12y de — x dy

(c)

5 , along a curve which does not intersect the y-axis,

1) v

(a,b)

(d) [ e*(cosydx + sinydy).
(0,0)

6. Show that the integrand functions are total differentials and compute integrals:

(2,3,-4)

(a) [ azde+y*dy—23dz,
(1,1,1)
(a,b,c)

() [ yzdr+zxdy+aydz,
(1,1,1)

G5 pde + ydy + 2 dz

(c)
(0,‘0[;0) 1/ 2 —+ y2 + 22

1
(d) (Lyf,w) yzdr + zxdy + vy dz
(1,1,1) Y=

7. Show that the integrand functions are total differentials and find the antiderivative
function U if:

U = (2° + 2vy — y*)da + (2* — 2zy — y*)dy,
_ ydr—xdy
322 — 2xy + 32’

a) d
d

d

(
(b

)

)
(c) d
)

)

U = (2z 4 3y)dx + (3x — 4y)dy,
(d) dU =e* Y [(1 +z +y)dz + (1 — 2z — y)dy],
d d
() dU = —— + 2,
r+y Tty

8. Show that the integrand functions are total differentials and find the antiderivative
function U if:

rdr+ydy+ zdz

V2 +y?+ 22

(b) dU = (2% — 2yz) dz + (y* — 2z2) dy + (2* — 22y) d=.

(a) dU =




9. Using Green’s theorem find the areas of figures bounded by the following curves:

a) the ellipse © = acost, y = bsint,

(a)
(b) the asteroid z = acos®t, y = bsin®t,
(c) the curve (z + y)* = azy,

)

(d) the cardioid x = a(2cost — cos2t), y = a(2sint — sin 2t).

10. Use Green’s theorem to compute:

(a) § xyde — 2%y dy, where C'is a circle 2% 4+ y? = a?,
C

(b) §2(2*+ y*)dx + (x + y)* dy, where C' is the contour of the triangle (traced in
c
the positive direction) with vertices at the points A(1,1), B(2,2), and C(1,3);
verify the result obtained by computing the integral directly,

(¢) $2(x+y)*de — (2*+y?*) dy, where C' is the boundary of the triangle (traced in
c

the negative direction) with vertices at the points A(1, 1), B(3,2), and C(2,5),
(d) ¢ 2zy*de + 42*y* dy, where C is the boundary of the region enclosed by y = 0,
C

x =1, y = 23, traced in the positive direction,

(e) $e((2—cosy)dr—(siny—2y)dy), where C'is the contour bounding the region
C
0<x<m 0<y<sinz, oriented clockwise,

() [ (esiny —y)dz + (e*cosy — 1) dy, where p(AO) is the upper semicircle
p(A0)
22 + y* = 4z from the point A(4,0) to the point O(0,0).

(Hint: Close the curve p(AO) with the line segment AO.)

Vector fields

11. Find out whether the given vector field F has a potential U, and find U if the
potential exists:

-

F = (5a%y — day)i + (322 — 2y)7,
(b) F=yzi+zzj+ xyE,
F=(y+2)i+(x+2)]+ (z+yk.
12. Verity that a given vector field is potential and compute integrals:

(1,1)
(a) [ (z—y)(de—dy),

(1’_1)
©8) 2 doe +y dy

(b) ——,
10 Vr2+y?



(6,1,1)
(¢) [ wyzdz+zzdy+aydz.
(1,2,3)

13. Verify that the following fields are gradient fields. Find the potential U and draw
the streamlines perpendicular to the equipotentials U(z,y) = c.

(a) F =1+ 2] (constant field),
(b) F=ai+7,

(c) F=ui+7,

(d) F = cos(x + y)i + cos(z + )7,
() F=a%+y?,

(f) F = iz_ %j

14. Compute [ F-dR along the straight line R=1ti+ t;’ and the parabola R=ti+ tQJ
from (0,0) to (1,1). When F is a gradient field, use its potential Uz, ).

(a‘) ﬁ = ;_ 257

(b) F = 22921 + 22%y7,
(C) ﬁ = y;_ 'I.;a

(d) F = a2,

15. Find the work in moving from (1,0) to (0,1). When F is conservative, construct its

=

potential U. Choose your own path when F' is not conservative.

(a) F=i+yj,
(b) F=yi+],
(c) F = e¥i+ zev],
(d) F=—y%+a%

Surface integrals of the first type (unoriented)

16. Evaluate the following surface integrals of the first type
(a) //(m2 +4?)dS, where S is the sphere 2 + % + 22 = a?;
S

answer: Smra?
3

(b) // V2?2 +y%dS, where S is the lateral surface of the cone 2—; + z—z — ;—; =0,
S

0<2<0b;
(answer: 27ra2—“123+b2)



17.

18.

19.

20.

21.

ds
(c) // —————— where S is the surface of the tetrahedron = + y + 2 < 1,
(1+z+y)?
S

r>0,y>0,22=>0;
(answer: 3553 4 (/3 —1)In2)

(d) //zdS, where S is the surface given as * = wcosv, y = usinv, z = v,
s

u € [0,a], v € [0, 2n].

(answer: 72 (a\/l +a? +In(a+v1+ @2))>

Find the mass of the surface of the cube 0 <2 <1, 0<y <1,0 < z <1, if the
surface density at the point M (z,y, z) is equal to xyz.

(answer: 2)

Determine the coordinates of the centre of gravity of a homogeneous parabolic enve-
lope 3z = 2%+ y* (0 < 2 < 3).

25v/5+1 )

(answer: T0GYE-T)

Find the moment of inertia of a part of the lateral surface of the cone z = /22 + y?
(0 < z < h) about the z-axis.

(answer: #ﬁh‘l)

Compute static moments of a part of the plane v +y+2=a, x>0,y >0, 2 > 0,
with respect to planes zy, yz, zx.

(answer: %)

Compute // f(z,y,2)dS, where
r+y+z=t

1—a?—y?—22 if 22 +92+22<1,
0 if 22492 +22> 1

f(x7y7z):{

(answer: Z(3 — ¢%)2 for |t| < V/3; 0 for [¢| > V/3)

Surface integrals of the second type

22.

Evaluate the following surface integrals of the second type

(a) / / yzdydz + xzdzdx + xydrdy, where S is the external side of the surface of

S
a tetrahedron bounded by the planes © =0, 2 =0, x +y + 2 = «a;

(b) // zdxdy, where S is the external side of the ellipsoid 2—; + Z—j + i_; =1;
s

6



(c) / / 2drdy+ 2 dydz 4+ y?dzdx, where S is the external side of the hemisphere
S
2+ +22=ad (2 >0);

(answer: (a) 0; (b) gmabe; (c) mal)



